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Abstract

Conditionalknowledgebasesave beenproposedasbelief basedhatincludedefeasiblerules(also
calleddefaults)of theform “¢ — +", whichinformally readas“generally if ¢ thens.” Suchrulesmay
have exceptionswhich canbe handledin differentways. A numberof entailmentsemanticgor condi-
tionalknowledgebasesave beenproposedn theliterature.However, while the semantigropertiesand
interrelationshipof theseformalismsare quite well understoodabouttheir computationaproperties
only partialresultsareknown sofar. In this paperwefill thesegapsandfirst drawv a precisepicture of
the compleity of defaultreasoningrom conditionalknowledgebases:Givena conditionalknowledge
baseKB andadefault ¢ — 1, doesKB entail ¢ — ? We classifythe compleity of this problem
for anumberof well-known approacheg¢including Goldszmidtet al.’ s maximumentropy approactand
Geffner’s conditionalentailment) wherewe considerthe generalpropositionalcaseaswell asnatural
syntacticrestrictions(in particular to Horn andliteral-Hornconditionalknowledgebases) As we shaw,
the more sophisticatedemanticgor conditionalknowledgebasesare plaguedwith intractabilityin all
theseragments We thusexplorecasesn whichthesesemanticsaretractable andfind thatmostof them
enjoy this propertyon feedback-freéHorn conditionalknowledgebaseswhich constitutea new, mean-
ingful classof conditionalknowledgebases. Furthermorewe generalizeprevious tractability results
from Horn to g-Horn conditionalknowledgebaseswhich allow for a limited useof disjunction. Our
resultscomplementindextendprevious results,and contritute in refining the tractability/intractability
frontier of default reasoningrom conditionalknowledgebases.They provide usefulinsightfor devel-
opingefficientimplementations.

Keywords: Reasoningunderuncertainty conditionalknowledgebasesdefault reasoningnonmonotonic
inference computationatompleity, polynomial-timealgorithms,Horn knowledgebasesandvariants.

1 Intr oduction

During the pastdecadetherehasbeenextensie work on laying the foundationsof inferencesystemdor
plausiblereasoningn the presencef incompleteinformation. In particular characterizinghaturalproper
ties of suchsystemsandtheir inferencerelationsembodiedwvasa major subjectof studyin nonmonotonic
reasoningcf. [37, 38]).

Conditional knowledgebases.A conditionalknowledgebaseconsistsof a collectionof strict statements
in classicallogic anda collectionof defeasibleules(alsocalleddefaults). The former arestatementshat
mustalways hold, while the latterarerules¢ — 1 thatreadas“generally if ¢ then).” Suchrulesmay
have exceptionswhich canbehandledn differentways. For example,the knowvledge“penguinsarebirds”

*This paperis a substantiallyextendedand revised versionof preliminary work which appearedn: Proc. 7th International
Confeenceon Principlesof Knowledg Repesentatiorand ReasoningKR 2000) pp. 62—73,2000,andin: Proc. 7th European
Workshopon Logicsin Artificial Intelligence(JELIA 2000) 2000.

tinstitut und Ludwig Wittgenstein_aborfur InformationssysteméechnischeUniversitt Wien, FavoritenstraR®-11,
A-1040Vienna,Austria. E-mail: eiter@krtuwien.ac.atlukasiavicz@krtuwien.ac.at.



and“penguinsdont fly” canberepresentethy strict sentencesyhile the knowledge“birds fly” shouldbe
expressedy a defeasiblaule (sincepenguinsarebirdsthatdo notfly).

The semanticof a conditionalknovledgebaseK B is given by the setof all defaultsthatareplausible
consequencesf KB. Theliteraturecontainsseveraldifferentproposaldor plausibleconsequenceelations
andextensve work on their desiredproperties. The core of thesepropertiesarethe rationality postulates
proposedvy Kraus,Lehmann,and Magidor[57]. It turnedout that theserationality postulatesonstitute
a soundandcompleteaxiom systemfor several classicalmodel-theoreti@ntailmentrelationsunderuncer
tainty measure®n worlds. More precisely they characterizeclassicalmodel-theoretieentailmentunder
preferentiaktructureg85, 57], infinitesimalprobabilitieg1, 80], possibilitymeasuref30], andworld rank-
ings[86, 48]. Moreover, they characterizanentailmentelationbasedn conditionalobjectg31]. A suney
of all theserelationshipds givenin [8]. We will usethe notion of e-entailmentto referto theseequivalent
entailmentrelations. Thattheir equivalenceis not incidentalis shavn by FriedmanandHalpern[35], who
prove thatmary approachesreexpressibleasplausibility measuresandthusthey must,undersomeweak
naturalconditions,inevitably amountto the samenotionof inference.

Mainly to solve problemswith irrelevantinformation,the notionof rationalclosureasa moreadwentur
ousnotionof entailmenthasbeenintroducedby Lehmann[61, 63]. This notionof entailmentis equivalent
to entailmentin systemZ by Pearl[81] (which is generalizedo variablestrengthdefaultsin systemZ+
by GoldszmidtandPearl[47, 49)), to theleastspecificpossibility entailmenty Benferhatetal. [7], andto
a conditional(modal)logic-basedentailmentby Lamarre[60]. Finally, mainly in orderto solve problems
with propertyinheritancefrom classedo exceptionalsubclasseshe maximumentropy approactto default
entailmentwasproposedy Goldszmidtetal. [45] (andrecentlygeneralizedo variablestrengthdefaultsby
BourneandParsong13]); thenotionof lexicographicentailmentwasintroducedoy Lehmanr62] andBen-
ferhatetal. [6]; thenotionof conditionalentailmentvasproposedy Gefiner[41, 43]; and,aninfinitesimal
belieffunctionapproachwassuggestety Benferhatetal. [9].

Motivation and goalsof this work. While the semanticpropertiesandinterrelationshipof the various
formalismsare quite well understoodtheir computationalpropertiesare less explored. Algorithms for
conditionalknowledgebasesave beendescribedfor example,in [46, 63, 49, 22]. They areoftenusedfor
aroughanalysisof the computationatompleity of theproblemshey solve. Thisway, in mary casespnly
roughupperboundsfor the compleity of variouscomputationaproblemshave beenestablishedofar.

Oneof thegoalsof this paperis tofill thesegapsandto drav aprecisepictureof thecomputationatom-
plexity of majorformalismsfor default reasoningrom conditionalknovledgebases.lt thuscomplements
andextendsthe previouswork in [46, 63, 49, 22].

Our effort on characterizinghe computationatompleity of the varioussemanticsenesseveral pur-
poses.Firstly, precisecomputationatelationshipdbetweernvariousformalismsare establishedthatis, the
feasibility of a polynomialtime transformatiorof reasoningn oneformalisminto reasoningn anotherone
canbeassesseffom our compleity results.Secondlytheresultsshawv thatcertainalgorithmsin thelitera-
ture have optimalorderunderworstcasecompleity. Finally, theresultsgive usefulinsightandbackground
informationwhennew algorithmsfor default reasoningaredesignedandpracticalimplementationsarede-
veloped;notethat, to our knowledge,for the varioussemanticsio or only prototypeimplementationsre
publicly availableto date(see[12, 22]).1

Anothergoal of this paperis to find, in the light of the resultsthat emege in the complity charac-
terization,meaningfulcasesn which default reasoningrom conditionalknowledgebasesds tractable.In

1Thegroupof D. DuboisandH. Pradehaddevelopedexperimentaimplementationsf semanticequialentto e-semanticand
systemZ in the pastfor internaluse,which have not beendisseminatedhough(D. Dubois,personacommunication).



particular we aim at identifying nontrivial restrictionswhich, on the onehand,canbe checled efficiently
and,on the otherhand,guaranteesufiicient expressienesssuchthatrelevantinstanceof the problemcan
berepresented.

Main contributions and results. Our maincontritutionson the abore issuesarethefollowing:

(1) First andforemost,we give a sharpcharacterizatiorof the complity of default reasoningrom
conditionalknowledge basesunder several semanticsjmproving on previous results. In particular we
addresghefollowing genericproblem: Givena conditionalknowledgebaseKB andadefault ¢ — 1, is it
truethat KB entails¢ — 1? Notethatthe preciseformulationof this problemslightly variesin thedifferent
approacheandmayinvolve furtherparametersOuranalysigncludesformalismsfor whichonly veryrough
or evenno compleity resultshave beenderived sofar, namelypropere-entailmen{46], maximumentropy
entailmen{45] togethemith its variable-strengtiextension[13], andGeffner’s conditionalentailmen{41].

(2) We analyzetheeffectof compilationfor ranking-basedpproachesn termsof off-line computation
of therankingimplicitly associatedavith the defaultsin the knovledgebase suchthatit canbeusedon-line
for defaultreasoningBoththe costof computingthe rankingandof its on-lineusefor default reasoningare
examined.

(3) We analyzegheimpactof syntacticakestrictionson theknowvledgebasesin particular we consider
therestrictionto the Horn case whereall strict statementsire Horn clausesandall defeasibleulesareof
theform ¢ — 4 with conjunctionsof atoms¢$ andconjunctionsof Horn clauses), andtherestrictionto the
literal-Horncase wheret is additionallya literal.

(4) We presenhew tractablecasedor defaultreasonindgrom conditionalkknovledgebasesFor this,we
introducetwo new classeof conditionalknowvledgebaseswhich generalizeandrestrictHorn conditional
knowledgebasestespectrely, andcanbeefficiently recognizedOurclassof g-Hornconditionalknowledge
basesnrichesn the spirit of [10] the expressienesf a Horn KB by allowing limited useof disjunction
in bothclassicaktatementainddefeasibleaules. For example,a default saturday — hiking V shopping,
whichinformally expresseshaton Saturdaysomepersoris normallyoutfor eitherhiking or shoppingcan
berepresenteih g-Horn KB, while it cannotrepresenteih aHorn KB. Onthe otherhand,our classof
feedback-fregHorn conditionalknowledgebasegestrictsthe literal-Horn caseby requestinghat, roughly
speakingdefault consequentdo notfire backinto the classicaknowledgeof KB andthatthe defaultscan
be groupedinto non-interferingclustersof boundedsize. A numberof examplesin the classof feedback-
free Horn KB'’s, taken from the literature,aregivenin Section6.4. Note that, asshovn by Example6.6,
this classallows for expressingaxonomichierarchieghatareaugmentedby default knowvledge.A detailed
pictureof the hierarchyof all classe®f conditionalknovledgebaseghatwe considerin this paperis given
in Figure8 on page28.

Our mainfindingscanbe briefly summarizeasfollows.

e Theapproachesonsideredn this papercover differentcompleity classestthelow endof the poly-
nomial hierarchy which rangefrom co-NP (e-entailment)to TI5 (Gefiner’s conditionalentailment). In
general,they have lower compl«ity thanwell-knovn logical formalizationsof nonmonotoniaeasoning
suchasdefaultlogic, circumscription or autoepistemidogic [88, 50, 33].

e Theoff-line computatiorof rankingsdoesin generahot payoff with respecto worst-caseompl«ity,
andin particulardoesnotbuy tractability Furthermorecomputingtherankingassociateavith aknowvledge
baseis asdifficult assolvingthereasoningproblem.



e Horn constraintdhave differenteffectson the varioussemantics For someapproachegherestriction
to the Horn casdeadsto tractability while for the others the compleity remainsunchangedinterestingly
for all semanticsHorn andliteral-Hornknowledgebasesave the samecompleity. In particular Geffner’s
conditionalentailmentis ITY -completein theliteral-Horncase andthusharderthanReiter’s default logic in
this cas€[56, 87].

e We shaw that previous tractability resultsfor e-entailment{46], propere-entailment[63, 49|, z- and
zT-entailment[49] in the Horn casecan be extendedto the g-Horn case. Thus, in all theseapproaches
a limited use of disjunctionis possiblewhile tractability is retained. Furthermorewe shav thatin the
feedback-fre¢dorn casedefaultreasoninginderz*-entailmen{45], zZ-entailmen{13], lex-entailmen{6],
and lex,-entailment[62] is tractable. To our knowledge, no or only limited tractablecased6] for these
notionsof entailmentrom conditionalknowledgebasesave beenidentifiedsofar.

e Ourtractability resultsfor the feedback-freddorn casearecomplementedby our proof thatwithout a
similarrestrictionon literal-Horndefaults,all therespeciie semanticsemainintractable.In particular this
appliesevenfor the caseof a 1-literal Horn KB, in which eachdefaultis literal Horn andhasat mostone
atom,andthe classicaknowledgein KB consistof Horn-clausefiaving at mosttwo literals.

Structur e of the paper. Therestof this paperis organizedasfollows. Section2 containssomepreliminaries
on conditionalknowledgebasesand compleity classeshatwe needin this paper In Section3, we then
review the varioussemanticgor conditionalknowledgebaseghatwe considerin our study In Section4,
we first formally definethe inferenceproblemsto be analyzedandthen, after reviewing previous results,
we overview anddiscussour compleity resultsfor thesesemantics.Section5 is devotedto the proofsof
our complity resultsandshavs algorithmsfor someof thesemanticsThis sectionmaybesafelyskipped
by the readeressinterestedn technicaldetails. In Section6, we thenexplorethetractability/intracabiity
frontier in moredetail. We introduceqg-Horn andfeedback-fredHorn default knovledgebasesfor which
we derive our tractability resultsand shav the intractability resultsfor the 1-literal Horn case. Section7
considerselatedwork, wherewe briefly addressompleity resultsfor conditionalmodallogicsanddiscuss
relatedcompleity resultsin thefieldsof beliefrevision andnonmonotonidogics. Thefinal Section8 dravs
someconclusionsandoutlinesissuedor furtherresearch.

In orderto distractnot from the flow of readinglongerproofsandtechnicaldetailshave beenmovedto
AppendicesA—C.

2 Preliminaries

2.1 Conditional KnowledgeBases

We assume setof basicpropositions(or atomg At = {p1,p2,...,ps} Withn > 1. Weuse L andT to
denotethe propositionalconstant§alseandtrue, respectiely. The setof classicalformulasis the closure
of At U {L, T} undertheBooleanoperations- andA. Classicaformulaswill be denotedby Greeklower
lettersa, B, .... Weuse(¢ = ) and(¢ V 1) to abbreiate (¢ A —¢p) and—(—¢ A —1p), respeciiely,
andadoptthe usualcorventionsto eliminateparenthesed literal is anatomp from At or its negation—p.
A Horn clauseis a classicaformula¢ = ¢, whereg is either T or a conjunctionof atoms,and+ is either
1 oranatom.A definiteHorn clauseis a Horn clausep = v, wherey is anatom.

A conditional rule (or defaul) is an expressiong — 1, where¢ and+) are classicalformulas. A
conditionalknowledg baseis a pair KB = (L, D), whereL is afinite setof classicafformulasand D is
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afinite setof defaults. Informally, L containsfactsandrulesthatare certain,while D containsdefeasible
rules.In caseL = (), we call KB adefaultknowledg base A default ¢ — 1) is Horn (resp. literal-Horn),
if ¢ is either T or a conjunctionof atoms,and is a conjunctionof Horn clausegresp., is a literal).
A definiteliteral-Horn defaultis a literal-Horn default ¢ — v, wherey is anatom. Givena default d, we
useAt(d) to denotethe setof all atomsa € At thatoccurin d.

Givena conditionalknowledgebaseKB = (L, D), a strengthassignment on KB is a mappingthat
assignseachdefaultd € D anonnegative integero(d). A priority assignmenbn KB is a strengthassign-
mentr on KB suchthat{=(d) |de D} = {0,1,...,k} for somek > 0. Informally, a priority assignment
is a strengthassignmenin which thereareno “empty levels”.

An interpretation(or world) is atruthassignment : At — {true, false}, whichis extendedo classical
formulasasusual. We useZ4; to denotethe setof all worlds for At. The world I satisfiesa classical
formulag, or I isamodelof ¢, denoted = ¢, iff I(¢) = true. I satisfiesadefault$ — 1, or I isamodel
of ¢ — ¢, denotedl |= ¢ — o, iff I |= ¢ = 1. I satisfiesasetK of classicaformulasanddefaults,or
I is amodelof K, denoted! |= K, iff I satisfiesevery memberof K. A classicafformula ¢ is alogical
consequencef K, denotedK = ¢, iff eachmodelof K is alsoamodelof ¢. We write K [~ ¢ iff it is not
thecasethat K = ¢. Theworld I verifiesadefault ¢ — v, denoted! =, ¢ — 9, iff I = ¢ A4p. I falsifies
adefaultp — o, iff I |= ¢ A -1 (thatis, I = ¢ — ). A setof defaults D toleratesadefaultd underaset
of classicaformulasL iff D U L hasamodelthatverifiesd. A setof defaults D is underL in conflictwith
adefault ¢ — « iff all modelsof D U L U {¢} satisfy—1.

A world rankingx is amappings: Z4; — {0,1,...}U{co} suchthatx(I) = 0 for atleastoneworld I.
It is extendedto all classicalformulas¢ asfollows. If ¢ is satisfiablethenx(¢) = min{x(I)|I € Z 4,
I | ¢}, otherwisek(¢) = oco. A world rankingx is admissiblewith a conditionalknowledgebase(L, D)
iff K(—¢) = coforall ¢ € L, andr(¢) < oo andr(p A1) < k($p A —p) for all defaults¢p — 9 € D.
A defaultrankinge on D mapseachd € D to anonn@atie integer

We give anexamplethatillustratesworld rankings.

Example 2.1 Thestrictknowvledge“all penguinsarebirds” andthe defeasibleknowledge“generally birds
fly”, “generally penguingdonotfly”, and“generally birdshave wings” canberepresentetly thefollowing
conditionalknowledgebaseKB = (L, D) over thesetof atomsAt = {penguin bird, fly, wings}:

L = {penguin= bird},
D = {bird—fly, penguin— —fly, bird — wings} .

It holds A¢(bird — fly) = {bird, fly} and A¢(penguin— —fly) = {penguin fly}.

Figure 1 shaws threeworld rankingsky, <1, andks. It is easyto verify thatxy andk,; areadmissible
with KB (notethatrk andk; arein facttheworld rankingsof KB in systemZ andundermaximumentroyy,
respectiely). The world ranking k3, however, is not admissiblewith KB, since L. containsthe classical
formula penguin=> bird, but x3(penguinA —bird) = min(ks(l2), k3(ls), k3(110), k3(l14)) = 4 # oo.
Moreover, D containsghedefault bird — wings but «3(bird A wingg = 0 = k3(bird A =wings).

2.2 Complexity Classes

We assumesomebasicknowledgeaboutcompleity theory In particular we supposdamiliarity with the
classed?, NP, andco-NP. We now briefly introducesomeotherclasseghatwe encounteiin our analysis
(seeespecially[79, 54, 84, 53] for furtherbackground).

TheclassPN? (resp.,NPNP) containsall decisionproblemsthatcanbe solvedin deterministic(resp.,
nondeterministicpolynomialtime with anoraclefor NP (informally, a subroutingor solvinga problemin
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‘ H penguin‘ bird ‘ fly ‘ WingsH Ko ‘ K1 ‘ Ko ‘ ‘ H penguin‘ bird ‘ fly ‘ WingsH Ko ‘ K1 ‘ Ko ‘
I false | false | false | false || 0 | O | O Iy false | false | false | true || 0 | O

I true | false | false | false

Lo true | false | false | true

I3 false | true | false | false I false | true | false | true

I true | true | false | false Iio true true | false | true

I false | false | true | false I3 false | false | true | true

I true | false | true | false Iy true | false | true | true

I7 false | true | true | false Iis false | true | true | true

|8 o|=|~[8
w|=|8|o|w|w|8
o|=|8|o|m|m|8
wlo|8 o=~
wlo|8 o=~
wlo|glo|=|~|n|o

Ig true | true | true | false L true | true | true | true

Figurel: SomeWorld Rankings

NP atunit cost). They aretheclassesAY andX¥ of the polynomialhierarchy which hasbeenintroduced
to capturetheintrinsic compleity of problemsthathave compleity betweerNP andPSFACE. Theclass
I is thecomplementaryglassof X%, which hasYes-andNo-instancesénterchanged.

TheclassAY hasbeenrefinedto assesthe numberandquality of oraclecallsfor solvinga problem:

TheclassD" containsthe problemsthat canbe describedasa logical conjunctionof a problemP; in
NP andaproblemP; in co-NP. Thatis, giveninstance®f I; andl, of P; andP,, respectiely, theanswer
is “yes” if bothI; andI, areYes-instancesind“no” otherwise Any problemin DF canbesolvedwith two
NP oraclecalls,andis intuitively easietthana problemcompletefor AY.

The classAY[O(logn)] containsthe problemsin AL that canbe solved with O(logn) mary oracle
calls, wheren is the size of the probleminput. This class,alsonamed®?y), is very robust and hasmary
differentequivalentcharacterizationf90]. In particular it coincideswith LN | logspacecomputabilitywith
anNP oracle,andwith Pﬁ‘P , thatis, polynomialtime computabilitywith anNP oraclewhereall oraclecalls
mustbefirst preparecandthenissuedn parallel.

Qualitatively speakingmembershipn AY[O(log n)] meanghatthe problemcanbe solved efficiently
by parallelization to the classicalsatisfiability problem (SAT), which may be solved by usingone of the
promisingSAT-algorithmsthathave beendeveloped(seee.g.[29]).

Accordingto the currentbeliefin complity theory thefollowing is a strict hierarchyof inclusions:

P C NP,co-NP C D" C AJ[O(logn)] = LN =P C Ay =P’ C 55,115 .

For classifyingproblemghatcomputeanoutputvalue(e.g.,thesetof atomsthatareentailedby aclassi-
calformulag), functionclassesimilarto theclassesbove have beenintroducedcf. [84, 53]). In particular
FP, FPﬁIP (=FLN?), andFP"? arethefunctionalanalogsf P, Pﬁ‘P (=LNP), andPNP, respectiely.

In this paper unlessstatedotherwise,completenes$or a decisionclassis with respectto standard
polynomialtime transformations.Furthermore completenes$or a function classis understoodn terms
of a naturalgeneralizatiorof polynomialtime transformations:The problem P, reducesto P, if there
are polynomialtime functions f andg suchthatfor eachinstancel; of Py, the outputfor I; is given by
g(I1, Py(f(I1)))?; see[84, 53] for formal details.In caseof P andFP, completenesis understoodn terms
of reductionghatcanbe computedn logarithmicspace.

In the sequel,unlessstatedotherwise,we considerpresumablyintractableproblems(it hasnot been

provedsofarthatP # NP) asintractable.

2Notethatthefirst agumentof g allows to accesshe original probleminstancel; .



3 Semanticsfor Conditional KnowledgeBases

In this section we recallsomeof the proposaldor a semantic®f conditionalknovledgebasesTo simplify
the presentationywe shall adjustoriginal definitions(without significanteffects)to our framewvork, anduse
characterizationef semanticbasedn world rankings.

3.1 Examples

We now illustrate the differentsemanticf conditionalknowvledgebasesalonga classicalexample[49],
which extendsExample2.1 by somemoredefaults.

Example 3.1 Considerthe following conditionalknovledgebase KB = (L, D), which representghe
knowledge“all penguinsarebirds”, “generally birdsfly”, “generally penguinglo notfly”, “generally birds

have wings”, “generally penguindive in thearctic”, and“generally flying animalsaremobile”.
L = {penguin= bird},
D = {bird— fly, penguin— —fly, bird— wings penguin— arctic, fly— mobile}.

Wewouldlik e this conditionalknovledgebaseto entail“generally birdsaremobile” (asbirdsgenerally
fly, andflying animalsare generallymobile) and “generally red birds fly” (asthe property“red” is not
mentionedat all in KB andcanthusbe consideredrrelevantto the flying ability of birds). Moreover, KB
shouldentail“generally penguinshave wings” (asthesetof all penguinsgs a subclas®f the setof all birds,
andthuspenguinsshouldinherit all propertiesof birds),and“generally penguingdo notfly” (asproperties
of morespecificclasseshouldoverrideinheritedpropertiesof lessspecificclasses).

The correspondindehaior of e-entailment,z-entailment(thatis, entailmentin systemz), z*-entail-
ment(thatis, entailmentundermaximumentroyy), lex-entailment(thatis, lexicographicentailment),and
conditionalentailmentis shavn in Table 1. In detail, bird — mobile is a plausibleconsequencef KB
underall notionsof entailmentexceptfor e-entailment.Moreover, in this example,every notion of entail-
mentexceptfor e-entailmentignoresirrelevantinformation,while every notion of entailmentexceptfor e-
and z-entailmentshavs propertyinheritancefrom the classof all birds to the exceptionalsubclasf all
penguinsFinally, thedefault penguin— —fly is entailedby KB underall notionsof entailment.

Tablel: Plausibleconsequences KB underdifferentsemantics

H bird — mobile | redA bird— fly | penguin— wings | penguin— —fly

e-entailment — — - +
z-entailment + + — +
z*-entailment + + + +
lex-entailment + + + +
conditionalentailment + + + +

Thenext exampleshavs how ambiguitiesarehandledunderthe differentsemantics.

Example 3.2 Let us nowv addthe knowledge“generally metal-wingedobjectsfly” and“generally light
objectsfly” to the conditionalknowledgebaseKB = (L, D) givenin thepreviousexample.Thatis, let us
considerthe conditionalknowledgebaseKB’ = (L, D U {metal-wings- fly, light — fly}).
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WhatdoesKB' sayaboutthe ability to fly of light metal-wingedpenguinslearly KB’ is ambiguous
onthispoint. Thatis, KB’ shouldneitherentailthatlight metal-wingedenguindly, northatthey do not fly.

It turnsoutthatonly e- andconditionalentailmentshav sucha behaior. Underz- andlex-entailment,
in contrast,KB' entailsthat light metal-wingedpenguinsdo not fly. Furthermore under z*-entailment,
KB’ entailsthatlight metal-wingedpoenguingly.

Informally, the notionsof z*-, z¥- andlex,-entailmentcanbe motivatedas follows. Every notion of
entailmentin Tablel is associateavith a setof preferenceelationsonZ 4, (whichis a singletonin caseof
z-, z*-, andlex-entailment).Thesepreferenceelationsareimplicitly encodedn the structureof KB. The
notionsof z -, z;- andlex,-entailmentare generalization®f z-, z*-, andlex-entailmentin which we can
explicitly characterizéhesepreferenceelationsthroughadditionalstrengthandpriority assignments.

3.2 e-Semantics

Wefirst describethe notionsof e-consisteny, e-entailmentandpropere-entailment.Thesenotionsgo back
to Adams|[1] andPearl[80]. We definethemin termsof world rankings(seeespeciallyGefner’s work
[41, 42] for the equivalenceto the original definitions).

A conditionalknovledgebaseK B is e-consistentff thereexistsaworld rankingthatis admissiblewith
KB. It is e-inconsistentff no suchaworld rankingexists.

A conditionalknowvledgebaseKB e-entailsa default ¢ — 1 iff eitherx(¢) = oo (thatis, ¢ is unsat-
isfiable)or k(¢ A 1) < k(¢ A —1p) for all world rankingsk thatareadmissiblewith KB. Moreover, KB
properlye-entails¢ — 1 iff KB e-entails¢ — 1) and KB doesnote-entail¢ — L.

Thenext theoremis a simplegeneralizatiorof aresultby Adams[1], who statedit for . = ().

Theorem 3.1 (essentially[1]) A conditionalknowledg base(L, D) e-entailsa default¢ — 1 iff the con-
ditional knowledg base(L, D U {¢ — —)}) is e-inconsistent.

3.3 SystemsZ and Z+

Entailmentin systemZ (Pearl[81]) appliesto e-consistenitonditionalknowvledgebasesKkB = (L, D).

It is linked to an orderedpartition of D, a default ranking z, anda world ranking x*: Let (Dy,..., D)

be the unique orderedpartition of D suchthat, for i = 0,...,k, eachD; is the setof all defaultsin

D — U{D; |0<j <1} thataretoleratedunderL by D — |J{D; | 0 < j <i}. Wecall this (Dy, ..., Dy) the
z-partition of D. We next definethedefaultrankingz asfollows. Forj = 0,..., k, eachd € D; is assigned
thevaluej underz. Finally, theworld rankingx? onall I € 7 4, is definedasfollows:

00 if I =L
KA(I) = 0 ifI=LUD QD

1+ max z(d) otherwise.
deD: IiEd

A default ¢ — 1 is z-entailedby KB iff eitherx®(¢) = oo or k*(¢p A ) < &*(p A ).

The notion of entailmentin systemZ* (GoldszmidtandPearl[47, 49]) appliesto e-consistentondi-
tional knowledgebasesk B = (L, D) with strengthassignmeng. Entailmentin systemZ™ is linkedto a
defaultrankingz* andaworld rankings ™, which aredefinedasthe uniquesolutionof thefollowing system
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of equationsforalld = ¢ — ¢ € D andall I € Z4;:

Z7(d) = o(d)+r (A )
00 if I =L
kT = (0 ifI=LUD (3)
14+ max 27(d) otherwise.
deD: TiEd

We are now readyto definez"-entailmentasfollows. A default ¢ — 1+ is z*-entailedby (KB, o) at
strengthr iff eitherk™ (¢) = co ork(d A ) + 7 < K+ (d A ).

We notethat for ary e-consistentconditionalknowledgebase(L, D), the default ranking z andthe
world rankings?* coincidewith z* andx™ for (L, D) understrengthassignment(d) = 0, for all d € D.

3.4 Maximum Entropy Semantics

The maximumentrofy approachto default entailmenthasbeenintroducedby Goldszmidtetal. [45]. Re-
cently it hasbeenextendedto variablestrengthdefaultsby BourneandParsond13, 12].

In detail, z*-entailmentappliesto e-consistentninimal-coreconditionalknowledgebase B = (L, D),
where KB is minimal-coe iff for eachdefaultd € D thereis amodell of L U (D — {d}) thatfalsifiesd.
This notion of entailments linked to a default rankingz* andaworld rankingx*, which aredefinedasthe
uniguesolutionof a systemof equationsimilarto (2) and(3). Foralld = ¢ — ¢ € D andall I € T 4.

Z'(d) = 14+65(dAY) 4)
00 if I L
H*(I) — 0 ifI=LUD (5)
z*(d) otherwise.
deD: ItEd

A default ¢ — 9 is z*-entailedby KB iff eithers*(¢) = co or 6*(¢ A ) < K*(¢p A ).

The notion of z;-entailmentappliesto e-consistentconditionalknowledge baseskB = (L, D) with
positive strengthassignment. This notion of entailmentis definedwheneer the following systemof
equationshasa uniquesolutionz*, x* with positive z*.2 Forall ¢ — 1 € D andall I € Za;:

k(@A) = o(d =) +r5(dAY) (6)
00 if I =L
K;(I) — 0 ifIlZLUD (7)

zx(d) otherwise.
deD: If-d

Theuniquenes®f z; andx} is guaranteedby assuminghat <} is robust[13], which is the following
property: for all distinctdefaultsd; andds in D, it holdsthatall modelsI; and I, of L having smallest

3Note thattheremay exist uniquesolutionszZ, 2 to (6) and(7) in which somedefaultsareassigneda zeroor negative rank.
However, asarguedin [12, p. 76], thesedefaultsturn outto beredundanandshouldthusberemoved.



ranksin 3 suchthatl; [~ d; andI, [~ da, respectiely, aredifferent. Thatis, d; andds, do not have a
commonminimal falsifying modelunderL.

WesayKB is robustiff thesystenof equationgjivenby (6) and(7),for all ¢ — 9 € D andall I € Z 44,
hasauniquesolutionz}, x} suchthatz} is positve andx} is robust.

We arenow readyto definezz-entailmentasfollows. A default ¢ — 1 is zf-entailedby (KB, o) at
strengthr iff eithers?(¢) = co or 62X (¢ A1) + 7 < KX(P A —1h).

Thenotionof z;-entailments a propergeneralizatiorof z*-entailment:

Lemma 3.2 Let KB = (L, D) be a conditionalknowledg basewith strengthassignment (d) = 1 for all
d € D. SupposeXB is e-consistentand minimal-coe. Then,the systenof equationsgivenby (6) and (7)
forall ¢ — ¢ € D andall I € T4, hasa uniquesolutionz}, }, which coincideswith z* x*. Moreover, K%
is robust (andthus,also KB is robust).

3.5 Lexicographic Entailment

Thenotionof lexicographicentailmentgoesbackto Lehmann62] andBenferhatetal. [6].

Lexicographicentailmentsintroducedn [6] appliesto conditionalknowledgebaseskB = (L, D) with
priority assignmentr, which definesanorderedpartition(Dy, ..., D) of D by D; = {d € D | n(d) = i},
for all 7 < k. It is usedto definea prefeenceordering on worlds asfollows. A world I is w-preferableto
aworld I iff thereexistssomes € {0,...,k} suchthat|{d € D; | I =d}| > |{d € D; | I' = d}| and
{d e Dj | I =d} =|{d € D; | I' =d}| foralli < j < k. Notethatthis preferenceorderingcanbe
expressedy aworld ranking.A modell of a setof classicaformulasF is a w-prefered modelof F iff no
modelof F is w-preferableo 1.

A default ¢ — v is lex,-entailedby (KB, ) iff 1 is satisfiedin every r-preferredmodelof L U {¢}.
We will omit = whenit is clearfrom the context.

Notethatlex,-entailments the only semanticgor conditionalknowledgebasesamongthe onesexam-
inedin this paperin whichadefaultd € D is notnecessarilentailedby ane-consistentK B = (L, D).

Thenotionof lexicographicentailmentn [62] is a specialcaseof lexicographicentailmentasabove. It
usesaparticularpriority assignmenthatis logically entrenchedn KB, namelythedefaultrankingz of KB
(seeSection3.3). We thensaythata default is lex-entailedby KB iff ¢ — 1) is lex,-entailedby (KB, z).
Notethatthis definitionassumeshatthe default rankingz of KB exists, thatis, that KB is e-consistent.

It appeardhat, in a certainsenseex-entailmentis not lessexpressie thanlex,-entailment. Thatis,
underaweakcondition,priority assignmentareexpressiblehroughlogical entrenchment:

Theorem 3.3 Let KB = (L, D) be a conditional knowledg basesud that every d € D hasa verifying
world, andlet = be a priority assignmenon KB. Then,there existsa conditionalknowledg baseKB' =
(L', D') andaformula¢’ (dependingnly on KB and~) sud that, for anydefault¢ — 1 over At, it holds
that (KB, ) lex,-entails¢ — 4 iff KB’ lex-entails¢ A ¢’ — 1.

Proof. The mainideabehindthe constructionof KB’ and¢' is to augmentD by additionaldefaultssuch
thatthedefault rankingz of KB’ coincideswith the priority assignmentr (seeAppendixA). O

The proof of the previous theoremshaws in fact that the transformationof lex;-entailmentto lex-
entailmentis compliantwith the Horn property For laterreferencewe notethefollowing.

Observation 3.1 Lettheconditionalknowledg baseKB’ andtheclassicalformula¢’ bedefinedasin the
proofof Theoem3.3. Then, KB’ isliteral-Horn wheneer KB is literal-Horn. Moreover, ¢’ is a conjunction
of atoms.Finally, KB' and¢' canbe constructedn polynomialtimefrom KB and .
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3.6 Conditional Entailment

Thenotionof conditionalentailmentasbeenintroducedby Gefiner[41, 43].

Given a conditionalknowledgebaseKB = (L, D), a priority ordering < on D is anirreflexive and
transitive binary relationon D. We say < is admissiblewith KB iff eachsetof defaults D' C D thatis
underL in conflictwith somedefaultd € D containsadefaultd’ suchthatd’ < d.

Basedon <, we definea prefeenceordering on worlds as follows. A world I is <-prefemble to a
world I, denotedl < I',iff {d € D|I £ d} # {d € D|I' }~£ d} andfor eachdefaultd € D suchthat
I }£ dandI’ = d, thereexistsadefaultd’ € D suchthatd < d', I = d', andI’ |~ d'. A modelI of asetof
classicaformulasF is a <-preferred modelof F iff nomodelof F is <-preferableto I.

A default$ — 9 is conditionallyentailedby KB iff ¢ is satisfiedn every <-preferrednodelof LU{¢}
of every priority ordering< thatis admissiblewith KB.

A conditionalknowledgebaseKB = (L, D) is conditionallyconsistentff thereis a priority ordering<
on D thatis admissiblewith KB. The following lemmashaws thatin our framework of finite conditional
knowledgebasesthe notion of e-consisteng coincideswith the notionof conditionalconsisteng

Lemma 3.4 A conditionalknowledg baseKB is e-consistentff it is conditionallyconsistent.

4 Complexity Characterization

In this section,we presentand discussour resultson the compl«ity of the semanticsdescribedin the
previoussection.Priorto this, we needaformalizationof the problemsconsideredwhichis givennext.

4.1 Problem Statements

A defaultreasoningproblemis a pair (KB, d), where KB = (L, D) is a conditionalknovledgebaseand
d is a default. It is Horn iff L is a finite setof Horn clauses,D is a finite setof Horn defaults, and d

is a Horn default. It is literal-Horn iff L is a finite setof Horn clauses,D is a finite setof literal-Horn

defaults,andd is a literal-Horndefault. In caseof z*- andz}-entailmentwe assumehat KB andd have

additionallya strengthassignment (KB) anda strengthr(d), respectiely. In caseof lex,-entailmentwe

assumehat KB hasin additionapriority assignment ( KB). Thetaxonomichierarchyof defaultreasoning
problemsemeging from thedefinitionsis shavn in Figure2, wherethenewly introducediteral-Hornclass
is emphasizeth boldface.

general
Horn

literal-Hor n

Figure2: Hierarchyof syntacticrestrictions

Informally, a default reasoningproblemrepresentshe input for the entailmentproblemundera fixed
semanticsS. We tacitly assumeahat KB satisfiesary preconditionghatthe definition of S-entailmentin
the previous sectionmayrequest.
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We analyzethe computationatompleity of thefollowing problems:

e ENTAILMENT: Givenadefault reasoningproblem(KB, d), decidewhetherKB entailsd undersome
fixed semanticsS. In caseof zT- and zZ-entailment,decidewhetherd is zt-and zZ-entailed,re-
spectvely, by (KB, o(KB)) atstrengthr(d). In caseof lex,-entailmentwe areasked whetherd is
lex,-entailedby (KB, w(KB)).

e RANKING: Givena conditionalknovledgebaseKB, computethedefault ranking R of KB according
to somefixed semanticsS (thatis, therankof eachdefaultin D).

e RANK-ENTAILMENT: Sameas entailment,but the (unique)default ranking R of KB accordingto
somefixedsemanticsS is partof the probleminput.

The problemsRANKING and RANK-ENTAILMENT arerelevant from a preprocessingperspectie, in
whichtheranking R of aconditionalknowledgebaseK B is computedn advanceandthenon-lineavailable
in theinputfor solvinganentailmentproblem. The compleities of theseproblemsgive ussomeinsightto
the questionof whethersuchpreprocessingaysoff in general.

4.2 Previous Results

As shavn in Tables3-5, complity resultsfor default reasoningrom conditionalknowledgebaseshave
beenobtainedby several authors[46, 63, 49, 22]. Most of theseresultshave beenderived for default
knowledgebasesthough,anddo not give a sharpcompleity characterization.

GoldszmidtandPearl[46] shavedthatdecidinge-consisteng for generakonditionalknowledgebases
(resp.,Horn conditionalknowledgebases)s in PNY (resp.,P). Lehmannand Magidor [63] proved that
decidingpreferentiakntailmen{andthusalsoe-entailmentfor defaultknowledgebasess co-NP-complete.
Furthermorel.ehmannandMagidor[63] andGoldszmidtandPearl[49] shavedthatdecidinge-entailment
for Horndefaultknowvledgebasess in P.Finally, GoldszmidtandPearl[46] provedthatpropere-entailment
for generakonditionalknowledgebasegresp. Horn conditionalknowledgebases)s in PNF (resp.,P). All
theseresultseasily carry over to our conditionalknovledgebases.As the proofs are obtainedby simple
adjustment®f the proofsfor default knowvledgebasesywe omit themin this paper

As for systemZ*, the comprehense work of GoldszmidtandPearl[49] providesuswith the follow-
ing compleity results.As shavn there,the problemsENTAILMENT, RANKING, andRANK-ENTAILMENT
are all solvablein polynomialtime for Horn default knowledge baseswhile for generaldefault knowl-
edgebasesmembershipn the classe N, FPNP, andPﬁIP, respectrely, is an upperbound. A fortiori,
sincesystemZ is aninstanceof systemZ, all theseupperboundsalsohold for systemZ. Again, it is
straightforvard thatall theseresultscarry over to our conditionalknowledgebases.

Not muchwork hasbeendoneon determiningthe compleity of z*- andz;-entailment.Goldszmidtet
al. [45] suspecthatthe complity of z*-entailmentis high, and briefly note that, referringto resultson
Horn clauseoptimization[5], the problemshouldbe NP-hardin the Horn caseandthusintractable.

Cayroletal. shawv in [22] thatlex,-entailmentis PNF-completefor default knovledgebasesMoreover,
they statein [22] that lex,-entailmentis PNP_hardfor Horn default knowledgebases.However, the short
proofsketchin [22] is inappropriatesinceit mentionsareductionfrom a problemthatis obviouslyin PﬁIP;

this would only establishPﬂIP-hardnes%r the Horn case. PNP-hardnessor the Horn casefollows from
proofsof relatedresultsby Nebelon the compleity of lexicographicbeliefrevision[73] (seeSection7.2).
To our knowledge,no compleity resultson Geffner’s conditionalentailmenthave beenderived sofar.
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4.3 Overview and Discussion

Ourresultson the compleity of default reasoningrom conditionalknovledgebasestogethemwith results
from the literature,are compactlysummarizedn Tables3-5. They containthe threeproblemsENTAIL-
MENT, RANKING, andRANK-ENTAILMENT from above, eachof which is consideredor the generalcase
andtherestrictionsto the Horn andliteral-Horncase.

It appearsthat a numberof different compleity classesrom P up to IIY, the secondlevel of the
polynomialhierarchyarecovered.A first obsenationis thatGeffner’s conditionalentailmentasthehighest
compleity (ITY, Table3) of all the formalismsconsideredn this paper It is thusin the sameleagueasa
numberof approacheto beliefrevision (seg[55, 39, 73]) andmajorformalismsof nonmonotonigeasoning,
suchascircumscription[67, 65], Reiters default logic [82], McDermottand Doyle’s nonmonotonidogic
[69, 68], andMoore's autoepistemidogic [70], which areall I} -complete(seeSections7.2 and 7.3 for
furtherdiscussion)All otherapproaches Table3 have (considerablyjower complexity.

4.3.1 Generalcase

At thelow endof the compleity range therearee-entailmentwhich hasthe samecompleity asclassical
logic, andpropere-entailmentwhich hasmaiginally highercompleity dueto the additionale-entailment
requirement.At the high end,we have Geffner’'s conditionalentailment.lts high compleity is intuitively
explainedby aninherentpatternsimilar to reasoningundercircumscription:To disprove that KB = (L, D)
entails¢ — 1, a <-preferredmodel I of L U {¢} undersomeadmissiblepriority ordering< mustbe
foundsuchthat+ is falsein I. As it turnsout, sucha guesscanbe verifiedin polynomialtime with anNP
oracle,wherethe oraclechecksthe <-preferrednessf I (thatis, minimality under<). Thisis similar to
circumscriptionthatis, minimal modelreasoningwherefor dispraving CIRC(¢) = v the minimality of
aguessedanodel M of ¢ in which is falsemustbeverified,whichis aco-NP-completgroblem[18] (see
Section7.3for furtherdiscussion).

Also for the ranking-base@pproachei Table3 (thatis, z-, z*-, z*-, 2%, lex-, andlex,-entailment),
the problemof verifying whethera model I of a formula ¢ is selectedon the basisof KB = (L, D) is
(at least)co-NP-hardin general. However, thereis a qualitative differencebetweenthem and Geffner’s
approach.Eachworld rankingr inducesa modular partial ordering on the modelsof L U {¢}, in which
anytwo distinctmodelsl; and I, of L U {¢} are compaable by their ranksr(I;) andr(I2). The models
with the samerank form a cluster andthe clustersare totally orderedby theseranks. The “preferred”
modelsI of L U {¢} arethosewhich have minimalrankr(I). UsinganNP oracle,it is possibleto compute
this minimal rank(I) in polynomialtime, which is a polynomial-sizecertificatefor recognizingpreferred
modelsefficiently. Intuitively, we have herea single well-connectedsearchspace,in which all preferred
modelsof L U {¢} canbenaileddown by this certificate.

Ontheotherhand,in Geffner’s conditionalentailmenttwo modelsI; # I of L U {¢} maybeincom-
parablethatis, neitherl; < Iy nor I < I; may hold. In generalthe searchspacefor a preferredmodel
of L U {¢} generallysplitsinto an exponentialnumberof completelydisconnectedearchspaceseachof
whichis intractableandmay containa preferredmodelwe arelooking for. Moreover, thereis no certificate
computabldn polynomialtime with an NP oraclesuchthatwe canrecognizepreferredmodelsefficiently
from it (unlessthe polynomialhierarchycollapses).

More precisely Geffner’'s approactsuffersfrom two sourceof compleity: (i) thenumberof candidates
for a preferredmodel I of L U {¢} in the possiblyexponentiallymary disconnectedearchspaceswhich
aregeneratedby incomparabilityof two modelsl; # I, of LU {¢} becausef defaultviolation; and(ii) the
possiblyexponentialnumberof modelsI’ of L U {¢} thatarepreferredo I, accordingto theadmissibility
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Table2: Compleity of decidinge-consisteng

‘ H generalcase‘ Horncase ‘Iiteral—Horncase‘

‘ g-consisteng H NP-compIete‘ P-completer ‘ P-complete ‘

Table3: Compleity of decidingentailment

‘ H generakase ‘ Horncase ‘ literal-Horn case‘
e-entailment co-NP-complete” P-complete™ P-complete™
propere-entailment DF-complete P-completer P-completer
z-entailment PﬁIP—compIete P-complete™* P-complete™*
zT-entailment PNP_complete™* | P-complete™** P-complete™*

z*-entailment
zy-entailment

PNP_complete
PNP_complete

PNP_complete
PNP_complete

PNP_complete
PNP_complete

lex-entailment
lex,-entailment

PNP-complete
PNP_complete™t

PNP_complete
PNP_completet*

PNP_complete
PNP_complete

conditionalentailment

I15-complete

IS -complete

IS -complete

Table4: Compleity of computingdefault rankings

Horn case

‘ literal-Horncase

FP-complete™*
FP-complete™*

generakase

FP-complete™*
FP-complete™*

P FPﬁTP-compIete
zt | FPNP-complete™*

FPNP-complete
FPNP-complete

FPNP-complete
FPNP-complete

FPNP-complete
FPNP-complete

Table5: Complity of decidingentailmenfgiventhe default rankings

H generakase ‘ Horncase ‘ literal-Horncase
z-entailment Pﬁ‘P-compIete*** P-complete™* | P-complete™*
zt-entailment PﬁIP—compIete*** P-completeé™ | P-complete™*

PNP_complete
PNP_complete

PNP_complete
PNP_complete

PNP_complete
PNP_complete

z*-entailment
zZ-entailment

*  Membershipshavn in [46].

** Membershiphovn in [63, 49] for default knowledgebases.

*** Membershipvasshowvn in [49] for defaultknowledgebases.

*+  Shawnin [63] for default knowledgebases.

*++ Reportedn [22] for default knowledgebasesthe proof sketchfor the Horn casein [22] shavs merelyPﬁ‘P-hardness.
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ordering<. Note that, contraryto expectation,classicalinferenceis not listed as a principal sourceof
compl«ity here,asresultsonthe Horn restrictions(discussedbelow) shaw.

The mid-rangeof compleity is coveredby the ranking-base@pproachesRoughlyspeakingfor ary
classicaformulaa, therankr(«) canbecomputedasfollows:

1. Computethe defaultranking R for KB,

2. Computer(a) = IIT'IZiIl’r‘(I), usingR.

Algorithms for computingthe default ranking R in Stepl have beendescribedn the literature. They
canbereformulatedo runin PNP (seeSection5). Step2 is feasiblein PN by doing binary searchon the
rangeof the possiblevaluesfor r(I). This meanshatthe condition“r(¢) = oo orr(¢ A1) < r(d A —p)”
for theentailmenof ¢ — 4 from KB is decidablén PNF, by simply checkingthe satisfiabilityof L U {4},
andif neededcomputingr(¢ A v), r(¢ A =) andcomparinghem.

The compleity of Stepsl and2 is shavn in Tables4 and5, respectiely. As for Stepl, therank R(d)
of adefaultd mayrange exceptin caseof z, over exponentiallymary possiblevalues;in caseof z, it ranges
over[0,...,n — 1] andthusover alinearnumberof values? Informally, theranking R canbe constructed
bottomup, startingwith defaults having lowestrank, andthencomputingthe rank of the next default by
doing a binary searchon the rangeof its possiblevalues. This resembleshe FPNY -completeproblemof
computingthe lexicographicmaximummodelof a formula ¢ [58] andsuggestshat computingR hasthe
samecompleity. This intuition turnsout to be correctin all casesxceptone. In caseof z-entailment,it
is possibleto computewith parallelqueriesto an NP oraclein polynomialtime a certificate,given by the
sumof all ranksof all defaults, which allows to verify a properguessfor the rankingz (including further
auxiliary data)in polynomialtime. Given this certificate,recognizingtherank z(d) of a defaultis in NP;
sincethe numberof possiblevaluesfor z(d) is boundedby the numberof defaults, this meansthat the
rankingz canthenbe determinedvith a polynomialnumberof parallelqueriesto anNP oracle. Sincetwo
roundsof parallelNP oraclequeriescanbe replacedy a singleroundof NP queries(cf. [17]), this means
thatcomputingthe z-rankingis in FPﬁIP. We remarkthatasimiIarFPﬁIP algorithmis alsofeasiblefor 2+,
if thestrengthsr(d) of defaultsareboundedy a polynomialin the numberof defaults.

Table5 tells usthatin all casesexceptz™, entailmentdoesnot becomeeasierif the default ranking R
is known. Thus,from a worstcaseperspectie, precomputinghe default ranking R doesnot pay off (but
clearlysavestime over repetitve computations)in caseof z T, entailmentbecome®asierbecaus®nly the
orderof thedefaultsin z* is relevant, but not their actualranks(which canthusbereplacedoy valuesfrom
[0,...,n — 1], andthuszT-entailmentreducego z-entailment).

4.3.2 Horn and literal-Hor n case

In all tablestheresultsfor theHornandtheliteral-Horncasearethesame.Thus,althoughit is in generahot
possibleto simply splitaHorndefault ¢ — 1 A - - - A 4, into asemanticallyequivalentsetof literal-Horn
defaults¢ — 91,...,¢ — ¥, it is possibleto rewrite a Horn default reasoningproblemto aliteral-Horn
onein polynomialtime. Thus,therestrictionof the generaHorn to theliteral-Horn casedoesnot decrease
the compl«ity.

“The differencebetweenexponentiallymary possiblevaluesunderz* anda linear numberof valuesunderz is dueto the
differencebetweercomputingtheworld ranksby summatiorandmaximizationin equationg5) and(1), respectrely.
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At thelow endof thecomplity range the Hornrestrictiongivestractability aswas(essentiallyshavn
in [46, 63, 49]. Whereasatthehigh end,Geffner’s conditionalentailmentassurprisinglyits full comple-
ity alreadyin the literal-Horn case. This is exceptional,sincerelatedformalismssuchas Reiters default
logic andcircumscriptiorhave lower compleity (moreprecisely co-NP) in theHorn case[56, 87, 21].

Informally, in Geffner’s conditionalentailmentthe Horn propertyis not sufiicient to eliminatethe in-
tractability of the preferencecheckfor a modelof a formula, asthis testis not simply reducibleto a poly-
nomialnumberof Horn satisfiabilitytests,ase.g.in Reiters defaultlogic. Furthersyntacticrestrictionsare
neededOnesuchrestriction,whichis efficiently checkableis thatthe admissibilityordering< is empty

At themid-rangeof compleity, the syntacticrestrictionshave differenteffects. Tractability for z- and
zT-entailmentis gainedsincein the respectie entailmentalgorithms,the NP oraclecanbe replacedby a
polynomial time procedure.On the other hand, for z*- and z}-entailment,the Horn restrictiondoesnot
decreaseomplity. Theintuitive reasoris that herethe rank of a defaultis given by the smallestsumof
ranksof a setof violateddefaultsplus a value,while in the former caseghis wasthe maximunrank of a
singleviolateddefault plusavalue. Computingthe smallestsumis anintractableoptimizationproblem,as
thereareexponentiallymary suchsets;aspointedoutin [45], it makesz* (thusalsoz}) entailmeniNP-hard
in theHorn case.Contraryto this, the maximumviolatedrank canbe computedoy simply loopingthrough
thealreadyranked defaults.

Finally, in the Horn case the precomputatiorf default rankingsdoesnot reducethe compleity of the
entailmentproblem. Thisis explainedby thefactthatcomputingtherank of a classicaformula ¢ amounts
essentiallyto rankinga default.

4.3.3 Bottom line of the results

Ourresultsandtheir discussiornn the previous subsectiongeadusto thefollowing conclusions.

¢ Among all the semanticghat we analyzein this paper Geffner’s conditionalentailmentis by far the
computationallymostexpensve approachandits computationahatureis differentfrom thoseof the other
approachesThis complementshe obseration thatthe semanticatelationshipsbetweenGefner's andthe
otherapproachearelessestablished.

e Fortheotherapproacheshereis atrade-of betweerepistemicsophisticatiorandcomputationatom-
plexity. More precisely in the generalcase the price for a more sophisticatedsemanticss rathermodest
andgenerallydoesnot leadto anothercompleity level. Nonethelessit affectspropertiessuchasefficient
parallelizatiorto SAT, whichis only possiblefor e-, propere-, andz-entailment.In theHorn casehowever,
anappealingsemanticcomesat the expenseof computationalntractability

e Precomputinglefault rankingsbuys nothingor only little in the worstcase(in particular tractability
cannotbe gainedthis way).

4.4 Implications for Implementation

As farasimplementationsrreconcernedourresultsprovide a usefulinsightinto thetype of algorithmsthat
may be feasiblefor solvingdefault reasoningproblems.

First of all, our resultsimply that polynomialtime translationsof the default reasoningproblemsinto
suitableotherreasoningproblemsarefeasible, suchthatexisting algorithmsandtheorempraoversmight be
usedasanimplementatiorplatform. For example,decidinge-consisteng canbe polynomially translated
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to a classicalSAT instance.Sucha translationcan be easily extractedfrom the proof of NP-membership
(Theoremb5.2). Any of the sophisticatedSAT packagegseee.g.[29]) canthenbe usedfor solving this
instance. Moreover, s-entailmentand propere-entailmentcan be similarly polynomially reducedto one
resp.two callsof a SAT procedurewhich maybeprocesseth parallel. As for the othersemanticstheorem
proversfor logicswith compleity upto X% areneededashostfor efficienttranslationsFor example, DLV
[78], DeReg[23], or a disjunctive extensionof smodeld75], which all provide this expressienessmight
beused,aswell astheoremproversbasedon quantifiedBooleanformulas[20, 83, 32]. However, efficient
transformation®f the problemsto theselogicsremainto bedesigned.

In the caseof problemswith compleity PNP or PNP | suchtranslationsmight not be very appealing,
sincethetheorenproversmentionedabove aretailored#or solvingproblemswhosecompleity characteris-

ticsis givenby theX¥ (resp. IIY) classef theponnomithierarchyratherthanthePEf) andef classes.
The definitionandcomputationahatureof theseapproachesuggestshatreductiongo optimizationprob-
lemsin integer programmingmight be a more suitablealternatve (cf. [4, 89] for a similar approacthin the
area®f nonmonotonigeasoningandplanning).Noticethate.g.computingaminimumnonngative integer
solutionfor a systemof linearinteger inequalitiesis FPNF -hard,andthusall the problemsin Tables2—-5
with compleity at mostPNF resp. FPNF canbereducedo this problem.

For the developmentof genuinealgorithms thefollowing canbelearnedfrom the compleity resultsin
Tables2-5 (seealso[34] for similar considerations) The problems(resp.,their complementsjith com-
plexity in NP (resp.,co-NP) canbeimplementedy a standardacktrackingalgorithm. Suchanalgorithm
is not expectedto run in polynomialtime, though. In casefor the PTP- and FP\*-completeproblems,
parallelizationof instancego problemsin NP suchas SAT might be implementedalongthe lines of the
algorithmsexhibited in the proofs of Theorems5.6 and5.7. Alternatively, asdonein [49] for problem
RANK-ENTAILMENT in SystemZ ™, algorithmscanbe designedfor RANK-ENTAILMENT and ENTAIL-
MENT which solve the problemswith a logarithmicnumberof callsto an NP oracle. However, a similar
algorithmfor RANKING is unlikely to exist, sincethereis someevidencewhich suggestshat FPNF with
logarithmicallyboundedbracleaccesss lesspowerful thanFPﬁIP [53].

For the problemswith PN? resp. FPNY compleity, no efficient parallelizationto NP problemsseems
feasible,and at leasta linear numberof callsto an NP oracleis mandatory In principle, a backtracking
stratgy for finding an optimal solutioncould be pursuedit may usein a standardvay the valueof a best
solutionfoundsofarfor pruningthe searchspacebput will have to explore anexponentiallylargetree.

Finally, in caseof Geffner’'s conditionalentailment,the TI5 -completenessesult meansthat a simple
“flat” backtrackingalgorithmfor disproving conditionalentailmentof ¢ — 4 from KB which searches
treefor a polynomialsolutionpath,whereeachstepis efficiently possible(like, e.g.,in the Davis-Putnam
procedure)js infeasible. Rathey a tree mustbe searchedvhoseterminal nodesrepreseninstancesof a
co-NP-completeproblem. This canbe accomplishedy a backtrackingalgorithm using calls to a clas-
sical propositionaltheoremprover (or, a SAT procedureand reversingthe result); alternatvely, a nested
backtrackingstrateyy is needed.

5 Derivation of Complexity Results
In this sectionwe formally derive thecompleity resultsthathave beensummarizedn the previoussection.
To simplify the treatmentwe shall stateknown resultsat the beginning of eachsubsectionandprove the

caseghatremainfor concludingtheresultsin Tables3 through5. For the proofsof upperboundswe shall
describealgorithmsthatestablishttheresults.
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5.1 e-Semantics

We startwith the compleity of decidinge-consisteng, e-entailmentandpropere-entailment.
We now prove thenew compleity resultsstatedn Tables2 and3. We needthefollowing lemma,which
is essentiallya reformulationof a similar resultin [46] and[49].

Lemma5.1 A conditionalknowledg base(L, D) is e-consistentff there existsan ordered partition
(Do, ..., Dy) of D sud thatead defaultin D; is toleratedunder L by Uf:i D;.

We first shawv thatthe problemof decidingwhethera conditionalknowledgebaseis e-consistents NP-
completan thegenerakaseandP-hardin theliteral-Horncase Notethattheformerimprovesontheresult
in [46] thate-consisteng canbe decidedwith aquadraticnumberof callsto a SAT oracle.

Theorem 5.2 a) Decidingwhethera givenconditionalknowled@g baseis e-consistents NP-complete
b) Decidingwhethera givenliteral-Horn conditionalknowledg baseis e-consistents P-hard.

Proof. a) We first shov membershign NP. By Lemmab.1, a conditionalknowledgebase(L, D) is e-
consistentff (i) thereexistsanorderedpartition (Dy, ..., D) of D and(ii) for eachsetof defaults D; and
eachdefaultd € D; thereexistsaninterpretationZ}, suchthat I’ is amodelof L, thatI? verifiesd, andthat
I(@ satisfiesU?:i D;. Suchan orderedpartition andsuchinterpretationsanbe guessedindverified by a
nondeterministi@algorithmin polynomialtime.

To shav NP-hardnessye give a polynomialtransformatiorfrom the NP-completgroblemof deciding
whethera propositionalformulain CNF is satisfiablg/40]. Let ¢ be a propositionalformulain CNF. By
Lemmab.1, ¢ is satisfiablaff thedefaultknowledgebase((, { T — ¢}) is e-consistent.

b) SeeAppendixB. O

Using ideasfrom the proof of Theorem5.2 b), it canbe shavn that decidingwhethera conditional
knowledgebases-entailsa defaultis P-hardin theliteral-Horncase:

Theorem 5.3 Givena literal-Horn conditionalknowledg baseKB anda literal-Horn defaultd, deciding
whetherKB e-entailsd is P-hard.

We finally shav thatdecidingwhethera conditionalknowledgebaseproperlye-entailsa defaultis DF -
completan thegeneraktaseandP-hardin theliteral-Horncase Notethatthisimprovesontheresultin [46]
thatpropere-entailmentcanbe decidedwith a quadrationumberof callsto a SAT oracle.

Theorem 5.4 a) Givena conditionalknowledg base KB anda defaultd, decidingwhetherKB properly
e-entailsd is DP-complete b) Givena literal-Horn conditional knowledg base KB and a literal-Horn
defaultd, decidingwhetherK B properly e-entailsd is P-hard.

Proof. a) We now shavw membershipn DY. By TheorenB.1, KB properlys-entails¢ — 1 iff KB e-entails
¢ — Y andKB U {¢ — —} is e-consistent.The problemof decidingwhetherKB e-entails¢ — 1 isin
co-NP[63]. By Theorenb.2a), theproblemof decidingwhetherKB U {¢ — —)} is e-consistentsin NP.
Hence the problemof decidingwhetherKB properlye-entails¢ — 1 isin DF.

Theproofsof DP-hardnessndof b) aregivenin AppendixB. O

5.2 SystemsZ and Z+

We next prove the new compleity resultsshavn in Tables3-5for systemsZ and Z*. In particular we
shall prove that eachof the well-knowvn upperboundsfor systemZ ™ is tight. We first, however, consider
systemZ for generalconditionalknowledgebasesfor which we obtainslightly lower compleity.
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Algorithm z-entailment

Input: e-consistentonditionalknowvledgebase(L, D) andadefault ¢ — .
Output: “Yes”,if (L, D) z-entails¢ — 1, otherwise‘No”.

1. if LU{¢} isunsatisfiablehenreturn “Yes”;
2. foreachi € {0,1,...,n(n—1)/2} do;
if D hasanadmissiblepartition (Dy, ..., Dy) of weight:
then wi] := trueelsew(i] := false;
3. w:=min{i | w[i] =true,0 <i < n(n—1)2};
a1 =AY ag =P N,
5. foreachi € {0,1,...,n}andj € {1,2} do
if D hasanadmissiblegpartition(Dy, ..., D) of weightw and
L U {c;} hasamodell s.t.i = 1 4+ max({¢ | I [~ d, forsomed € D,} U {-1})
then k[, j] := trueelsek], j] := false;
for eachy € {1,2} do k; := min({i | k[z,j] =true,0 <7 <n}U{n+1});
7. if ky < ko thenreturn “Yes”elsereturn “No”.

»

o

Figure3: Algorithm z-entailment

We introducesomefurther notion. Given a conditionalknovledgebaseKB = (L, D), an ordered
partition (Dy, ..., D) of D is admissiblewith KB iff, for alli = 0,.. ., k, eachdefaultin D; is tolerated
underL by U;?:i D;. Theweightof anorderedpartition (Do, ..., D) of D is definedast:0 i-|Djl.

Lemmab5.5 Let KB = (L, D) beaconditionalknowledg base Thez-partition of D is theuniqueordered
partition (Dy, ..., Dy) of D thatis admissiblewith KB andthat hastheleastweight.

Armedwith this result,we prove thefollowing theorem.

Theorem 5.6 a) Givena conditionalknowledg baseKB anda defaultd, decidingwhetherKB z-entails
dis PﬁIP-compIete b) Givena literal-Horn conditionalknowledg base KB and a literal-Horn defaultd,
decidingwhetherKB z-entailsd is P-hard.

Proof. a) We now shav membershipn P\*'. Towardsthis goal, consideralgorithmz-entailment. It is not
hardto seethatit correctlydecidesvhetherKB z-entailsthedefault ¢ — 1: In Step3, w is assignedhe
weightof the z-partitionof D. Knowledgeof w enablesaneasycheckwhethera givenadmissiblepartition
(Do, - .., Dy) of D isthe(unique)z-partitionof D. Thisis exploitedin Step5, whereit is checledfor both
¢ AN andé A ~1p whetherthey have a modelI of rankat mosts, for all ¢ € {0,1,...,n}; notethatfor
i = 0, theconditionamountgo I = L U D. In Step6, theranksof ¢ A ¢ and¢ A -1 aredeterminedrom
theresultsof thesechecksafterwhich entailments decided.

Obserne that all queriesin Step2 arein NP andcanbe decidedin parallel; similarin Step5. Taking
Stepl into accountthe algorithmthus makesthree“rounds” of parallelcallsto an NP-oracle. It is well-
known [17] that constantlymary roundsof parallel NP oraclequeriesin a polynomial-timecomputation
can be replacedby a single one. In algorithm z-entailment, the threeroundscan be replacedby one
roundwith (1 + n(n — 1)/2)(2n + 2) paralleINP oraclequeries(onefor eachtriple (w,,7) with w €
{0,1,...,n(n —1)/2}, i € {0,1,...,n}, andj € {1,2}) from which theresultsof Stepsl, 3, and6 can
be concluded,andwhich we omit herefor brevity. Thusthe problemis in Pﬁlp. (Note that by applying
binarysearchn Steps2 and5, w andk;, ke canbecomputedn polynomialtime with O(log n) successie
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Algorithm z-ranking

Input: e-consistentonditionalknowvledgebase(L, D).
Output: The z-rankingof (L, D).

1. foreachi € {0,1,...,n(n —1)/2} do;
if D hasanadmissiblepartition (D, ..., D) of weighti
then wi] :=trueelsew(i] := false;
2. w:=min{i | w[i] =true,0 <i <n(n—1)/2};
3. foreachd e D andj € {0,1,...,n—1} do
if D hasanadmissiblepartition (Dy, ..., Dy) of weightw s.t.d € D;
then Z(d) := j.

Figure4: Algorithm z-ranking

callsof anNP-oracle.This alternatvely provesmembershipn Ay [O(logn)] = P

Theproofsof Pﬁ‘P—hardnesandof b) aregivenin AppendixB. O

Letusnext considetthe problemof computingthe z-rankingof aconditionalknowledgebase It appears
thatthis problemhasessentiallythe samecompleity asz-entailment.

Theorem 5.7 a) The problemof computingthe defaultranking z for a givenconditionalknowledg base
KB is FPTP—compIete b) The problemof computingthe defaultranking z for a givenliteral-Horn condi-
tional knowledg baseKB is FP-hard.

Proof. a) We now shav membershign FPF'. Consideralgorithmz-ranking. Its Stepsl and2 areidentical
to Steps2 and3, respectiely, of algorithmz-entailment, andcomputeheweightw of the z-partitionof D.
In Step3 it is thuschecled whether(Dy, . .., D) is the z-partition, andthus Z(d) is assignedhe correct
value.Noticethatfor eachdefaultd € D, thequeryis truefor exactly onevalueof .

Letn = |D|. Stepsl and3, respectiely, canbe doneby paralleINP-oraclecalls. Thesetwo rounds
of n(n — 1)/2 + 1 andn?, respectiely, parallel NP-oraclecalls can be replacedby a single round of
n?(n(n—1)/2+1) = n*/2 —n3/2 4+ n? paralleINP-oraclecallsasfollows. For eachtriple (i, d, j) where
i €{0,1,...,n(n —1)/2},d € D,andj € {0,1,...,n — 1}, aqueryaskswhetherD hasan ordered
partition (D, ..., Dy) thatis admissiblewith KB, hasweighti, andsuchthatd € D;. It is now easyto see
thatZ(d) = j iff thequeryfor (¢, d, j) is aquerywith smallestvaluefor i thatis answeredY es”. It follows
thatcomputingthe z-rankingis in FPﬁIP.

Theproofsof FPﬁIP—hardnesandof b) aregivenin AppendixB. O

Algorithm z-entailment canbe modifiedto analgorithmz-rank-entailment thatusesthe z-rankingof
theinput, which saveson oraclequeries,andcanalsobe rewritten suchthatit makesoneroundof parallel
NP oraclecalls, whosenumberdependsn theinput. Our next resultshawvs thatit is unlikely thatwe can
improve on this andfind an algorithmthat solves entailmentwith a fixed numberof NP oraclecalls (the
proofis givenin AppendixB).

Theorem 5.8 a) Givena conditionalknowledg base KB = (L, D), a defaultd, and the ranking z of
D, decidingwhetherKB z-entailsd is Pﬁ”’-hard. b) Givena literal-Horn conditional knowledg base
KB = (L, D), aliteral-Horn defaultd, andtherankingz of D, decidingwhetherKB z-entailsd is P-hard.
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Let us now turn to zT-entailment. As alreadyrecalledat the beginning of this section,it is already
known thatfor z* rankingsthe problemsENTAILMENT, RANKING, andRANK-ENTAILMENT arefeasible
in polynomial time with an oraclefor NP. Thus, to verify the entriesin Tables3-5, it remainsto shov
matchinghardnessesultsfor ENTAILMENT andRANKING in thegeneralcase.

Theorem 5.9 Givena conditionalknowledg baseK B with strengthassignmen# anda defaultd, deciding
whether(KB, o) z*-entailsd at givenstrengthr > 0 is PNP-hard. Thisremaingrueif 7 = 0 is fixed.

Proof. We give a polynomial transformationfrom the following PNF-completeproblem[58]. Given a
conjunctiong = ¢1 A... Ay, Of clausesp; onatomszy, . . . , ,, Whichis assertedo besatisfiabledecide
whetherlins(¢) = =, Wherelims(¢) is thelexicographicallymaximumsatisfyingtruth assignmenof ¢.

Letk > 0 beanintegersuchthat2® >n. Fori = 1,...,n, letthedefaultsd;” andd; andtheirassociated
strengthsr(d;") ando(d;”), respectiely, be definedasfollows:

df =i A A1 AN — —x; Ve With strengtha(dj) =0
d; ==c1 A+ A=ci_1 A — z; V ¢; with strengtho(d; ) = 2Ftn—¢,

LetD = {d{,d;,ds,d;,...,d},d,}. Roughlyspeakingwe interpreteachsatisfyingassignmentor ¢
asthebinaryrepresentatioof a nonngatve integer, andthe lexicographicorderon satisfyingassignments
for ¢ astheusualorder”<” onthecorrespondingnonngative integers. Thedefaultsin D sere to addup
the contritution of eachbit (thatis, eachatomamongz, ..., z,) in a satisfyingassignmentor ¢. The
default dz* (resp..,d; ) assessea costof 0 (resp.,2k+t7=%) for the truth valuetrue (resp.,false) of z; in a
satisfyingassignmentor ¢. More preciselytherankof everyd; € {d{,d; } is givenby 2% (dy) = o(d1),
while therankof every d; € {df,d; } with i € {2,...,n} is givenby 2" (d;) = o(d;) + 27 (di—1) + 1,
whered; 1 is the uniquedefault amongd;[1 andd;_, thatis falsifiedby I,s(¢) (seeAppendixB). That
is, theranksof d; andd; with i € {1,...,n} reflecttherestrictionof Ijms(¢) to {z1,...,z;}. Thefactor
2¥ in o(d; ) senesto accountfor the 1's thatare addedat eachranking stepaccordingto equation(3) (in
total, atmostn — 1). Sincethestrengthof thedefaultsd; , ..., d, decreasen amathematicaprogression,
minimizationof theviolation costhasthe effectthat,if possiblethe z;'s aresetto true ratherthanto false
fori=1,...,n.

It cannow be shavn thatz,, is truein Ijs(¢) iff KB = (0, D) z*-entailsthedefaultd = —c; A --- A
—cp A\ ¢ — x,, atstrengthr = 0 (seeAppendixB). O

Theorem 5.10 The problemof computingthe defaultranking z* for a conditional knowledg base KB
with strengthassignment is FPNY -hard.

Proof. We give a polynomialtransformatiorfrom the following FPNF-completeproblem[58]. Givena
conjunctiong = ¢1 A ... A ¢y, Of clause®natomsz, . .., z,, Whichis assertedio be satisfiablecompute
Ins(4), thatis, thelexicographicallymaximumsatisfyingtruth assignmenof ¢.

We slightly extendthe constructionin the proof of Theorem5.9 asfollows. We addto D therethe
defaultd = —c; A--+ A =cp A ¢ — T with o(d) = 0. By asimilar line of agumentationit follows that
(15) holdsfor all i = 1,...,n andthatz* (d) = a + n (recallthata is the integer having the complement
of Iims(¢) asbinaryrepresentation)Sincel ,s(¢) is easilycomputedrom z*(d), theresultfollows. O

5.3 Maximum Entropy Semantics

We now focuson the compleity of decidingz*- and z}-entailment. We first determinethe precisecom-
plexity of z*-entailmentandstartwith thelower compleity bound.

21



Algorithm z-rank-entailment

Input: e-consistentonditionalknowvledgebase(L, D), default ¢ — 4, andz-rankingof D.
Output: “Yes”,if (L, D) z-entails¢ — 1, otherwise‘No”.

1. if LU{¢} isunsatisfiablehenreturn “Yes”;
2. a1:=¢NY;ay:=dN Y,
3. foreachi € {0,1,...,n}andj € {1,2} do

if LU {c;}hasamodell s.t.i =1+ max({Z(d) |d € D, I -d}U{-1})
then £[7, j] := trueelsek[i, j] :=false;

4. for eachi € {1,2} dok; := min{j | k[i, j] = true };

if k1 < ko thenreturn “Yes”elsereturn “No”.

o1

Figure5: Algorithm z-rank-entailment

Theorem5.11 Givenaliteral-Horn conditional KB, which is e-consistenandminimal-coe, anda literal-
Horn defaultd, decidingwhetherKB z*-entailsd is PNP-hard.

Proof. We give a polynomialtransformatiorfrom the following PNP-completeproblem. Given a setof
weightedHorn clauseC = {ay = B4,...,am = Bm} Onatomszy,...,z, suchthatevery o; = g; is
satisfiableandhasweightw; = 2%, wherec; > 0 isanonngatve integer, andsomer € {1,...,m}, decide
whetherl | o, = 3, for every maximumweightworld I underC, thatis,worldIsuchthatzl':aﬁﬁi w;
is maximumover all worldsin Z 4;.

PNP_hardnes®f this problemfollows by a minor adaptationof the proof in [58] that computingthe
maximumweight assignmentindera setC of weightedarbitrary clausess FPNY -complete;the proof in
[58] impliesthatdecidingwhether! = «, = 3, holdsfor aparticularclausex, = S, in every maximum
weightassignmenf underC is PNP-complete.

We now constructconditionalknovledgebaseK B andadefaultd asrequesteduchthat! = o, = G,
holdsfor every maximumweightworld I underC iff KB z*-entailsd.

The mainideabehindthis constructioncanbe informally describedasfollows. For eachHorn clause
aj = B; with weight2%, we will introducea default d.; ;. By additionalHorn clausesandliteral-Horn
defaultsin KB, we thenensurethat 2*(d., ;) = 2% andthatd,, ; is falsified by a modell of somecon-
junctionof atoms¢ iff I doesnotsatisfya; = B;. Moreover, we will ensurethatall the otherdefaultsin
KB arefalsifiedby every modelof ¢. It will thenfollow thatthe minimal falsifying modelsof ¢ areexactly
themaximumweightassignmentanderC. Hence,it finally justremaingo chooseanappropriatditeral 1,
suchthatthedefault ¢ — 1 is z*-entailedby KB iff «,, = £, holdsin all minimal falsifying modelsof ¢.

Let the setof atomicpropositionsbe At = {z1,...,z,} UAUBUT,whered = {a;; | 1 < j <m,
0<i<¢},B={b;|[1<j<m,0<i<c¢},andT ={t;;|1<j<m,0<i<c—1}.

Then,KB = (L, D) is definedasfollows:

L = ULij|1<j<m,0<i<¢}U{¢i;|1<j<m,0<i<c}
D = {dij|1<j<m,0<i<¢},
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whereL; ;, ¢; ;, andd; ; aredefinedasfollows:

Lij = A{bij = a0y, bij = to, ---, bij = ai—1j, bij = ti—1,5}
p {bi,j ANtij = L if 1 < Cj
ij = .
bij N aj = HZ::(H
dij = @ij = bij-

Finally, let theliteral-Horndefaultd = ¢ — 1 bedefinedasfollows:

¢ = A p
peEAUT
¢ = bck,k-

It cannow be shawvn (seeAppendixB) that (i) KB is e-consistent(ii) KB is minimal-core,(iii) the
default ranking 2* is given by z*(d; ;) = 2¢ for all d; ; € D (thus,z*(d,; ;) = 2% for j <m), and(iv) I =
a, = [, holdsin every I with maximumweightzl‘:ai:% w; iff KB z*-entailsd. O
Thenext resultfollows from a slight extensionof the constructiorin the proof of Theorem5.11.

Theorem5.12 The problemof computingthe defaultranking z* for an e-consisteniminimal-coe literal-
Horn conditionalknowledg baseis FPN-hard.

Theorem5.13 Givena literal-Horn conditionalknowledg base KB, which is e-consistentand minimal-
core, therankingz* of KB, anda literal-Horn defaultd, decidingwhetherKB z*-entailsd is PN -hard.

Proof. Immediateby the proof of Theorem5.11: The default rankingz* for KB thereis Z(d; ;) = 2¢ for
all j <m andi < ¢;. Hence theproblemthereis easilyreducedo thecasewherez* is partof theinput. O

We next considetthe extensionof themaximumentrofy approache™ by variablestrengthdefaultsto z;.
Ourgoalis to shaw thatz*-entailments in PN?, andthusnoharderthanz*-entailment.For this purposeye
usethealgorithmz}-ranking shawvn in Figure6, which computeshe default rankingz} of ane-consistent
conditionalknowledgebaseKB. If, duringthe computationjt is detectedhat KB is not robust, a special
valuenil is returned.This algorithmis essentiallyareformulationof a similaralgorithmin [13], andthuswe
donotanalyzets correctnestere(notethatStep4 in z;-ranking is atechnicaltrick to ensureghatminf(d)
in Steps5 and6 hastherankof the currentminimal falsifying modelof d excludingits owncontribution).

The next lemmashaws thatthe rank zZ (d) of eachdefault d computedby this algorithmhasan expo-
nentialupperbound,andthuscanberepresentetly a polynomialnumberof bits.

Lemma5.14 Let KB = (L, D) be an e-consistentonditional knowledg basewith positivestrengthas-
signment. Letn = | D| bethecardinality of D andlet s = max({c(d) | d € D}). Letz?(d1),...,25(d}),
with [ < n, denotethesequencef defaultrankscomputedn algorithmz*-ranking Then|zZ(d;)| < s-2°!
foralli=1,...,1I.

By shawing thatalgorithmz}-rankingcanbeimplementedo runin deterministigoolynomialtimeif an
NP-oraclées available,we prove thefollowing result.

Theorem 5.15 Givenan e-consistentonditionalknowledg baseKB = (L, D) with positivestrengthas-
signmento, the problemof computingthe defaultranking z; for KB, if KB is robust, and returning nil
otherwiseis in FPNT,
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Algorithm z3-ranking (essentially[13])

Input: e-consistent B = (L, D) with positive strengthassignment .

Output: DefaultrankingzZ, if the systemof equationgyivenby (6) and(7) for all ¢ — ¢ € D
andall I € T4, hasauniquesolutionz}, ; suchthatz} is positve andx} is robust;
otherwisenil.

Notation: We useminv(¢ — 1) andminf(¢ — 1) to denotex? (¢ A 9) ands; (¢ A ),

respectiely, wherex} (a) = minsez,,.1—q s (1) With 3 (1) asin (7).

for eachd € D do z}(d) := oo;

while {d € D |z}(d) = oo} # () do begin

Takeary d € D with z}(d) = oo suchthato(d) + minv(d) is minimal,
zx(d) :==0;

if minf(d) = oo then return nil;

2z (d) := o(d) + minv(d) — minf(d)

end;

if x} satisfieq6) for all $ -1 € D and z} is positve andx} is robust

thenreturn 2z elsereturn nil.

©CoNOhA~WDNE

Figure6: Algorithm z}-ranking

Proof. Letn =|D|, lets = max({o(d) | d € D}), andlet|s| bethelengthof thebinaryrepresentatioof s.

It is sufficient to shav the following propertiesof algorithm z¥-ranking: (i) computingminv(d) and
minf(d) in Steps3, 5, and6 isin FPNY; (i) decidingin Step8 whetherx? satisfieg6) for eachy — 4 € D
isin PNP; and(iii) decidingwhetherz} is positive andx}? is robustin Step8isin PNP. Lemma5.14implies
thatfor every ¢ — 9 € D, thevaluess? (¢ A ) andk;(p A —p) arefrom {0, ..., s 2"} U{oo}. Thus,they
canbe computedby binary searchin deterministicpolynomialtime with O(|s| 4+ n) call to anNP-oracle,
sincedecidingwhethersomel € 74, existssuchthatx*(I) < w for agivenvaluew isin NP. Thisalready
shaws that (i) and(ii) arein FPNY andPNP, respectiely. As for (iii), we checkwhetherthereareno two
distinctdefaultsfrom D thathave acommonminimalfalsifyingmodelunderL. If for everyd € D thevalue
minf(d), which canbecomputedn FPNP | is known, thisis clearlyin co-NP, andthuscanbe checledwith
acall to anNP-oracle.This provestheresult.0

Theannouncedipperboundon zZ-entailments now easilyestablished.

Theorem5.16 Givenan e-consistentconditional knowledg base KB, assertedto be robust, with posi-
tive strengthassignment, a defaultd, and an integer = > 0, decidingwhether(KB, o) z;-entailsd at
strengthr, is in PNP,

Proof. Letd = ¢ — 1. By Theoremb.15,computingthe zZ-rankingof KB isin FPNP, Decidingwhether
kY (¢) = oo isin NP, andby similar agumentsasin the proof of Theorem5.15, computingthe ranks
Kt (¢ A9) andr? (¢ A ) in abinarysearctusingz? is thenin FPNE; testings? (¢ A ) < kX(d A —1p) is
simple.Overall, decidingwhether(KB, o) z*-entailsd is in PNF. O

Thematchinghardnessesultis inheritedfrom the PNP -hardnes®f z*-entailmenin Theoremb.11and
thefactthatthe minimal-corepropertyimpliesrobustnesgLemmas.2).

Theorem5.17 Givenan e-consistentiteral-Horn conditionalknowledg base KB with positivestrength
assignmentr, where KB is assertedo berohbust, a literal-Horn defaultd, andan integer 7 > 0, deciding
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whether(KB, o) z*-entailsd at strengthr, is PNP-hard. Thisremainstrue if therankingzZ is part of the
inputandr = 0 is fixed.

5.4 Lexicographic Entailment

We now concentrateon the compleity of lexicographicentailment.We remarkthatthe uppercomplexity
boundstatedin Table 3 for lex,-entailmentfollows immediatelyfrom Cayrol et al’s work [22], which
shaws thatlex,-entailments in PNY for defaultknowledgebaseg®, D). Thisresultcanbeeasilyextended
to conditionalknowvledge bases(L, D), by turning the formulas¢ in the backgroundknowledge L into
defaultsdy, = T — ¢, andassigningthempriority 7 (dg) = max4ep 7(d) + 1, provided L is consistent.
This provestheresultin Table3.

We next prove that decidinglex,-entailmentis PNP-hardfor the Horn case. More precisely we even
show thestrongerresultthatPNP -hardnessoldsfor theliteral-Horncase.

Theorem 5.18 Givena literal-Horn defaultknowledg baseKB = (), D) with priority assignmentr, and
aliteral-Horn defaultd = T — 4, decidingwhether(KB, ) lex,-entailsd is PNF-hard.

Proof. We give a polynomial transformatiorfrom the following PNY-completeproblem[58] (cf. Theo-
rem5.9). Givenaconjunctiona =« A ... A oy, Of clausesy; onatomszy, . .., z,, whichis assertedo
besatisfiabledecidewhetherly,s(a) = =, Wwherel},s(«) is thelexicographicallymaximummodelof «.

We constructKB = (@, D), =, andd = T — 1 asin the problemstatemensuchthat I,s(a) E
iff (KB, ) lex,-entailsd (seeAppendixB). Roughly speakingthe main problemin this constructionis
to transformthe clausesy, . . ., oy, into Hornclausesyy, . . ., o, . We tacklethis by replacingall positive
literals z; in aq,...,a, by new negyative literals —y;, and expressthe relationshipsz; A y; = 1 and
T = z; V y; in asuitableway. Thisis accomplishedby introducingappropriatesetsof defaults F; andby
exploiting the lexicographicpreferencesrderingon worlds. O

We next turnto the compleity of lex-entailment.Sincethis is a specialcaseof lex,-entailmentwe can
solwe this problemby usingan algorithmfor lex,-entailment,to which provide the z-partition of D from
the conditionalknowvledgebaseKB = (L, D) in theinput. As this canbedonewithouttoo muchoverhead,
the compleity of lex,-entailmentgivesus thenanupperboundfor lex-entailment.On the otherhand,the
transformatiorof generallexicographicdefault rankingto entrenchedexicographicdefault ranking from
Theorem3.3allows usto infer thatthis compleity is alsoalower bound.

Theorem5.19 a) Givenan e-consistentonditionalknowledg baseKB anda defaultd, decidingwhether
KB lex-entailsd is in PNF. b) Givenan e-consistentiteral-Horn defaultknowledg baseK B anda literal-
Horn defaultd, decidingwhetherKB lex-entailsd is PNY-hard.

5.5 Conditional Entailment

We finally concentrat®n the compleity of Geffner’s conditionalentailment.
Thefollowing lemmais helpful for checkingwhethera priority orderingis admissible.

Lemma5.20 Let KB = (L, D) bea conditionalknowledg base A priority ordering< on D is admissible
with KB iff eadh d € D istoleratedby Dy = D — {d' € D|d' < d} underL.

We arenow readyto give anupperboundfor thecompl«ity of conditionalentailment.

Theorem5.21 Givena conditionalknowledg baseKB = (L, D) anda defaultd = ¢ — 1, deciding
whetherK B conditionallyentailsd is in TI5 .
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Algorithm not-cond-entailment

Input: Conditionalknowledgebase(L, D) andadefault ¢ — .
Output: “Yes”iff (L, D) doesnot conditionallyentail ¢ — 1.

1. Guessasubset< of D x D;
2. if <isnotirreflexive or < is nottransitive then halt; /* < is notapriority ordering*/
3. foreachd € D do
if = (distoleratedby D — {d’ € D | d' < d} underL)
then halt; /* < is notadmissiblet/
Guessl € Ty
5. if I £ LU{¢}or I =1 thenhalt; /* wrongguess/
6. if someJ € Zy; existss.t.J < ITandJ = LU {¢}thenhalt /* I isnotpreferred/
elsereturn “Yes”.

»

Figure7: Algorithm not-cond-entailment

Proof. We shaw thatthecomplemenproblem thatis, decidingwhetherK B doesnot conditionallyentaild,
isin ©¥'. Recallthatd is not conditionallyentailedby KB iff thereexists a priority ordering< on D that
is admissiblewith KB, anda <-preferredmodelI of L U {¢} suchthatI [~ 4. Thisis checled by the
nondeterministi@algorithmnot-cond-entailment In Step3 there,Lemmab.20is appliedfor checkingthat
the priority ordering< is admissible.lt is easilyseenthatthe (unneyated)queriesin Step3 andthe query
in Step6 canbe answeredy an NP-oracle. Modulo thesequeries,eachof the Stepsl-6 canbe donein
polynomialtime. Hence decidingwhetherKB doesnot conditionallyentaild isin NPNY = P, O

We next shaw thatthis upperboundis tight, andthatthis holdsevenfor theliteral-Horncase.

Theorem 5.22 Givena literal-Horn conditionalknowledg baseKB = (L, D) anda literal-Horn default
d = ¢ — 9, decidingwhetherk B conditionallyentailsd is IT5 -hard.

Proof. We give a polynomial transformationfrom the following canonicalll} -completeproblem [54].
Given a collection of clausesasq, ..., q; on the atomsy, ..., ym, z1,-..,T,, Wherem,n > 1, decide
whetherthequantifiedBooleanformula® = Vy; ... Yy, 3z1 ... 3z, (a1 A- -+ A oy) evaluatedo true. That
is, is it truethatfor eachtruth assignment,, to thevariablesy, . . . , y,, thereexistsatruth assignmeni,;, to
thevariablesr, .. ., z, suchthatl, U I, satisfiesu A --- A oy. Withoutlossof generalitywe canassume
thateachclausen; containsatleastonevariablefrom z+, ..., z,.

We constructa literal-Horn conditionalknowledgebaseKB = (L, D) anda literal-Horndefaultd =
¢ — 1 suchthat® evaluateso trueiff KB conditionallyentailsd (seeAppendixB). Roughlyspeaking,
this constructioninvolvestwo main problems.First, we mustexpresssomehw the validity of a quantified
Booleanformula. Thiswill bedoneby makinguseof the preferenceorderingon worlds. Secondwe must
transformthe clausesyy, . . ., oy into Hornclausesy, . . ., of . Thiswill be doneby replacingall positive
literalsy; andz; in a,..., o by new negative literals —y; and —|:E;-, respectiely. We will thenuseL to
expresstherelationshipgy; A y; = L andz; A x; = 1, andthe preferencerderingon worldsto express
therelationshipsT = y; V y; andT = z; V z3; thus,y; = —y; andz; = —z’. O

26



6 New Tractable Cases

6.1 Overview

As theresultsin Sectiond4 shav, a numberof the moresophisticatedemanticgor conditionalknovledge
basesareintractablefor all the classef default reasoningproblemsthat we have considered.Thus,the
issueof meaningful tractableclasse®f problemsfor thesesemantichaturallyarises.Ontheotherhand,it
would beinterestingto know whetherthetractability resultsfor the othersemanticsn theHorn casecanbe
extendedto moreexpressie classe®f problems.

In this section,we tackletheseissuesandpresennew tractablecasedor default reasoningrom condi-
tional knowledgebases.In responséo the latter questionwe introducein Section6.2 the classof g-Horn
conditionalknowledge bases. This classgeneralizedHorn conditionalknovledge basessyntacticallyby
allowing a restricteduseof disjunction,and containsinstancesvhich cannotbe representeéh Horn con-
ditional knowledge bases. As we shaw, the tractability resultsfor Horn conditionalknowledge basesn
Tables2-5 extendto g-Horn conditionalknowledgebaseswhich canbe regardedas a positive resultre-
gardingthetractability of default reasoning.

Findingmeaningfukractablecasesor themoresophisticatedemanticgor conditionalknowledgebases
turnsout to be morechallenging.A naturalattemptis to shav thata furtherrestrictionof the literal-Horn
caseleadsto tractability An obvious candidaterestrictionis boundingthe size of the antecedenti the
strict andclassicalrulesto at mostoneatom. Unfortunately aswe shawv in Section6.3, this doesnot buy
tractability An analysisof our proof revealsthattheinteractionof the defaultsamongeachotherandwith
the classicalbackgroundknowledge mustbe controlled suchthat interferenceshave a local effect. This
leadsusto the classof feedbak-freeHorn (ff-Horn) defaultreasoningproblemsn Section6.4. As we shaw,
tractabilityis gainedon this classfor mostof theintractablesemanticsn Tables2—5. Therefinedhierarchy
of default reasoningoroblemclassess shavn in Figure8, wherethe new classesntroducedn this section
areemphasizeth boldface.

6.2 Q-Horn
6.2.1 Motivating example

Q-Horn conditionalknowledgebasegyeneralizeHorn conditionalknowledgebasesby allowing a limited
form of disjunction.Thefollowing exampleillustratesthis kind of disjunctve knowledge.

Example 6.1 AssumethatJohnis looking for Mary. Unfortunately he did not find herathome. So, heis
wonderingwhereshemightbe. He knows thatMary might be having teawith herfriends,thatshemightbe
in thelibrary, or thatshemight be playingtennis.He alsoknows thatthesescenariosrepairwiseexclusive
andnot exhaustve. Moreover, Johnknows that “generally in the afternoon,Mary is having teawith her
friendsor sheis in thelibrary” andthat“generally on FridayafternoonMary is playingtennis”.

This knowledgecanbeexpressedy thefollowing conditionalknovledgebaseKB = (L, D):

L = {-teaV —library, -teaV —tennis —library v —tennig ,

D = {afternoon— teaV library, Friday A afternoon— tennig .

Supposeow thatit is Friday afternoonandthat Johnis wonderingwhetherhe shouldgo to the library
to look for Mary. Thatis, doesKB entailFriday A afternoon— library ?
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6.2.2 Definitions

We now introduceq-Horn conditionalknowledgebases. A clauseis a disjunctionof literals. A default
¢ — 1 is clausaliff ¢ is eitherT or aconjunctionof literals,ands is aconjunctionof clausesA conditional
knowledgebaseKB = (L, D) is clausaliff L is afinite setof clausesindD is afinite setof clausaldefaults.
A defaultreasoningoroblem (KB, d) is clausaliff both KB andd areclausal.

A classicalformula ¢ is in conjunctivenormal form (or CNF) iff ¢ is either T or a conjunctionof
clausesWe usethe operator~ to mapeachatoma to its negation—a, andeachnegatedatom—a to a. We
definea mapping\ thatassociatesachclausaldefault d with a classicalformulain CNF asfollows. If d

is of theform T — ¢ A -+ A ¢, with clausesy, ..., c,, thenN(d) = ¢1 A -+ A ¢,. If dis of theform
LA ANl = c1 A+ Ay, with literals iy, ..., 1, andclauses:, ..., c,, then N (d) is definedasthe
conjunctionof all ~ 1y V---V~1, V¢ withi € {1,...,n}. WeextendthemappingV to classicaformulas

in CNF ¢ by defining N (¢) = ¢. We extend N to finite setsK of classicalformulasin CNF andclausal
defaultsasfollows. Let K’ denotethesetof all k € K with N'(k) # T. If K’ # 0, thenwe defineN (K) as
the conjunctionof all N (k) with k£ € K'. Otherwise N'(K) is definedasT.

A partial assignmeng is asetof literalssuchthatfor every atoma € At atmostoneof theliteralsa and
—a isin S. A classicaformulain CNF ¢ is g-Horniff thereexistsa partialassignmen§ suchthat(i) each
clausein ¢ containsat mosttwo literals outsideof S, and(ii) if a clausein ¢ containsexactly two literals
u,v € S, thenneither~ u nor ~ v belongsto S. Notethatit is notassumedhatthe partialassignments
canbecompletedo amodelof ¢.

The classof g-Hornformulasgeneralizeshe classeof quadratic Horn, anddisguisedHorn formulas
[11]. Recallthata classicaformulain CNF ¢ = ¢; A - -+ A ¢, overtheatomsas, ..., a, is quadatic iff
eachclausec; containsat mosttwo literals. It is Horn iff eachc; is a Horn clause,anddisguisedHorn iff
thereexistsa partialassignmens suchthat|S| = n andthateachclausec; containsat mostoneliteral not
belongingto S. Informally, disguisedHorn ¢ canbe madeHorn by “renaming”atoms.For quadratiqresp.,
Horn) ¢, the partialassignmens = @ (resp.,S = {—ay, ..., ~a,}) alwayssatisfieqi) and(ii).

Example 6.2 Theclassicaformulas—a A (bV¢) A(a V), ma A (bV —cV —d)A(—aV-bV-cVd),and

—a AbA (bV c) arequadraticHorn,anddisguisedHorn, respectiely, andthusg-Horn.
Theclassicaformula(—a V =b) A (ma V =¢) A (=bV —=¢) A(aVb) A(aVec)A(bVeVd)isg-Horn

(asS = {d} satisfieqi) and(ii)), but neitheramongHorn, quadraticanddisguisedHorn.
Theclassicaformula(—a V —=bV —c) A (a V bV ¢) is hotg-Horn.

A finite setK of classicaformulasin CNFandclausaldefaultsis g-Horniff N'(K) is g-Horn. A condi-
tional knovledgebaseKB = (L, D) is g-Horniff KB is clausalandL U D is g-Horn. Clearly every Horn
conditionalknowvledgebaseis g-Horn, but not vice versa.A defaultreasoningoroblem(KB, d) is g-Horn,
if KB isg-Hornandd is aclausaldefault.

Example 6.3 The conditionalknovledgebaseKB = (L, D) shavn in Example6.1is g-Horn. More pre-
cisely theclassicaformula N (L U D) associateavith KB is givenasfollows:

N(LUD) = (—teaV —library) A (—teaV —tennig A (=library vV —tennig A
(—afternoonv teaV library) A (—Friday v —afternoonv tennis .

It is now easyto verify that {-Friday, ~afternoor} is a partial assignmenthat satisfies(i) and (ii) asde-
scribedabove. Thatis, N (L U D) is g-Horn. Since KB is clearly clausalit follows that KB is gq-Horn.

The sizeof a classicalformulain CNF ¢, denoted||¢||, is definedasthe numberof occurrence®f
literalsin ¢. We use|¢| to denotethe numberof clausesn ¢. Thesizeof a clausaldefaultd = ¢ — 1,
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denoted|d||, is definedas||¢|| + ||¢||. Thesizeof afinite setof clauses., denoted|L||, is definedasthe
sizeof N'(L). Thesizeof aclausalconditionalknovledgebaseKB = (L, D), denoted| KB ||, is definedas
thesizeof N'(L U D). We use|D| to denotethe cardinalityof D.

6.2.3 Q-Horn formulas

We now give somepreparatie results.Wefirst recallthattheproblemof decidingwhetherag-Hornformula
is satisfiableandthe problemof recognizingg-Hornformulasarebothtractableandcanin factbe solvedin
lineartime. Theseresultsgo backto Borosetal. [10, 11].

Theorem 6.1 (se€[10, 11])

a) Givena g-Hornformula¢, decidingwhetherg is satisfiablecanbedonein time O(||¢||).
b) Givena classicalformulain CNF ¢, decidingwhether¢ is g-Horn canbedonein time O(]|4||).

By theseresults,it is clearthatg-Horn conditionalknowledgebasesanbe efficiently recognized.

Proposition 6.2 Givena clausal conditionalknowledg base KB = (L, D), decidingwhetherKB is g-
Horn canbedonein time O (|| KB]||).

The following lemmastatesthe (immediate)obsenation that the setof all g-Horn formulasis closed
underconjunctionwith literalsandunderdecompositiorof conjunctiongnto their components.

Lemma 6.3 a) If ¢ is ag-Hornformulaand) is a conjunctionof literals, then¢ A 4 is g-Horn.
b) If A 4 isag-Hornformula,then¢ is g-Horn.

6.2.4 e-Semantics

We now prove the tractability resultsshavn in Figures9-10 for e-semanticsn the g-Horn case. The
following theoremshaws that decidingwhethera g-Horn conditionalknowvledge baseis e-consistentis
tractable.

Theorem 6.4 Givena g-Horn conditionalknowledg base KB = (L, D), decidingwhetherKB is e-con-
sistentcanbe donein time O(|D|? || KB||).

Proof. A conditionalknowledge base KB = (L, D) is e-consistentff the z-partition of D exists [49].
Thatis, iff thereexistsanorderedpartition (D, . .., Dy) of D suchthat,fori = 0,. .., k, eachD; is theset
of all defaultsin D — | J{D; | 0 < j < i} thataretoleratecunderL by D —J{D; | 0 < j <i}. Thus,deciding
whetherKB is e-consistentanbe reducedo O(|D|?) satisfiabilitytestson setsof classicalformulasand
defaultsof theform L U D' U {a A B} with D' C D anda— g€ D'. Clearly asa— € D', suchsets
LU D'"U{a A B} arelogically equivalentto L U D' U {«a}.

Assumenow that KB is g-Horn. Then,by Lemma6.3, every L U D' U {«} is g-Horn. Hence,by
Theorem6.1a), eachsatisfiabilitytestcanbe donein time O(|| KB||). Thus,in summarydecidingwhether
KB is e-consistentanbedonein time O(|D|? || KB||). O

Thenext resultshavs thatdecidinge-entailments tractablein theg-Horncase.

Theorem 6.5 Givena g-Horn defaultreasoningoroblem (KB, d), whee KB = (L,D) andd = ¢ — 1,
decidingwhetherK B e-entailsd canbedonein time O((||#|| + |[¥|) |D|? (|1 KB + ||d|]))-

Proof. By Theorem3.1, a conditionalknownledgebaseKB = (L,D) e-entailsa defaultd = ¢ —
iff (L, D U {¢ — —p}) is e-inconsistent.Hence,by the proof of Theorem6.4, decidingwhetherKB e-
entailsd canbereducedo O(|D|?) satisfiabilitytestson setsof classicaformulasanddefaultsof theform
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LUD"U{y} with D"CD U{¢——¢} andy— 6 € D". We cannow distinguishthe three cases(i)
¢p——p ¢ D", (i) p—>—p € D" andy—§ # ¢— —1p, and(iii) ¢ - € D" andy— 6§ = ¢ — .
Thatis, the satisfiabilitytestsare doneon setsof classicalformulasanddefaultsof theform L U D' U F,
whereD' C D andF € {{a},{¢ — -9, a}, {-9,¢}} witha— g€ D"

Supposenow that KB is g-Hornandd is clausal. Hence,¢ is either T or of theform ¢ A -+ A ¢
with literals ¢1, ..., ¢x. Moreover, v is of theform +; A --- A 1), with clausesyy,...,,. Thus,each
satisfiabilityteston L U D" U {¢ — -1, a} canbereducedo ||4|| satisfiabilitytestson LU D' U {-¢;, a},
1 <i <k, and|¢| satisfiabilitytestson L U D" U {—;, a}, 1 <i <n. Moreover, eachsatisfiabilityteston
LU D'"U{-%, ¢} canbereducedo |¢| satisfiabilitytestson L U D’ U {—);, ¢}, 1 <i < n.

By Lemma6.3,eachsuchLUD'UF with F € {{a}, {—¢i, a}, {—vs, a}, {—%i, ¢} } isg-Horn.Hence,
by Theoremb6.1a), eachsatisfiabilitytestcanbedonein time O(|| KB|| + ||d]|). In summarythis shavs that
decidingwhetherK B e-entailsd canbedonein time O((||¢|| + |¢|) |D|? (|| KB]| + ||d||)). O

Thefollowing theoremshaws thatalsodecidingpropere-entailmenis tractablein the g-Horncase.

Theorem 6.6 Givena g-Horn defaultreasoningproblem(KB, d), whee KB = (L, D) andd = ¢ — 1,
decidingwhetherK B properlye-entailsd canbedonein time O((|| 4l + |¥|) [D|? (|1 KB + ||d||))-

Proof. Recallthat KB properlye-entails¢ — ¢ iff KB e-entails¢ — 1) and KB doesnote-entail ¢ — |
(thatis, ¢ — a A —a for somea € At). Hence theresultis immediateby Theorem6.5. O

6.2.5 SystemsZ and Z+

We next concentraten entailmentin systemsZ and Z*. The following resultshavs that computingthe
defaultrankingz™ is tractablein theg-Horncase.SincesystemZ* is a propergeneralizatiorof systemZ,
this resultshavs alsothatcomputingthe default rankingz is tractablein the g-Horncase.

Theorem 6.7 Givenan e-consisteng-Horn conditionalknowledg base KB = (L, D) with strengthas-
signmentr, thedefaultrankingz* canbe computedn timepolynomialin theinput size

Proof. Given an e-consistenttonditionalknowvledgebaseKB = (L, D) with strengthassignment, the
default ranking z* canbe computedwith O(|D|? log |D|) satisfiability testson setsof classicaformulas
anddefaultsof theform L U D' U {a}, whereD’ C D anda — 3 € D' [49].

Assumenow that KB is g-Horn. Then,by Lemma6.3, eachsuchL U D' U {a} is g-Horn. Hence,
by Theorem6.1 a), eachsatisfiabilitytestcanbe donein time O(||KB||). Thus,in summary the default
rankingz* canbe computedn polynomialtime. O

We finally shav thatdecidingz™-entailmentis tractablein the g-Horn case.Again, sincesystemZ+
properlygeneralizesystemZ, this resultshavs alsothat decidingz-entailmentis tractablein the g-Horn
case.Trivially, thesetractability resultsremaintruewhenz* andz, respectiely, arepartof theinput.

Theorem 6.8 Givena g-Horn defaultreasoningoroblem(KB, d), whee KB = (L, D) is e-consistenand
hasa strengthassignment, decidingwhether(KB, o) z*-entailsd = ¢ — ¢ at a givenstrengtht > 0
canbedonein time polynomialin theinputsize

Proof. Recallthat (KB, o) 2" -entailsd at strengthr iff L U {¢} is unsatisfiableor s (¢ A 9) + 7 <
kT (¢ A=) (or, equivalently kT (¢) + 7 < kT (¢ A —1p)). Thus,wefirst have to checkwhetherL U {¢} is
unsatisfiablelf thisis thecasethen(KB, o) z*-entailsd atstrengthr. Otherwisewe additionallyhave to
decidewhethers™(¢) + 7 < k1 (d A —9).

Supposenow that KB is g-Hornandd is clausal. Then,by Lemma6.3, L U {¢} is g-Horn. Hence by
Theorem6.1a), decidingwhetherL U { ¢} is unsatisfiableanbedonein time O(||L|| + ||¢]]).
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By Theorem6.7, the default ranking ™ canbe computedn polynomialtime. Giventherankingz™,
thevaluess™(4) ands™ (¢ A —1p) canbe computedwith O(log | D|) satisfiabilitytestson setsof classical
formulasanddefaultsof theform LU D' UF, whereF € {{¢}, {¢, )}} andD’ C D [49]. Sincey is of the
formay A- - - Avp, with clauses)q, . . . , 9, eachsatisfiabilityteston LU D' U{ ¢, -1} canbereducedo ||
satisfiabilitytestsonall LU D" U {¢, =, }. By Lemma6.3,eachsuchLU D' UF with F € {{¢},{¢, ~9; }}
is g-Horn. Hence,by Theorem6.1 a), eachsatisfiabilitytestcanbe donein time O(||KB|| + ||d||). This
shavsthatx™(¢) andx™ (¢ A —7p) canbecomputedn polynomialtime.

In summarydecidingwhether(KB, o) z*-entailsd atstrengthr canbedonein polynomialtime. O

6.3 Intractability Resultsfor 1-Literal-Hor n Case

How do we obtaintractability of decidingz*-, z}-, lex-, lex,-, andconditionalentailment?n particular are
thereary syntacticrestrictionson default reasoningproblemsthatgive tractability’?We could, for example,
further restrictliteral-Horn defaults by limiting the numberof atomsin the antecedenof eachdefault as
follows. A default ¢ — ¢ is 1-literal-Horn iff ¢ is eitherT oranatom,ands is aliteral. A 1-Horn clauseis
aclassicaformula¢ = 1, whereg is either T or anatom,and is aliteral. A conditionalknowledgebase
KB = (L, D) is 1-literal-Horn iff L is afinite setof 1-Hornclausesand D is a finite setof 1-literal-Horn
defaults. A defaultreasoningroblem(KB, d) is 1-literal-Horniff both KB andd arel-literal-Horn.

Unfortunately the following theoremshaws thatdecidingz*-entailments still intractableevenfor this
very restrictedkind of default reasoningproblems.

Theorem 6.9 Givena 1-literal-Horn conditionalknowledg baseKB, which is e-consistenaind minimal-
core, anda 1-literal-Horn defaultd, decidingwhetherKB z*-entailsd is co-NP-hard.

Informally, intractability is dueto the fact that the default knowledgegenerallydoesnot fix a unique
instantiationof the atomsto truth values,in particular whendefaults “fire back” into the antecedentsf
otherdefaults,andwhendefaultsarelogically relatedthroughtheir consequents.

Sincez; -entailmenis apropergeneralizatiomf z*-entailmen{seeLemma3.2),it inmediatelyfollows
thatdecidingzZ-entailments intractablein the 1-literal-Horncase.

Corollary 6.10 Givena 1-literal-Horn conditionalknowledg base KB, which is e-consistentand robust,
a strengthassignmentr on KB, a 1-literal-Horn defaultd, and a strengthr, decidingwhether(KB, o)
zx-entailsd at strengthr is co-NP-hard.

Thefollowing theoremshaws thatalsodecidinglex-entailment]ex,-entailmentandconditionalentail-
mentis intractablein the 1-literal-Horncase.

Theorem 6.11 a) Givenan e-consistentl-literal-Horn conditional knowledg base KB and a 1-literal-
Horn defaultd, decidingwhetherKB lex-entailsd is co-NP-hard.

b) Givena 1-literal-Horn conditionalknowledg base KB with priority assignmenir anda 1-literal-Horn
defaultd, decidingwhether(KB, m) lex,-entailsd is co-NP-hard.

c¢) Givena 1-literal-Horn conditionalknowledg baseK B anda 1-literal-Horn defaultd, decidingwhether
KB conditionallyentailsd is co-NP-hard.

6.4 Feedback-freeHorn

We will seethatdecidings-entailmentwheres € {2*, 27, lex, lex, }, becomedractable,if we assumehat
thedefault reasoningroblemscanbe decomposehto smallerproblemsof sizeboundedoy a constant.
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6.4.1 Motivating examples

We now give someexamplesto illustrate the main ideasbehindthis kind of decomposability Roughly
speakinggivenadefault reasoningroblem(KB, d) = ((L, D), ¢ — 1), we solve oneclassicakeasoning
problemw.r.t. L and¢, andonereduceddefault reasoningproblem(KB’, d'), where KB' is obtainedfrom
KB by eliminatingirrelevantdefaults,andd’ is obtainedirom d by addingliteralsto its antecedent.

In the sequel,we assumehat conditionalknowledge basesare implicitly associatedvith a strength
assignmeng anda priority assignmentr, whens = 2z} ands = lex, , respectiely.

Example 6.4 ConsideragaintheconditionalknowledgebaseKB = (L, D) shavnin Example3.1. Assume
now thatwe arewonderingwhetherK B s-entailsthedefaultspenguin— fly, redA bird — fly, bird — mobile
penguin— arctic, or penguin— wings wheres € {z*, 27, lex, lex, }. As it turnsout, eachof theseproblems
canbereducedo oneclassicareasoningproblemandonedefault reasoningproblem.

For instance decidingwhetherKB s-entailsred A bird — fly is reducedo a classicalreasoningprob-
lem w.r.t. I andred A bird, andto a default reasoningproblemw.r.t. the conditional knowledge base
KB' = (L, {bird — fly, fly — mobile}), which is obtainedfrom KB by sensiblyeliminatingirrelevant de-
faults. More precisely it is reducedto computingthe leastmodelof L U {red A bird} (thatis, the setof
all atomsthat arelogically entailedby L U {red A bird}, which is given by {red bird}), andthe default
reasoningroblemwhetherKB’ s-entailsred A bird A =penguinA —arctic— fly (whichis true).

Thenext exampleconsidergheclassicaNixondiamond
Example 6.5 The defeasibleknowvledge“generally qualers are pacifists”and “generally republicansare
no pacifists”canbe expressedy thefollowing conditionalknowvledgebaseKB = (L, D):
L =0,
D = {qualer— pacifist republican— —pacifist .

We arenow asled whetherNixon, beinga qualer anda republican,is alsoa pacifist. Thatis, we are
wonderingwhetherKB s-entailsthe default qualer A republican— pacifist wheres € {z*, 27, lex, lex, }.
We will seethatthis defaultreasoningporoblemcanbereducedo oneclassicareasoningproblemw.r.t. the
setof atoms{qualer, republicar} andonedefaultreasoningproblemw.r.t. the setof atoms{pacifist.

Thefollowing exampleshavs ataxonomichierarchyadornedwith somedefault knowledge[3].

Example 6.6 Thestrictknowledge“all birdsandfishesareanimals”,“all penguinsaandsparravs arebirds”,
“no bird is a fish”, “no penguinis a sparrav”, andthe defeasibleknowledge “generally animalsdo not
swim”, “generally fishesswim”, and“generally penguinsswim” canbe representeddy thefollowing con-
ditionalknowvledgebaseKB = (L, D):

L = {bird= animal fish=animal penguin=- bird,
spariow=> bird, bird=-—fish, penguin=- —sparow},
D = {animal— —swims fish— swims penguin— swimg .
Do sparravs generallyswim? Thatis, doesKB s-entailsparow— swimswheres € {z*, 2}, lex, lex;, } ?
This default reasoningproblemcanbe reducedto one classicalreasoningproblemw.r.t. the setof atoms
{animal, bird, fish, sparow, penguir} andonedefault reasoningoroblemw.r.t. the setof atoms{swimg:

We first computethe leastmodelof L U {sparow} in which sparow, bird, andanimalaretrue,andthen
decidewhether(L, {animal— —swimg) s-entailssparow A bird A animalA —=fishA =penguin— swims
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6.4.2 Definitions

Supposethat for a literal-Horn conditionalknowledgebase KB = (L, D), thereexists a setof atoms
At, C At suchthatL is definedover At, andthatall consequentef definiteliteral-Horndefaultsin D are
definedover At — At,. ThegreatessuchAt,, which clearlyexiststhen,is calledtheactivationsetof KB.

Intuitively, in ary “context” givenby L and¢, where¢ is either T or a conjunctionof atomsfrom At, all

thoseatomsin At, thatarelogically entailed(resp.,notlogically entailed)by L U {¢} canbesafelysetto

true (resp. false) in thepreferredmodelsof L U {¢}.

For At,, thereexists a uniquepartition { Aty, ..., At,} of At — At,, wheren >0 (andeachAt; is
nonempty),suchthat (i) if » >0, thenevery d € D is definedover someAt, U At; with i € {1,...,n},
and (ii) n is maximal. We call this partition the defaultpartition of KB. A conditionalknonledgebase
KB = (L, D) is k-feedbak-free Horn (or k-ff-Horn) iff it is literal-Horn,it hasanactivationsetAt,, andit
hasadefault partition{ At1, ..., At, } suchthatevery A¢; withi € {1,...,n} hascardinalityat mostk.

Example 6.7 The two conditionalknowledge basesshavn in Examples6.5 and 6.6 are both 1-ff-Horn.
Theiractivationsetsaregivenby {qualer, republicar} and{animal bird, fish sparow, penguir}, respec-
tively. Moreover, their default partitionsaregivenby {{pacifis } and{{swimg }, respectiely.

The conditionalknowvledgebasesshavn in Example6.4 is 2-ff-Horn. Its activation setandits default
partitionaregivenby {penguin bird, red} and{{fly, mobile}, {arctic}, {wings}}, respectrely.

Given a literal-Horn default reasoningproblem (KB, d) = ((L, D), ¢ — ), we use L™ (resp.,D™)
to denotethe setof all definiteformulasin L (resp.,D). An atomb € At is activew.r.t. KB andd iff
LT U Dt U At(d) E b. A classicalformula « (resp.,default §) is activew.r.t. KB andd iff all atoms
in a (resp.,d) areactve w.r.t. KB andd. An atomb € At (resp.,classicaformulac, default ) is inactive
w.r.t. KB andd iff it is notactive w.r.t. KB andd. We oftendenoteby D thesetof all active defaultsin D,
andomit KB andd whenthey areclearfrom the context. Intuitively, to decidewhetherKB s-entailsd,
wheres € {z*, 27, lex, lex, }, it is sufficient to considerall defaultsin KB thatareactive w.r.t. KB andd.

This intuition is moreformally expressedy the following lemma. Roughly speakingthis lemmaim-
pliesthat is truein every preferredmodelof L U {¢} w.r.t. D iff ¢ is truein every preferredmodelof
L U {¢} w.rt. thesetof all active defaultsin D.

Lemma6.12 Let (KB,d) = ((L, D), ¢ — ) bea literal-Horn defaultreasoningproblem,andlet I bea
modelof L. Then there existsa modell* of L sud that (i) I*(y) = I(~y) for all activeclassicalformulas,
(if) I* satisfiesall inactivedefaultsin D, and (iii) I* satisfieshe sameactivedefaultsin D asI.

A default reasoningaroblem(KB d) = ((L, D), ¢ — ) is k-ff-Horn, wherek > 1, iff (i) it is literal-
Horn, and(ii) (L, D U {d}) hasanactivation setAt, anda default partition {At4,..., At,} suchthatd is
definedover someAt, U At; with |At;| <k and beingalliteral over At;, whereD |sthesetof all actve
defaultsin D w.r.t. KB andd Theclassk-ff-Horn consistof all k-ff- Horn defaultreasoningroblems.We
definethe classfeedbak-free Horn (or ff-Horn) by ff-Horn = J,...; k-ff-Horn.

Example 6.8 (Red birds) Considerthe literal-Horn default reasoningproblem (KB, d), where KB =
(L, D) asin Examples3.1and6.4,andd = redA bird — fly. ThesetD of all actve defaultsin D w.r.t. KB
andd is givenasfollows:

= {bird — fly, bird — wings fly — mobile} .
It is easyto verify that(L,ﬁU{d}) hastheactvationsetAt, = {penguin bird, red arctic} (recallthatL =
{penguin=-bird}) andthe default partition { At;, Ato}, where At; = {fly, mobile} and At; = {wings}.
Moreover, d is definedover At, U At with |At;| = 2. Thatis, (KB, d) is 2-ff-Horn.
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For Horn conditionalknowledgebaseq L, D) with activationsetAt,, andclassicaformulasa thatare
either T or conjunctionsof atomsfrom At¢, we definethe classicalformula o* asfollows. If L U {a} is
satisfiablethena* istheconjunctionof all b € A¢ with Lu{«} = bandall -bwith b € At, andLU{a} = b.
Otherwisewe definea* = L. Moreover, for satisfiableL U {a}, we definetheworld I} over theactivation
setAt, by I¥(b) = true iff LU {a} = b, for all b€ At,. Informally, if L U {a} is satisfiablethena* is
the conjunctionof all atomsb € At — At, thatoccurin «, all atomsb € At, thatarelogically entailedby
L U {a}, andall negationsof atomsb € At, thatarenotlogically entailedby L U {a}.

6.4.3 Recognizingfeedback-freeHorn

The following resultshavs that both recognizingk-ff-Horn conditionalknowledgebasesand computing
their activation setanddefault partitionaretractable.

Theorem 6.13 a) Givena literal-Horn conditionalknowledg base KB = (L, D) and an integer k£ > 1,
decidingwhetherKB is k-ff-Horn is possiblen O(||L|| + || D||) time, thatis, in timelinear in theinputsize

b) Givena k-ff-Horn conditionalknowledg baseKB = (L, D), computingthe activationset At, andthe
defaultpartition { Aty, ..., At,} is possiblein O(||L|| + || D||) time thatis, in timelinear in theinputsize

Proof. Let At;, bethesetof all atomsb € At thatoccurin L, andlet At bethesetof all atomsb € At that
occurin consequentsf definiteliteral-Horndefaultsd € D. If Aty N At # 0, then KB doesnothave ary
actvation set,andthus KB is not k-ff-Horn. Otherwise defineAt, = At — Atc and{Aty,..., At,} as
thegreatespartitionof At — At, suchthateachd € D is definedover someAt, U At;. If thecardinalityof
eachAt; with i € {1,...,n} is atmostk, then KB is k-ff-Horn. Otherwise KB is not k-ff-Horn.
ComputingthesetsAtr, Atc, and At,, computingthe partition{ At4, . . . , At,, } (thatis, theconnected
component®f thehypegraphG = (V, E) = (At — At,, {At(d) — At, | d € D})), anddecidingwhether
Aty N Atc =0 andwhethereachAt; hasa cardinality of at mostk canobviously be donein lineartime
usingstandardnethodsanddatastructuresTheresultsfollow from this. O

Thenext resultshavs thatalsorecognizingk-ff-Horn default reasoningoroblemss tractable.

Theorem 6.14 a) Givena literal-Horn defaultreasoningproblem(KB, d) with KB = (L, D), andaninte-
ger k > 1, decidingwhether( KB, d) is k-ff-Horn canbedonein timelinear in theinputsize

b) Givena k-ff-Horn defaultreasoningoroblem(KB, d) with KB = (L, D), computingthe setD of active
defaultsin D w.r.t. KB andd canbedonein timelinear in theinput size

Proof. SinceL*t U D% U At(d) is Horn, thesetAtg = {b€ At | LT UD™ U At(d) = b} canbecomputed
in lineartime. When Aty is given,thesetf? of all defaultsthatareactive w.r.t. KB andd canbecomputed
in lineartime. By Theorem6.13b), the activation set At¢, andthe default partition { At1,. .., At,} of

(L, Du {d}) canbecomputedn lineartime. Clearly determining € {1, ... ,n} suchthatd is definedover

At, U At;, andcheckingwhether| A¢;| < k canbedonein lineartime. O

6.4.4 Maximum entropy semantics:RANKING

In the sequel,let KB = (L, D) be an e-consistentk-ff-Horn conditional knowledge basewith positve
strengthassignment. Let At, denotethe actvation setof KB, andlet {Aty, ..., At,} bethe default
partitionof KB. Let z} bearankingthatmapseachd € D to apositive integer, andlet x; bedefinedby (7).

In orderto computethedefaultrankingz}, we have to computeranksof theform % (a A 3), wherea is
eitherT or a conjunctionof atomsfrom At,, andg is eitherT or a conjunctionof literalsover At — At,.
Thefollowing lemmashaws thatsuchk} (a A ) coincidewith ¥ (a* A B).
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Lemma 6.15 Leta beeither T or a conjunctionof atomsfrom At,. Let 3 beeither T or a conjunctionof
literals over At — At,. Then,kZ(a A B) = kX (a* A B).

In thesequelfor eachi € {1, ...,n}, let D; bethesetof all defaultsin D thataredefinedover At, U At;.
Let thefunctionxy; onworldsI over At bedefinedasfollows:

00 if I £L
z;(d) otherwise.
deD;: I£d

As D canbedecomposethto the setsof defaults D; over At, U At;, alsox} canbedecomposed:

Lemma6.16 Leta beeitherT or a conjunctionof atomsfrom At,. Letg = 81 A --- A B, where ead 5;
is either T or a conjunctionof literals over At;. Then,x3(a* A B) = 3_; c 11, ny Hsi(@® A By).

Thefollowing lemmawill beusefulto characteriz¢he robustnesof «j.

Lemma6.17 For eadh i € {1, 2}, let o; beeither T or a conjunctionof atomsfrom A¢,. Let 8, and 3, be
conjunctionf literals over someAt; and Aty, respectivelywith j, k € {1,...,n}. Then,LU{a1AS:} and
LU{aaA B2} haveacommominimalmodelw.r.t. k} iff k3(a1AB1) = ki (a1 AaaAB1AB2) = ki (aaAP2)
andbothL U {a1 A ae} and By A B are satisfiable

The following result shavs that computingthe default ranking 27 is tractablein the k-ff-Horn case.
Sincez is a propergeneralizatiorof z*, this resultshavs also that computingthe default ranking z* is
tractablein the k-ff-Horn case.

Theorem6.18 Let k>0 a fixed integer. Given an e-consistentk-ff-Horn conditional knowledg base
KB = (L, D) with positive strength assignment, computingthe defaultranking z for KB, if KB is
robust,andreturningnil otherwise canbedonein time polynomialin theinputsize

Proof. We now shaw thatalgorithm z}-ranking (seeFigure6) canbe donein polynomialtime. Stepl
in zX-ranking runsin O(|D|). Steps3—6 are performedO(|D|) times. In particulay in Step3, we first
evaluateO(|D|) expressionf the form o(d) + minv(d), determinethe minimum of thesevalues,and
selectonedefault d at which this minimum is attained. In Steps5 and 6, we also evaluateminf(d). In
Step8, we have to checkthat % satisfies(6) for all ¢ — ¢ € D, thatz} is positve, andthat % is robust.
For the former, we verify O(|D|) expression®f thekind minf(d) = o(d) + minv(d), while for thelatter,
we apply Lemma6.17 asfollows. For every two distincty; — 61,2 — d2 € D, we verify thatit is notthe
casethat (a) 5% (y1 A—d1) = KX(y1 Aya A =61 A=d2) = KX(v2 A—d3), and (b) both L U {~y; A2} and
-61 A —d aresatisfiable Thus,to prove thatalgorithm z3-ranking canbe donein polynomialtime, it is
now sufiicientto shav thatthefollowing taskscanbe donein polynomialtime:

(i) computingminv(d) = kX(yAd) ford =y—d€ D,
(i) computingminf(d) = k% (y A —=d) ford =vy—d€ D,
(iii) computings} (y1 Ay2 A =61 A —d2) for distincty; — 1,2 — d2 € D,
(iv) decidingwhetherL U {v; Ay} and—d; A —d, aresatisfiablefor distincty; — 41,7y, — d2 € D.

Clearly, (iv) canbe donein polynomialtime, sincedecidingwhetherZ U {y; A2} and—d; A =d, are
satisfiablecan be donein lineartime. To prove that (i)—(iii) canbe donein polynomialtime, it is now
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sufiicient to shav thatevery s (a A 1 A 2), wherea is eitherT or a conjunctionof atomsfrom At,,
and 3, andp, areeither T or conjunctionsof literals from At; and At;, respectrely, with j #1, canbe
computedn polynomialtime. If L U {a A 1 A B2} is unsatisfiablewhich canbechecledin lineartime as
LU {aA p1 A B2} isHorn,thenki(a A 1 A B2) = oo. Otherwise py Lemmata6.15and6.16, it follows:

r (@ ABLAB2) = K5 (e ABr) + 65, (0" A B2) + 35 c 1, my—(y Faa(@) -

SinceL U {a} is Horn, o* canbe computedn lineartime. Moreover, since|At;| <k forall: € {1,...,n},
alsofa;,j(a* A B1), m;,l(a* A B2), ande\/eryn;i(a*) withi e {1,...,n} — {j,1} canbecomputedn poly-
nomial time by simple exhaustve search:For i = j (resp.,i = [), we generateall worlds I over the set
of atomsAt, U At; with I = o* andcomputethe minimum of s} ,(I) subjectto all suchworlds I with
I |= o* A1 (resp. I = o* A B2). Moreover, for everyi € {1, . .. ,n},— {j,1}, we generatall worldsI over
the setof atomsAt, U At; with I |= o andcomputethe minimumof «5 ;(I) subjectto all suchworlds!.
Thus,x%(a A B1 A B2) canbecomputedn polynomialtime. O

6.4.5 Maximum entropy semantics:ENTAILMENT and RANK-ENTAILMENT

In the sequellet (KB, d) = ((L, D), ¢ — 1) be a k-ff-Horn default reasoningoroblemwith e-consistent
androbust KB. Let o bea positive strengthassignmenobn KB. Let D bethesetof all defaultsin D that
areactive w.r.t. KB andd, let At, bethe activation setof (L, DU{d}), andlet {Ati,..., At,} bethe

default partitionof (L, Du {d}). Let 2%, k%, wherez is positve, bethe uniquesolutionof (6) and(7) for

alld = ¢ — 1 € D andI € Z4;. Letthefunctionk} onworlds I over At bedefinedasfollows:

00 if I =L
R\S*(I) _ 0 ifI|:LU13 (9)
> zF(d) otherwise.
deD: ItEd

The following lemmashaws that s, coincideswith x on all actve classicaformulas. Thatis, when
we computetherank of anactive classicaformula,we canrestrictour attentionto all active defaultsin D.

Lemma6.19 Lety bea classicalformulathatis activew.r.t. KB andd. Then,x(y) = k().

Foreveryie{1,...,n}, IetD denotethe setof all defaultsin D thataredefinedover Ata U At;, and
let &; betherestrlctlonof o to D Let z,* beadefault rankingthat mapseachdefault in D to a positive
integer, andlet thefunction; onworldsI over At bedefinedasfollows:

00 if I L
ES*Z(I) _ 0 if I ‘: LUD, (10)
Y.  Z5(d) otherwise.
deD;: T#d

To decidewhether(KB, o) z*-entailsd at given strengthr >0, we will needall z*(8) with § € D,
wherej € {1,...,n} suchthatd is definedover At, U At;. Thefollowing lemmashaws thattherestriction
of zZ to D; coincideswith thedefault rankingfor (L, D;) understrengthassignmens ;.
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Lemma 6.20 Letz*;(d) = 2, (d) forall d e D], andletx; bedefinedoy (10) for all I € Z4; (withi = j).

Then n* is robust andzsj, o |stheunlquesolutlontothefollowmgsystermfequatlons

kg (Y A=d) =0j(y = 0) + KZ(y Ad) forally —é € Dj, and(10)for all I € Z4; (withi =j). (11)

We finally shaw thatdecidingz}-entailments tractablein the k-ff-Horn case.Again, sincez; properly
generalizeg*, thisresultshavs alsothatdecidingz*-entailmentis tractablen the k-ff-Horn case Trivially,
thesetractabilityresultsremaintruewhenz? andz*, respectrely, arepartof theinput.

Theorem 6.21 Letk > 0 befixed.Givenak-ff-Horn defaultreasoningroblem(KB, d) = ((L, D), ¢ — 1),
where KB is e-consistentand robust, and a positive strength assignmentr on KB, decidingwhether
(KB, o) zZ-entailsd at givenstrengthT > 0 canbedonein time polynomialin theinputsize

Proof. Recallthat (KB, o) zZ-entailsd at strengthr iff k3(¢) = oo or kX(¢ A ¥) + 7 < ki (P A ).
Thatis, iff either(i) L U {¢, -1} is unsatisfiablepr (ii) both L U {¢, v} and L U {¢, -1} aresatisfiable,
ands? (¢ A ) +7 < K5($ A1) (< o0).

Sinceboth L U {¢, ¥} andL U {¢, -4} areHorn, their satisfiabilitycanbetestedn lineartime. Hence,
it is now sufiicientto shaw thatk; (¢ A ) + 7 < k¥ (¢ A —1p) canbeverifiedin polynomialtime.

The classicalformulas¢ A ¢ and¢ A —¢ areof theform o A 1 anda A 32, respectiely, wherea
is eitherT or a conjunctionof atomsfrom At,, andboth 8, and3, areconjunctionsof literals over some
At; with j € {1,...,n}. Clearly thedefault § — ¢ is active. Thus,alsoa A $; anda A 3, areactive. By
Lemmata6.15,6.16,and6.19,it thusfollows for [ € {1, 2}:

kg (@A By) = K (anp)
= kg (a* A By)

= K5 (0" A B) + > Kgi(a®),
ie{l,...,n}—{5}

wherek,; is definedby (10) for all I € Z4,, with i = j andz ](d) =z (d) foralld e ﬁj. This shaws that
KX(p A ¢) + 7 < K5($ A ) is equivalentto K (¢* A ) + 1 < RS (¢* —1)).

SinceLU{¢} isHorn, ¢* canbecomputedn Ilneartlme By Lemma6 20 thedefaultranklngz . canbe
computedy runningzx-ranking onthecond|t|onalkn0NIedgebase(L,D]) understrengtras&gnmen]? .
By Lemma6.15, this canbe donein polynomialtime. Moreover, since|At;| <k, bothk,;(¢* A +) and
E;j(qﬁ* A —p) canbe computedn polynomialtime by simpleexhaustve searchd

Example 6.9 (Red birds continued) Let the 2-ff-Horn default reasoningproblem (KB, d) be given by
KB = (L,D) of Examples3.1and6.4,andd = red A bird—fly. Leto(d) = 1 for all € D. Re-
call from Examples3.1and6.8that L = {penguin=- bird}, D= {bird — fly, bird — wings fly — mobile},
Al, = {penguin bird, red, arctic}, At; = {fly, mobile}, and Aty = {wings}.

Thedefaultd is z¥-entailedby (KB, o) atstrengthr iff either(i) L U {redA bird, —fly} is unsatisfiable,
or (i) both L U {redA bird, fly} andL U {red A bird, —-fly} aresatisfiableand

ki (redAbird Afly) + 7 < rki(redA bird A —fly) .
Here,(ii) applies,andby Lemmata6.15,6.16,and6.19,thelatterinequalityis equivalentto

2y ((redA bird)* Afly) + 7 < &2 ((redA bird)* A —fly) ,
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whichis equialentto
ka1 (—penguinA bird A redA —arctic A fly) + 7 < &g (-penguinA bird A redA —arctic A —fly)

whereky is giventhroughtherankingz for (L,ﬁl) = (L, {bird — fly, fly — mobile}) unders, = o|; .
It is now easyto verify thatz* (d1) =1 for all d; € D1, thatbothL U {redA bird, fly} andL U {redA
bird, —fly} aresatisfiablethat#g; (—penguinA bird A red A —arctic A fly) =0, andthat&g, (-penguinA

s,1

bird A redA —arctic A —fly) = 1. Thisshavsthat(KB, o) zZ-entailsred A bird — fly at strengthl.

6.4.6 Lexicographic entailment

We now focuson lexicographicentailment.In whatfollows, let (KB, d) = ((L, D), ¢ — ) beak-ff-Horn
defaultreasoningroblem.Let = beapriority assignmenon KB. Let D bethesetof all defaultsin D that
areactvew.r.t. KB andd, andlet At, (resp.{Aty,..., At,}) betheactvationset(resp.,default partition)
of (L, Du {d}). Let 7 betheuniquepriority assignmenon (L, ﬁ) thatis consistenwith = on KB (thatis,
7(6) < 7(8) iff 7(6) < (8"), for all 6, 8" € D).

To decidewhether( KB, 7) lex,-entailsd, we mustcheckwhetherevery w-preferredmodelof L U {¢}
satisfieg). Thefollowing lemmashawvs thatwe canequialently checkwhetherevery -preferredmodelof
Lu{¢} satisfieg)p. Thatis, we canrestrictour attentionto all active defaultsin D.

Lemma 6.22 Lety bea classicalformulathatis activew.r.t. KB andd. Then,
a) For everyw-preferredmodell of L U {¢}, thereis a w-prefered modell* of LU {¢} with I*(y) = I(y).
b) Everyr-preferred modelof L U {¢} is alsoa 7-preferred modelof L U {}.

Thenext lemmashaws thatevery 7-preferredmodelof L U {¢} satisfiesy iff every 7-preferredmodel
of L U {¢*} satisfies). Thatis, we canassumehatevery atomin At, thatis logically entailed(resp.,not
logically entailed)by L U {¢} is assignedhetruth valuetrue (resp. false).

Lemma 6.23 a) For every7-preferedmodell of L U {¢}, there existsa 7-preferred model.J of L U {¢* }
sud thatJ‘AthEa = I|At7@a'
b) Everyw-prefered modelof L U {¢*} is alsoa 7-preferred modelof L U {¢}.

Inthesequelfor everyi e {1,...,n}, Ietf)z- bethesetof all defaultsin D thataredefinedover@aUAt,-.
Let 7; betheuniquepriority assignmenon (L, D;) thatis consistentvith 7 on KB (thatis, 7;() < m;(d")
iff 7(6) <7(¢'), forall 6,6’ € D;). Letj €{1,...,n} besuchthatd is definedover At, U At;.

Thefollowing lemmashaws thatevery 7-preferredmodelof L U {¢* } satisfiesy iff every 7;-preferred
modelof L U {¢*} satisfieg). Thatis, we canrestrictour attentionto all defaultsin theclusterD;.
Lemma 6.24 a) For every7;-preferedmodell; of LU{¢*}, there existsa 7-preferedmodel.J of LU{¢*}
sudthat J]ay; = Ijl ;-

b) Every7-prefered modelof L U {¢*} is a 7;-preferred modelof L U {¢*}.
Thefollowing resultshaws thatdecidinglex,-entailments tractablein the k-ff-Horn case.Moreover,

sincecomputingthe z-partition for e-consistentonditionalknowledgebasesKB is tractablein the Horn
casg49], thisresultshavs alsothatdecidinglex-entailments tractablein the k-ff-Horn case.

Theorem 6.25 Letk > 0 befixed.Givena k-ff-Horn defaultreasoningproblem(KB, d) = ((L, D), ¢ — )
anda priority assignmentr on KB, decidingwhether(KB, ) lex,-entailsd canbedonein timelinear in
theinputsize
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Proof. By Lemmata6.22—6.24( KB, ) lex,-entailsd iff either L U {¢} is unsatisfiableor all 7;-preferred
modelsof L U {¢*} satisfy. SinceL U {¢} is Horn, decidingwhetherL U {4} is unsatisfiableeanbe
donein lineartime. If L U {¢} is satisfiablethenwe have to computep*, which canbedonein lineartime.
Moreover, ask is fixed,computingall worlds I overthesetof atoms:él\taUAtj suchthat! |= ¢* canalsobe
donein lineartime. Finally, computingall such7;-preferredworlds andverifying whetherthey all satisfy
1) canbedonein lineartime. O

Example 6.10(Red birds continued) Let the 2-ff-Horn default reasoningproblem (KB, d) be given by
KB = (L, D) of Examples3.1 and6.4, andd =red A bird — fly. Let # mapthe defaultsin {bird — fly,
bird — wings fly — mobile} and{penguin— —fly, penguin— arctic} to 0 and1, respectiely.

By Lemmata6.22—-6.24( KB, 7) lex,-entailsredA bird — fly iff eitherL U {redA bird} is unsatisfiable,
or all 7, -preferredmodelsof LU {(redAbird)*} = LU{-penguim bird AredA —arctic} satisfyfly, wherem,
is the priority assignmenon (L, D) = (L, {bird — fly, fly — mobile}) thatmapseachelementof D; to 0.
It is now easyto verify thatthisis indeedthe case.Thatis, (KB, ) lex,-entailsred A bird — fly.

Thus, we have establishedhat s-entailment,where s € {z*, 27, lex, lex, }, is tractablein the ff-Horn
case.Thequestionis now whethera similar resultalsoholdsfor Geffner’'s conditionalentailmentwhichis
theremainingintractablenotionof entailmenin the 1-literalHorn case It appearshatthetechniquehatwe
have successfullyappliedfor the otherapproachess not applicableto establishtractability for conditional
entailment. There,the world rankingswith respecto the full setD of defaultsareequivalentto the sums
of theworld rankingswith respecto theclustersﬁl, et ,f)n. In caseof conditionalentailmenthowever,
asimilar equivalencedoesnot hold for preferenceorderingson worlds, sincethey are,in generalnottotal
orderings.This requireshe developmentof morecomplex techniqueswhich we leave for futurework.

7 RelatedWork

In this section,we considersomework on complity issuedor relatedsubjects.

7.1 Conditional Modal Logics

A streamof semanticgor conditionalknowledge baseswhich we have not consideredn this paper is
inheritedfrom conditionalmodallogics, cf. [26, 27,14, 15, 59, 36]. Roughlyspeakingin theseapproaches
aconditionalstatement — 1 is trueataworld w in asetof possibleworldsW, if ¢ istruein asetf(w, ¢)
of selectedvorldsin which ¢ is true. Theworlds f(w, ¢) may be the leastexceptional,mostnormal,etc
worlds from the view of w. To capturethesenotions,the possibleworlds are relatedby a Lewis-style
accessibilityrelation,whichin generaldepend®on the world w from which it is considered An important
noteis thatsomeconditionalmodallogicstreat— asa first classconnectre, andthusallow, in particular
nesteduseof —, aswell as Booleancombinationsof defaults, which is not possiblein our conditional
knowledgebases. Thus, our complity resultsfor default reasoningfrom conditionalknowvledge bases
have to be comparedo compl«ity resultsfor “flat” fragmentsof conditionalmodallogics, in which no
nestingof — is allowed,andno — connectie occursinsidethe scopeof anotherconnectie.

The work of Boutilier givesa deepstudyof modalconditionallogics of normality [14, 16, 15], which
goesbeyond Delgrandes earlywork on formalizing default reasoninghroughthis approacH26]. Boutilier
presentedh [14] a conditionallogic CT4D,whichis equialentto themodallogic S4.3andwhoseflat frag-
mentcorrespondso a slight extensionof rationalconsequenci [61]. In hislaterwork [16], heintroduced
conditionallogics CT40 andCO andshaved that,in our terminology entailmentof a default ¢ — v from
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a default knowledgebaseKB underLehmanns preferentialentailment(resp.,rationalentailment)[61] is
equialentto provability of ¢ — 1 from KB underlogic CT40 (resp.,CO). Thus,for default reasoningn
our setting,thesetwo give the samesemanticsFurthermoreBoutilier shavedthate-entailmeniof a default
¢ — 1 from an e-consistentdefault knowvledgebaseKB is equvalentto provability of ¢ — ¢ from KB
in logic CT40. This andfurtherobsenationson correspondencdsetweerdifferentnotionsof consisteng
led Boutilier to suggestCT40 andCO asnaturalextensionsof e-semanticgo the caseof knowledgebases
which containnestingsand Booleancombinationsof defaults. Compleity resultsin [14, 15] shav that
underCT4D and CT40 semanticsentailmentof a default ¢ — 1 from a knonvledgebaseKB, given by
formulasfrom theflat fragmentof CT4D andCT40,respectiely, is co-NP-completeThesamecompleity
appliesto our morerestrictive conditionalknowledgebases.

An extensve analysisof thecompleity of Lewis-styleconditionalmodallogicshasbeencarriedoutby
FriedmanandHalpern[36]. In their paperthey have analyzedhe effect of semantiaestrictionsgiven by
conditionson the setof worlds W, whichis consideregossibleataworld w suchasNormality (W,, # 0),
Refleivity (w € W,,), and Centering(w is a minimal elementin W,, with respectto w’s accessibility
relation <,,). Halpernand Friedmangave axiomatizationsof theseconditions,andthey determinedthe
compl«ity of the logics emeging from (combinationsof) theseconditions,wherethey paid specialatten-
tion to syntacticalfragmentsof the full language.In particular their resultson boundednestingsof the
conditionalconnectie — imply thatentailmenbf adefault statement) — 1 from aconditionalknovledge
base which is givenby a setof formulas KB in the flat fragment(i.e., no nestingof — is allowed) of the
languageis co-NP-completdior awide rangeof conditionalmodallogics.

7.2 Belief Revision

In beliefrevision, oneis concernedvith theproblemof incorporatinganew belief, giventhroughasentence,
into a currentstateof belief, given by a setof sentencesThe new belief might contradictthe currentstate
of belief, though,andit is notimmediatelyclearhow this shouldbe handled.Alchourron, Gardenforsand
Makinson(AGM) presentedn the famouspaper{2] several equivalentmodelsfor revision, which remove
beliefs from the currentstatein orderto reconcileit with the new pieceof information, in a way such
thata setof meaningfulpostulatess satisfied. As a salientfeature thesepostulategespectminimality of
change.Sincethen,a numberof differentmethodsandoperatorgfor belief revision have beenproposed,
seee.q.[55, 39, 73]. Intuitively, default reasoningrom conditionalknowledgebasesaindbeliefrevision are
somehw related,sincethe derivation of plausibleconclusiongnvolvestheretractionof statementsvhich
would leadto contradiction. The relationshiphasbeenconsiderednorein detailin [16, 49]. Boutilier
amguesthatdefault reasoningcanbe viewed asa specialcaseof beliefrevision, andclaimsthat”. .. default
reasoningcan be thoughtof as the revision of a theory of expectationsin order to incorporate whatis
knowri [16, p. 67]. In the sameline, Goldszmidtand Pearl[16, 49] have shawvn thatimplementatiorand
characterizatioissuesn beliefrevision canberealizedthroughdefault knowvledge.We referto [16, 49 for
moredetails.

On the compl«ity side, a numberof differentrevision approachefiave beencharacterizedseee.g.
[71, 76, 72, 64, 73]. In particular the following reasoningproblemhasbeenconsideredhere: Given a
knowledgebase consistingof a setT of classicalformulas,andclassicaformulas¢ and+, is it the case
that+ is truein T afterrevision by ¢? Thisis alsoknown asthe Ramsg Testfor conditionalstatements
of theform “ if ¢ weretrue,theney would betrue” It appearedhatthe computationatompleity of this
problemcoversawholerangeof compleity classesitthelow endof thepolynomialhierarchyuptoits third
level. In particular it is ITY -completefor avastnumberof approachesandthushasthe samecompleity as
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Geffner’s conditionalentailment. This impliesthat polynomialtime translationshetweenthe Ramsg Test
in theseapproacheandGeffner’s conditionalentailmentexist, which meanghatsemantiaelationshipsn
termsof efficient (polynomial-timecomputable embeddingamongthe formalisms(see[52] for various
notionsof embeddingsinay exist.

Analogouscomplity correspondencesanbe notedbetweerotherrevision methodsandthesemantics
for conditionalknowledgebaseghatwe have studiedin this paper Thecomprehense suney [73] lists sev-
eralrevision approachesvhich arePNY-complete(in particular linearrevision andlexicographicrevision)
or Pﬁlp—complete(in particular Dalal’'s operatof24], cardinalitymaximalrevision,andcutrevision). Many
of thesecorrespondenceseento be moreof a computationahature asnoimmediatesemantiaelationship
is apparentHowever, for lexicographicrevision, the Ramsg Testfor ¢, 1) onaclassicaknowledgebaseT
amountgustto lex,-entailmentf ¢ — 1 from anaturallycorrespondinglefault knowledgebase the proof
in [73], shaving PNP-hardnessf the Ramsg Testfor the Horn case,thus establisheshat the problem
ENTAILMENT is PNP-hardin theHorn case A slightadaptatiorsharpenshis to a prooffor theliteral-Horn
caseddifferentfrom ours.However, this proof requestsa Horn default of form ¢ — 1 whereboth ¢ andy are
atoms,while ourshas¢ = T (cf. Theorem5.18). Furthermorepy a suitableextensionof the reductionin
the proof of Theorem6.11b), which addssomemoredefaults(we do not carrythis out here),we canshav
thatPNP-hardness$oldsalsofor the 1-literal Horn case A similar resultcannot be concludedrom [73].

7.3 NonmonotonicLogics

Another arearelatedto conditionalknowvledge bases—whichis alsorelatedto belief revision—arenon-
monotonidogics. A numberof nonmonotonidogicsandformalismshave beenproposedn thepastdecades
for capturingcommonsensaeasoningincludingmajorformalismssuchascircumscriptio[67, 65|, default
logic [82], Doyle and McDermotts nonmonotonidogics [69, 68], and Moore’s autoepistemidogic [70];
see[66]. The computationakcomplity of nonmonotonidogics hasbeenstudiedin mary papers.e.g.,
[56, 87, 50, 74, 33, 21, 77] to mentionafew comprehensk studies andis quitewell-understoodAs in the
caseof beliefrevision, the compleity of mostof theselogicsresidesat the secondevel of the polynomial
hierarchy More precisely the problemof decidingwhethera givenclassicaformula« is a consequencef
a givenknowledgebaseT underso calledcautiousreasoningjs a IT5 -completeproblem. Entailmentof a
conditional¢ — 1 from a conditionalknowledgebaseKB canbeviewed asdecidinglogical consequence
of ¢ fromT U {¢}, whereT is atheoryin theunderlyinglogic thatis augmentedy ¢.
Themostfamousandinfluentialamongthe nonmonotonidormalismsis perhapsReiters default logic
[82], in which asetof classicaformulasis augmentedby defaultrulesof theform M whichread
“if a is provableandeachof g1, ..., 3, canbe consistentlyassumedi.e., doesnot leadto contradiction),
thenconcludethat+ is provable” Many variantsand refinementof this approachhave beendeveloped,
seee.q.[66]. In [56, 87], arich taxonomyof classe®f default rulesa:v—Mﬁ hasbeendefined by imposing
syntacticconditionsontheirconstituentsy, 8, andy andonthestructureof thesetof defaults. Syntactically
our classof literal-Horn defaults correspondgo the classof Horn defaultsin [56], and our classof 1-
literal Horn defaultscorrespondso the classof normalunaryandprerequisite-fre@ormalunarydefaultsin
[56, 87). However, our classof ff-Horn defaultshasno correspondinglassin [56, 87).
SemanticallyReiters default rulesandour conditionalrulesarequite different. For example,from the
conditionalrulesa — b and—a — b we canconcludethat T — b (thatis, b) is true underall the semantics

for conditionalknowvledge basesconsideredn this paper while from the correspondinglefaults ¢ =be,

2 Mb neitherb nor —b canbe concluded.Furthermoreasamguedin [43], arule 222 may be seenas

a soft constraintfor believing b whena is known, while a conditionalrule a — b canbe viewed asa hard
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constrainto believe b in alimited context definedby a andpossiblysomebackgroundknowledge;see[43]
for furtherdiscussion.Thus,becaus®f theseapparentifferencesa comparisorof complity resultsfor
the syntacticallycorrespondinglasse®f default knowvledgebasesainddefault theoriesasin [56, 87] is nhot
muchmeaningfulin general.

Furthermorethe resultsin [56, 87] arequite differentfrom ours. As shawvn in [56], decidingwhether
1 is a consequencef a default theoryT' U {¢}, wherethe classicalkknowledgein 7' is Horn and both ¢
and1) areatoms,is co-NP-completein the caseof Horn defaultsin 7', while it is polynomialin the case
of normalunarydefaults (with or without prerequisites)n T'. On the otherhand,for every semanticdor
conditionalknowledgebaseghat we have consideredn this papey the correspondingentailmentproblem
¢ — 1) is eithertractableor intractable(co-NP-hard)in bothcasegseeFigure9 andSection6.3).

In [43], Geffner’'s approacho conditionalentailmenthasbeenconsideredautsidethe conditionalcamp
asclosesto prioritizedcircumscriptior{65], whichis arefinemenbf circumscriptiorby introducinggroups
of priorites P, < P, < --- < P, for the different predicates? = |J, P; that should be minimized.
Informally, circumscriptionselects‘preferred” modelsof a setof classicalformulasT, which arethose
having a smallestextensionpossibleon the predicatesn P; a moresophisticatechotion of circumscription
allows for floatingextensionof someof theremainingpredicateswhichis neededor deriving new positive
conclusions As notedin [43], in the propositionalcase the differencebetweerprioritized circumscription
and conditionalentailmentis thatin the latter approachthe priorities are entrenchedn the theory while
in the former, they are explicitly assigned. Furthermore,in conditional entailmentstrict and defeasible
knowledgeis separatedyhile thereis no suchdistinctionin circumscription;this canbe accomplishedy
the useof appropriateabnormalitypredicatesthough. For further discussionwe referto [41, 43]. To our
knowledge, no thoroughformal study of the semanticakelationshipbetweenconditional entailmentand
circumscriptiorhasbeencarriedout sofar.

Ourresultsonthe compleity of conditionalentailmentgive someusefulinsightsinto this relationship.
In fact, both Geffner’s conditionalentailmentof ¢ —  from a conditionalknowledgebaseand circum-
scriptive inference(with or without prioritization) CTRC(T U {¢}) [ 4 areTI5-completeproblems(cf.
[33]). Thus,polynomialtime mappingshetweentheseinferenceproblemsexist, which meanghatefficient
(polynomial-timecomputableemanticabmbeddingamongthetwo formalismsmight exist. Ontheother
hand theIl} -hardnes®f conditionalentailmentlsoappliesto the Horn case for which circumscriptve in-
ferencehascomplity loweredto co-NP (se€[21]; for thecasewith priorities, this easilyfollows from [21]
andresultsin [18]). Thus,no polynomialtime translationof conditionalentailmentinto circumscriptionis
feasiblein this case(unlessthe polynomialtime hierarchycollapses)andthusalsono efficientembedding
is possible.Evenin the caseof 1-literal Horn theorieswhich correspond$o Horn-Kromtheoriesconsid-
eredin [21], conditionalentailmentis intractable while circumscriptionwithout prioritiesis tractableif no
propositionalatomsarefixedor vary [21]. Thus,polynomialtime translationdrom conditionalentailment
to circumscriptionon this fragmentmustusefixedaswell asvaryingatoms.

8 Conclusion

In this paperwe have establisheé comprehensk pictureof thecompleity of majorapproaches default
reasoningrom conditionalknowledgebasesnamelye-semanticgl, 80], systemsZ and Z+ [81, 47, 49,
maximumentropy semantic$45, 13], lexicographicentailmen{62, 6], andconditionalentailmen{i41, 43].
For mostof theseapproacheanerelyboundsfor the compleity wereknown, but the precisecompleity
wasunclear
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Ourwork contritutesontwo importantissues Firstly, it providesa completeandsharpcharacterization
of thecompleities of theseapproachesAs we have shavn, they rangefrom thefirst level (co-NP) upto the
secondevel (TT%) of the polynomialhierarchy and populateseveral well-knovn compleity classesn be-
tween.Our analysisalsocoverstherestrictionof conditionalknovledgebasedo the Horn andliteral-Horn
casewhich areimportantfrom a knowvledgerepresentatioperspectie. Our resultsmay helpin choosing
for aparticularapplicationthe “suitable” semanticsgiventhe computationatostit hasattachedif compu-
tationalcostis anissue.Furthermoretheresultsgive ananswetto theissueof possibleefficienttranslations
of defaultreasoningn theapproacheto otherapproachesMoreover, they unveil the computationahature
of the single problemsand give asa clue aboutthe feasibility of certainalgorithms. This may be impor
tantfor developingimplementation®f the varioussemanticdor conditionalknovledgebaseswhich are
lacking to date. To our knowledge, only prototypeimplementationsandlingsmall exampleshave been
developedsofar, see[12]. Noticethatin relatedareassuchasnonmonotoniadeasoningknowledgeabout
compl«ity resultsproved extremely usefulfor developing efficientimplementation®f reasoningsystems
suchasDeReJ23], smodeld75], andDLV [78].

Secondlyourwork contritutesonarefinemenof thetractability/intratahlity frontierof defaultreason-
ing from conditionalknowvledgebasesby establishingnew tractablecasesin particular we have introduced
g-Horn (resp.,ff-Horn) conditionalknowledgebaseswhich aremeaningfulextensiongresp.,restrictions)
of Horn conditionalknowledgebases.We have shavn that previous tractability resultscanbe extendedto
the g-Horn case andthat, on the otherhand,intractableapproachebecometractablefor the ff-Horn case.
Ourresultssupplypolynomialalgorithmsfor thesecasesor canbe easilyturnedinto such.

Severalissuegemaindor furtherwork. Oneissueis amorefine-grainedictureof thecompleity of the
approachedn the presenpaperwe did not pay attentionto possiblepreprocessingr fixing parameterin
theinput. In theliterature two importantapproachebave beenproposedn this respectOneapproaclhis to
measurahe compilability of aknowledgerepresentatioformalism,accordingto the frameavorks proposed
in [19, 44], which roughly addressetheissuewhethertheoriesin oneformalismcanbe mappedoff-line to
theoriesin anotherformalismsuchthat on-line reasoningor varying queriesbecomesnoreefficient. The
otherapproachs theconcepof fixed-parameteractability which dealswith theeffect of fixing parameters
in the probleminput[28, 51]. Studyingthe amenabilityof the varioussemanticdor conditionalknowledge
basego thesetwo approachess anintriguing issue.

Anotherissueis to identify furthertractablecasedor thevariousapproaches-or this purposeijt would
be worthwhile to investigatenew classesf conditionalknowledge bases;someof them may be defined
in the spirit of classedor nonmonotonidormalismsasin [87, 21]. Finally, further approacheso default
reasoningfor example therecentbelief functionapproactby Benferhatetal. [9]) maybeanalyzedrom a
compl«ity pointof view.
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A Appendix: Proofsfor Section3

Proof of Lemma 3.2. Since KB is minimal-coreando(d) = 1 for all d € D, equation(6) reduceso
equation(4). Thatis, the systemof equationgivenby (6) and(7) for all ¢ — ¢ € D andall I € Z4; hasa
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uniquesolutionzy, k% with positve z7, whichis givenby therankingsz*, * for KB.

We now shaw thatx* is robust. Supposét werenot. Then,therewould exist distinctd;, ds € D that
have a commonminimal falsifying model I. By equation(5), it thenfollows x*(I) > z*(d;) + z*(da).
By equation(4), we get z*(d2) > 1. Since KB is minimal-core,there exists a world I’ that satisfies
LU (D — {d,}) andthatfalsifiesd;. Hencex*(I') = 2*(dy) < z*(d1) + 2*(d2) < k*(I). ButthenI is
notaminimal falsifying modelof d; underL, whichis a contradiction.It follows thatx* is robust. O

Proof of Theorem 3.3 (continued). Let At = At U AU T U {a} bethe setof atomsfor KB’, where
A={ag;i|deD,0<i<n(d)}andT = {tq; |d € D,0<i< w(d)}. Foreachd = o — g € D and
i €{0,...,n(d)}, let Dy, containthefollowing defaults:

ag; Noa— 3 if i=mn(d) (12)
ag; — “tag if i <m(d) (13)
Adi = Qdi—15 Qdi — tdi-1 if ¢>0. (14)

Informally, the default (12) correspondso the default o« — 8 from D. By the auxiliary defaults (13) and
(14),it is pulledto thelevel 7(d) in the z-partitionof theaugmentedetof defaults. Thedefaults(14) imply
that verifying the default ay; A @« — 3 for the z-partition (which requestghat d hasa verifying world)
violatesall defaults(13), whichresideatlevels0, 1,...,7 — 1.

Definenow KB' = (L', D'), where

L' = U{aV-ala€elL}
D' = U{Dg;ldeD,ie{0,...,m(d)}}.

Theatoma senesin L' to maskthebackgroundnowledgelL for therankingprocess.

It is easyto seethat KB’ is e-consistentandthatthe z-partition (Dy, . .., D},) of D' is givenby D] =
U{Dy; |d € D: n(d) <i},foralli =0,...,k. Henceeachdefaultag (g A — Bwithd = a — 8 €
D is assignedhevaluer(d) underthedefaultrankingZ for KB'.

As for entailmentof defaults,let now ¢’ bedefinedby

¢ =an( \ p.

peAUT

Satishctionof a unmaskghe backgroundknowledge L, andsatisactionof A U T impliesthatall defaults
(13)arefalsewhile all defaults(14) aretrue. Furthermoregachmodelof ¢ satisfieshedefaultay ;g A —
B in (12)iff it satisfiesn — .

Thus,it is easilyseenthatfor any formula¢ over At, aworld I € T,y is az-preferredmodelof ¢ A ¢
w.r.t. KB' iff the restrictionof I to At is a w-preferredmodelof ¢ w.r.t. KB. This implies that for ary
default ¢ — 1 over At, it holdsthat(KB, m) lex,-entails¢ — v iff KB' lex-entails$ A ¢' — 4. O

Proof of Lemma 3.4. Assumdirstthat KB = (L, D) is e-consistentBy Lemmab5.1, thereexistsanordered
partition (Dy, ..., D) of D suchthateachdefaultin D; is toleratedunderL by Uf:i D;. Let < beary
totalorderon D suchthatd € D;, d' € D;,andd < d' implies: < j. Clearly < is irreflexive andtransitie,
andthusa priority orderingon D. Moreover, eachd € D is toleratedunderZ by D — {d' € D|d' < d}.
Thus,by Lemma5.20, < is admissiblewith KB. Thatis, KB is conditionallyconsistent.

Corversely assumehat KB = (L, D) is conditionallyconsistentThatis, thereexistsa priority order
ing < on D thatis admissiblewith KB. Hence,thereexists somed € D thatis minimal w.r.t. <. More-
over, as< restrictedto (D — {d}) x (D — {d}) is apriority orderingon D — {d} thatis admissiblewith
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(L, D —{d}), theconditionalknowledgebase(L, D — {d}) is conditionallyconsistentThus,we candefine
asequencef defaultsd,, ds, . . . , d,, suchthat{d,,ds,...,d,} = D andthateachd; is aminimal element
in{d;,d;11,...,d,} w.rt. to apriority ordering=<; admissiblewith (L, {d;, d;+1,.-.,d,}). It follows that
eachd; is toleratedunderL by {d;,d;+1,-..,d, }. Hence by Lemma5.1, KB is e-consistentd

B Appendix: Proofsfor Section5

Proof of Theorem 5.2 (continued). b) We give alog-spaceaeductionfrom the P-completgroblemof de-
cidingwhetheragivensetP = {¢; = 91, . .., ¢, = 1, } of definiteHorn clausedogically impliesagiven
atom A (seee.g.[25]). Let D denotethe setof literal-Horndefaults {¢1 — 91, ..., ¢n — Pp, T = —A}.
We now shaw that P logically entails A iff theliteral-Horndefaultknowledgebase((}, D) is e-inconsistent.
Assumefirst that (§, D) is e-consistent.Hence,by Lemmab5.1, D containsat leastonedefault d thatis
toleratedby D. Thus,thereexistsaninterpretation! thatverifiesd andthatsatisfiesD. Hence,l is amodel
of P U {-A}. Thatis, P doesnotlogically entail A. Conversely assumehat P doesnot logically entail
A. Letusconsiderthe orderedpartition (D1, Dy) = ({T — —A}, {¢1 = ¢¥1,..., ¢ — ¥ }) Of D. Then,
thedefault T — — A is toleratedby D; U Do, sincethereexistsmodelof P U{-A}. Moreover, eachdefault
d € D, is toleratedby D5, sincethe interpretation/ that mapseachgroundatomto the truth valuetrue
alwaysverifieseachd € D,. Thatis, by Lemma5.1, (), D) is e-consistentO

Proof of Theorem 5.3. We give alog-spacereductionfrom the P-completeroblemof decidingwhethera
givensetP = {¢1 = 91, ..., ép = 1y } Of definiteHorn clausedogically impliesagivenatom A (see for
example,[25]). Let D bethesetof literal-Horndefaults{¢1 — 91, ..., ¢n — ¥, }. By Theorem3.1andthe
proof of Theorem5.2b), P logically entails A iff theliteral-Horn default knowvledgebase(), D) e-entails
theliteral-Horndefault T — A. O

Proof of Theorem 5.4 (continued). a) We shav DP-hardnessy a polynomial transformatiorfrom the
DP-completeproblemSAT-UNSAT [79]: Giventwo propositionafformulasa and 3, decidewhetherq is
satisfiableand 3 is unsatisfiable Without loss of generality we canassumehat o and 8 aredefinedover
disjointsetsof atoms.We now shav thate is satisfiableandg is unsatisfiabléff thedefaultknowledgebase
(0, 0) properlye-entailsa: — — (. Assumefirst that« is satisfiableandg is unsatisfiableBy Lemma5.1, it
follows that (0, {a — 5}) is e-inconsistenaindthat (0, {a. — T}) is e-consistentHence by Theorem3.1,
the default knowledgebase((), §) properlye-entailse — —3. Corversely assumehat (), () properlye-
entailse. — —f. Thus,by TheorenB.1,it follows that((), {o — 8}) ise-inconsistenandthat((, {a — T})
is e-consistent.Hence,by Lemmab.1, it is immediatethat « is satisfiable.Moreover, sincea and g are
definedover disjoint basicpropositionsit alsofollows thatg is unsatisfiable.

b) We give a log-spaceaeductionfrom the following P-completeproblem(see,e.g.,[25]): Givena set
P={¢1=11,..., ¢ = ¥, } of definiteHorn clausesandanatom A, decidewhetherP entailsA.

LetD = {¢1 = 1,...,¢n — ¥ }. Wenow shaw that P logically entailsA iff theliteral-Horndefault
knowledgebase((}, D) properlye-entailstheliteral-Horndefault T — A. By Theorem3.1andthe proof of
Theorem5.3, it is sufficient to shav that (), D U {T — T}) is e-consistent By Lemmab.1, thisis indeed
the caseastheworld I thatmapseachgroundatomto true alwaysverifieseachde DU{T = T}. O

Proof of Lemma 5.5. Let D = (Dy,...,Dy) be the z-partition of D andlet D' = (Dy,..., D)) be
an orderedpatrtition of D thatis admissiblewith KB andthat hasthe leastweightw. We nowv shav by
inductiononi thatD; = D; foralli =0, ..., k.

Basis: Leti = 0. Let usfirst assumehatthereis somed € Dy — Dj. Hence,D" = (D{ U {d},
D} — {d},..., D] — {d}) is anorderedpartition of D thatis admissiblewith KB andthathasa weight
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smallerthanw. But this contradictsthe assumptiorthat D’ hasthe leastweight. Let us next assumehat
thereis somed € D — Dy. Henced istoleratedunderL by D andnotcontainedn D. But thiscontradicts
theassumptiorthatD is the z-partitionof D. Hence,it holds Dy = Dj,.

Induction: Let: > 0. By theinductionhypothesisywe getD; = D;. forallj =0,...,7— 1. Letusfirst
assumehatthereis somed € D; — D;. Thus, D" = (Dy, ..., D;_;,D;U{d}, Dj , —{d}, ..., D; —{d})
is an orderedpartition of D thatis admissiblewith KB andthat hasa weight smallerthanw. But this
contradictsheassumptiorthatD’ hastheleastweight. Let usnext assumehatthereis somed € D} — D;.
Hence is toleratedunderL by U;?:i D, andnotcontainedn D;. Butthis contradictghe assumptiorthat
D is the z-partitionof D. Hence|jt holdsD; = D.

Thatis,wegetD; = D} foralli = 0,. ..,k andthusalsok = [. O

Proof of Theorem 5.6 (continued). a) It remaingo shav P‘ll‘IP—hardnessWe give apolynomialtransforma-

tion from thefollowing P)Y¥ -completeproblem[90]. Giventhepropositionaformulasin CNF o, . . . , ay,,
we areasled whetherthe numberof tautologiesamongay, ... . , a,, is even. Without lossof generality we
canassumehata;, . . . , oy, aredefinedon pairwisedisjoint setsof variablesthata; andas aretautologies,
thata,, is notatautology thatm is odd,andthatc; 1 is notatautologyiff «; is notatautology cf. [90]. Let

d = b — -Cq,
di = bj—=>b_1Nc_1N—¢, fori=2,...,m,
andlet D = {d,...,dy}. Informally, verifying thedefaultd;, : > 1, for determiningts rankrequestshat

thedefaultd; 1 is falsified,which meanghatd; | musthave beenalreadyranked.
It is thuseasyto seethatthedefaultrankingz for thedefaultknowvledgebase(, D) is givenby Z(d;) =

1—1foralli =1,...,m. Let ¢ andvy bedefinedas

¢ = (ar=b)A---A(am=bp) Act A+ Acp,

P = (bg A=bg) V(bg A=bs) V-V (b—1 A —bpy),
respectiely. We now shav thatthe numberof tautologiesamongas, . - . , a,, is eveniff ((), D) z-entails
¢ — 1. LetI beary interpretatiorthatsatisfiesp andthatsatisfies; iff «; is atautology Hence thenumber
of tautologiesamongay, . . ., a,, is eveniff I satisfies). Moreover, for ary interpretationl’ thatsatisfies

¢ andthatsatisfiessomeb; with «; notbeingatautology it holdsx*(I) < x*(I'). Let usnow first assume
that! = 1. Hence,I |= by; A —bo;11, andwe getx*(I) = k*(¢ A1p) < k*(d A —p); thus,((, D) z-entails
¢ — 1. Letusnext assumehatl = v. Hence,l = ¢ A —p, andwe gets? (1) = k*(p A1) < k* (P A);
thus, (0, D) doesnot z-entail ¢ — 1.

b) We give a log-spacereductionfrom the P-completeproblemof decidingwhethera givensetP =
{$1=11,..., ¢n =, } of definite Horn clausedogically implies a given atom A (seee.g.[25]). Let
D denotethe setof literal-Horndefaults {¢1 — 1, . .., én — ¥ }. We now shaw that P logically entails
A iff the literal-Horn default knowledgebase((, D) z-entailsthe literal-Horndefault T — A. Sincethe
interpretation/ that mapseachgroundatomto the truth valuetrue alwaysverifieseachd € D, it holds
Z(d) = 0forall d € D. Moreover, sincel alsosatisfiesA, we getx*(A) = 0. Letusnow first assume
that P doesnot logically entail A. Thus,thereexistsa modelof P U {—=A}. Thatis, thereexists a model
of DU {-A}. Hence we getx?(—~A) = 0 andthus((, D) doesnot z-entail T — A. Let usnext assume
that P logically entailsA. Thus,all modelsof —A falsify at leastonedefault from d € D. Hence we get
k*(=A) = 1 andthus((), D) z-entailsT — A. O

Proof of Theorem 5.7 (continued). a) It remainsto shov FPﬁ‘P-hardness.We give a polynomialtrans-
formationfrom the following problem,which is easily seento be FPﬁIP-compIete. Given propositional
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CNF formulasay, . . ., a,, ondisjoint setsof variables,m > 1, computethetruth valuesa,, .. ., a,, such
thata; = true iff o is satisfiable Let

d = T ¢
di = ¢—ao;jVe forali=1,...,m,

anddefineD = {d,dy, ..., d,,}. Consideithedefaultrankingz for the defaultknowvledgebase((), D). We
now shav that Z(d;) = 0 iff «; is satisfiable.Assumefirst that Z(d;) = 0. Hence,d; is toleratedby D.
Thatis, thereexistsaninterpretation/ thatverifiesd; andthatsatisfiesD. Hence,I satisfiesy; andthusc;
is satisfiable Assumenext that Z (d;) > 0. Supposehatc; is satisfiable Thenthereexistsaninterpretation
I thatsatisfies; A a; A ~c andall ~¢; with j # <. Thus,I verifiesd; andsatisfiesD. Thatis, d; is tolerated
by D. But this contradictsthe assumptionZ(d;) > 0. Hence,«; mustbe unsatisfiable.This provesthe
FPﬁ‘P-hardnes:part.

We remarkthatit is unknavn whetherthe z-rankingis computablevith O(log n) mary callsto anNP-
oracle wheren is theinputsize. In fact,sinceFPN? [O(log n)] C FPﬁIP holdsandtheinclusionis believed

to bestrict[53], theFPllfp—hardnessesuItssuggestshatcomputinghez-rankingis notin FPNP[O(log n)].
b) We give alog-spaceaeductionfrom thefollowing problem.

LemmaB.1 GivenasetP = {¢1 = 1,...,¢n = ¥} of definiteHorn clauseson the atomsAt¢ =
{z1,...,z,}, computingS = {4 € At | P E A} is FP-complete

Proof (sketch). Obviously, the problemis in FP.Hardnesgor FP follows e.g.from theproof of P-hardness
of decidingwhetherP = A holdsfor a givensetP of definiteHorn clausesandatom A in [25]. Thelog-
spacereductionthereencodeghe computationof a genericpolynomial-timedeterministicTuring machine
M into this problem,suchthat S = {A | P = A} contains(amongothers)atomsreflectingthe tape
contentsof M whenit halts.From .S, the outputof M is easilyextractedin log-space<

Let D bethe setof literal-Horn defaults {1 — 1, - .., ¢ = Y, 1 = 21, . .., ¢ = "z, }, Where
c1,. .. ,Cqn arepairwisedistinctnew variables We now shav thatz; is logically entailedby P iff the default
ranking z for the literal-Horn default knonvledgebase(), D) assignsc; — —z; thevaluel. Let the world
I bedefinedby I(z;) = true andI(c¢;) = falseforall: = 1,...,n. It is easyto seethatI satisfiesD
andverifiesall ¢; — 1; withi = 1,...,n. Hence,z mapsall ¢; — 1; with7 = 1,...,n to thevalue0. To
determinethe value of the otherdefaultsunderz, let us now first assumehat z; is not logically entailed
by P. Thatis, thereis amodelof P U {—z;}. This modelcanbe extendedtio a modell of D thatverifies
¢; — —x; by definingI(¢;) = true andI(c;) = falseforalli = 1,...,n with i # j. Hence,c; = —z; is
toleratedby D andthusassignedhevalueO underz. Assumenext thatz; is logically entailedby P. That
is, thereis no modelof P U {—z;}. Hence,; — —z; is nottoleratedby D. Let theworld I be definedby
I(z;) = falseand(c;) = true for alli = 1,...,n. It is now easyto seethat verifiesall ¢; — —z; with
j=1,...,n. Thus,all ¢; —» —x; suchthatz; is logically entailedby P areassigned. underz. O

Proof of Theorem 5.8. a) Theresultfollows from the proofof Theorenb.6a). In detail,thereductiongiven
in Theoremb.6 a) alsoappliesto the casewherez is givenin adwance,astherankingz for the constructed
defaultknowledgebase((, D) is actuallygivenin advanceby Z(d;) =i — 1 foralli = 1,...,m.

b) Similarto a), referringto the proof of Theoremb.6b) in placeof Theoremb.6a). O

Proof of Theorem 5.9 (continued). Let a denotetheintegerthathasthe complemenof I,,,s(¢) asbinary
representationFor example,a = 10 = 23 + 2! for Ii,s(¢) = 0101. We first shav thatthe default ranking
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zT is givenasfollows. Forall i = 1,...,n:

z+(d;|') — 2k+n7i+1 . (a div 2nfi+1) +i—1

2H(d;) = 2kt (g div2n i) 44 — 1 4 2k+n—i, (13)
7

Thatis, thebinaryrepresentatioof 2+ (d;") hasthefirsti — 1 bits of I,,s(4), paddedwith 0’sto n bits,and
k trailing bits addedthataccountfor cumulatie extra costs: — 1. Thebinaryrepresentationf z*(d;") is
similar, but hasthe bit for z; (i-th from left) setto 1.

Letusthusassumehatz*(d;") andz*(d; ) foralli = 1,...,n aregivenby (15). For eachworld I, let
k1 (I) bedefinedby (3). To shav that(15) actuallydefinesthe solutions,we mustshav that (2) holdsfor
all defaultsd = ¢ — 9 € D.

Lets > 1 andlet I beaninterpretationthatsatisfies~c; A --- A =¢; 1 A ¢; A ¢ andthatcoincideson
thevariableszy, . .., z;—1 with Iins(¢). Hence,I verifiesd;” andd; . Moreover, I satisfiesall defaultsd;

anddj‘ with 7 > 4. Finally, forall j = 1,...,7 — 1, exactly onedefault amongdj anddj‘ is falsifiedby 1.
More preciselyif I |= z;, thencl;.F is falsifiedby I. Otherwised; is falsifiedby I. Thatis, therankof the
falsifieddefaultd; amongd; andd; is givenasfollows:

) = oktn—j+l . (g divon—i+l) 4 j —1 if I =z
J 2ktn—itl. (gdiv2n—I+l) 4+ j — 1 4+ 26tn=0 if T b£ ;.

Forallj =1,...,i—1,wehavel |= z; iff Ii,s(¢) = z;. Thelatteris equialentto a’s bit for z; (thej-th
bit from left), denotedz[;], being0. Hence we obtainthefollowing:

*(dj) Hn=3 1 (adiv2® ) 4§ — 1+ alj]- 27T if Dis(9) = 2
j 2k+n=itl . (qdiv2n Ity + 5 — 1+ a[j]- 2677 if yns(6) JE 75

= 2kt (adiv2"I) +j5—1.
Sincez ™t (d;) is maximalfor j = 7 — 1, we get:

kT(I) = 1+ max% 2t(d) = 1+ {max }z+(dj) = oktn—itl. (gdiv2n—itl) +4i 1.
deD: Iitd FE{Lyi—1

Hence for everyd; = ¢; —1; € {d,d; }, weget:

KT (i ANps) = JeIAmi}I\— ) k() < KT(I) = 26t (g divan—itl) 4 i 1,
te J[=vag

Let I’ be ary otherinterpretationthat satisfies—c; A --- A =¢;_1 A ¢. Thus,forall j = 1,...,7 — 1,
exactly onedefault amongd;L anddj‘ is falsifiedby I'. Assumethat I’ doesnot coincideon the variables
T1,...,Ti—1 With Ij¢(¢). Hencetheremustbe some; < i — 1 suchthatz; is truein I but falsein I’,
whichmeans! [~ d; and = d; while I' |= d; andI' j= d; . Hencewe get:

k(I > 2ktn=itl. (qdiv2nitl) 4 j 4 2ktn—d,
Moreover, asj < i, we get:

2k:+n—j—|—1 i ((J, div 2n—j—|—1) > 2k—|—n—i+1 . (a div 2n—i+1) .
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Sincei — 1 — j < n < 2%, it holdsj + 25%"=7 > 4 — 1. Hencei|t follows:
2ktn=j+l. (qdiv2nITl) 4 j 4 2k+tn=i > oktn—itl . (gdivan—itl) 44— 1.
Thatis, we getx ™ (I) < k™ (I") for ary othersuchI’. Forall d; = ¢; —; € {d;, d; }, it thusfollows:

RH(gin) = | omin sF()) = ktn—itl . (qdiv2m=H1) 44— 1.
t J=v g

But this shavs that(2) holdsfor all d = ¢ — 1 € D. Thus,(15) describesheactualz*-rankingof (0, D).
Let I beaninterpretatiorthatsatisfies-c; A- - - A—c, A ¢ andthatcoincidesonthevariablesey, . .., z,
with I1ns(¢). Let I’ beary otherinterpretatiorthatsatisfies-c; A - - - A —¢, A ¢ andthatdoesnot coincide
onthevariablesz, ..., z, with I;,s(¢). By aline of agumentatiorsimilar to the onejust pursuedit is
easyto seethats™ (1) < kt(I").
Letusnow assumehatz,, is truein Ij,s(¢). It thenfollows that

KT(met Aes Amen A Azy) < KT (mer Avos Ao A Azy) .
Thatis, (KB, o) z*-entailsd atstrength0. Let usnext assumehatz,, is falsein Ij,s(¢). It thenfollows:
KT(mei A-- A=meug A A=my) < KT (mer Avvs Amey A A y).

Thatis, (KB, o) doesnot z " -entaild at strength0. O

Proof of Theorem 5.11 (continued). (i) We first shav that KB is e-consistent.Let the orderedpartition
(Do, - .., Dy) of D bedefinedby £ = max(cy,...,cn) andD; = {d;; | d;; € D} foralli =1,... k.
Considerary defaultd; ; € D;. Let I; ; beaworld suchthatl; ; = «; = B, I;; = aj, foralll < i,
L = bij, I; j =t foralll <i— 1, andl; ; doesnotsatisfyall remainingatomsa; j:, by jr, andt; ;.
Clearly suchaworld I; ; exists. It is now easyto seethat I, ; verifiesd; ; andthatl; ; = L U U}, D;.
Hence thedefault d; ; is toleratedunderL by |J¥_; D;. Thus,by Lemmab5.1, KB is e-consistent.

(ii) It is easyto seethat KB is minimal-core.Indeedtheworld I suchthat! = a; ; andl [~ A for ary
otheratomicproposition4, falsifiesthe default d; ; while it satisfiesl U (D — {d; ;}).

(iii) We now shav by inductiononi = 0, ..., k thatthedefaultrankingz* is givenby z*(d; ;) = 2* for
all d; ; € D. Hencejin particular z*(d, ;) = 2% forall j = 1,...,m.

Basis:Leti = 0. Since(Dy, ..., D) isapartitionof D thatis admissiblewith KB, wegetz*(d; ;) = 1
for all d; ; € Dy. Induction: Leti> 0. Let usconsiderary d; ; € D;. Recallthattheworld I; ; described
above satisfiesL U |JF_; D, and,morewer, verifiesd; ;; furthermore,[; ; falsifiesevery d; ; suchthat/ <
i — 1. By theinductionhypothesisz*(d; ;) = 2' for everyl < i — 1, andthuss*(I; ;) = Y1=4 2! = 2 — 1.
Henceit follows z*(d; ;) < 2'. Ontheotherhand,every defaultd; ; wherel < i is falsifiedin every world
I thatsatisfiesL andverifiesd, ;. Hencejt follows z*(d; ;) = 2*, which concludegheinduction.

(iv) We finally shaw thatI = «, = 8, holdsin every I with maximumweightznz w; Iff KB
z*-entailsd. We needsomepreparatiorasfollows.

Let I beary world suchthat: (a) I = L U {¢}, (b) I is a maximumweightworld underC, and(c)
I = b, ;iff I = a; = B;. LetI' beary world suchthat(a) holdsbut either(b) or (c) doesnot hold. We
now show thatx*(I) < s*(I'). It is easyto seethatboth I and I’ falsify all defaultsd; ;, for j < m and
i <c¢j — 1. LetI" resultfrom I' by redefiningb,, j to I" = b, ; iff I' |= «j = f;, for all j < m. Then,

a;=pP;
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I" = L, andno default d; ; thatis satisfiedby I" is violatedby d; ;. Hence,it follows x*(I") < x*(I').
Furthermore] andI” satisfyd,; ; iff they satisfya; = g;, for all j < m. Hencewe get:
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It follows x*(I) < k*(I") < k*(I'). Moreover, since(b) and(c) hold for I, while either(b) or (c) doesnot
holdfor I', eithers*(I) < x*(I") or k*(I") < k*(I'), andthusx*(I) < k*(I').

Letusnow firstassumehat! = «, = G, holdsfor every maximumweightworld I underC'. Consider
ary suchl. Hence thereexistsaworld I suchthat I’ |= x; iff I = x;, I' = b, ; iff I = o = f;, and
I' = LU{¢ Av}. Moreover, thereis no maximumweightworld I” underC suchthat” = LU{¢ A ¢y}
andI” |= b, ; iff I |= o = B;. It follows *(¢ A 9) < K*(¢ A ), andthus KB z*-entailsd.

Let usnext assumehat! = «, = 3, for somemaximumweightworld underC. Hence thereexists
aworld I' suchthatI' = z; iff I |= z;, I' |= b, ; iff I = o = B, andI’ = LU {¢ A -} It follows
K*(¢p A1) > k*(¢p A —p), andthus KB doesnot z*-entaild. O

Proof of Theorem 5.12. We give a polynomialtransformatiorfrom a suitablevariantof the problemused
in the reductionin the proof of Theorem5.11, which is FPNP-complete: Given a set of weightedHorn
clauseC = {a1 = fS1,...,am = Bn} Onn variablesey, ..., z,, whereeacha; = g; is satisfiableand
hasweightw; = 2¢%, wherec; > 0 is a nonn@ative integer, computethe weightw of a maximumweight
world I underC, thatis, w = maxrez,, Zn:ap/ji wW;. FPNP_hardnes®f this problemcanbeestablished
by a suitableadaptatiorof proofsin [58].

We slightly extend KB in the proof of Theoremb.11 asfollows. We introducenen atomsa* and b*,
andthefollowing setof literal-Horn claused.* andtheliteral-Horndefault 4*:

L* = {b*:>ai,j|1§j§m,0§i§cj} U{b*:>ti,j|1§j§m,0§z’<cj}

& = a* b

By aline of agumentationsimilar to the onein the proof of Theorem5.11, it is easyto seethat the
extendedconditionalknowledgebase(L U L*, D U {d*}) is e-consistenandminimal-core.Moreover, its
ranking z* assignsall defaultsd, ; the value2* andthe default d* the value 377" 3,2 — w. Conse-
quently theweightw of a maximumweightworld underC' is givenby w = 2 - Z}"Zl 2% —m — 2*(d*),
which canbe easilycomputedrom z*. This provestheresult.O

Proof of Lemma 5.14. Theclaimis proved by inductionons = 1, ..., [ asfollows.
Basis:Fori =1, wegetzf(d;) =o(d;) < s. Induction: Leti > 1. By theinductionhypothesisit holds
that|z2(d;)| <s-2/"'forallj =1,...,i — 1. Hencewe get:

i—1
|25 (d;)| < o(d;) + |minv(d;) — minf(d;)| < s+ Zs W =545 (27 1) =5-270 O
j=1
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Proof of Theorem 5.18(continued). Define At = {a, b, ¢, e} U {s;, z;, v; | 1 <i < n} and
F, = {a—zi, b=y, cAz; = i, i Ay; = s, T — s forl <i<mn.

It is now easyto verify thatI(z;) = I(—y;) holdsfor every world I thatsatisfiesa A b A ¢ anda maximal
numberof defaultsin F;. Thatis, we canuseF; to expressherelationshipse; Ay; = 1L andT = z; V y;.
Let o be the Horn clausethatis obtainedfrom «; by replacingeachposite literal z; by the new

negative literal —y;. DefineD = U?;LOQ D;, wherethe D; areasfollows:

D; = {e=z,;} foralli=0,...,n—1
D, = {of,...,0%}

Dpiy1 = WH{Fi|i=1,...,n}

Dpio = {T—a,T—=bT—¢cT—e}.

Thepriority assignmentr on D is givenby n(d) =i foralli =0,...,n+2andd € D;. Finally, we define
d =T >z,

Obserethat KB = ((), D) andd areliteral-Horn.

We now shaw that/i,s(e) = z,, iff (KB, ) lex,-entailsd. It is sufiicientto shaw that,for ary preferred
world I, its restrictionto X = {z1,...,z,}, denotedby I|X, coincideswith I,,,5, andthat, on the other
hand,l;;;,s(a) canbe extendedo suchan.

Assuméfirst that I is apreferredworld. Hence,I = D,, ;2. Furthermore] satisfiesamaximalnumber
of defaultsin D,,11; thisimpliesthatI(z;) = I(-y;), foralli = 1,...,n. Sincea is satisfiablepreferred-
nessof I thenimpliesthat! = D, andI|X = a. Thesetsof defaults Dy, ..., D,_; thenensurethat 7| X
indeedcoincideswith Ij;,(«).

Corversely let I' betheworld suchthatI'(z;) = Iims(z;), andI’(y;) = I'(—z;) foralli = 1,...,n,
andI’(p) = true, for ary otheratomp. It is now easyto seethat’ is a preferredworld. O

Proof of Theorem 5.19.a) By Theoremb.7 a), computingthedefaultrankingz for KB isin FPﬁIP. Recall

now that KB lex-entailsd iff (KB, z) lex,-entailsd. As decidingthelatteris in PNP (seethediscussiorat
the beginning of Section5.4),decidingwhetherKB lex-entailsd is alsoin PNP,

b) We shawv that the PNP-hard problemin Theorem5.18, which is more general,is reducibleto this
problem.Fromthe proof of Theoremb.18,we mayassumehatevery defaultd € D of KB = ((), D) there
hasa verifying world. Thus,by Theorem3.3andObsenration 3.1, we obtainsuchareduction.O

Proof of Lemma 5.20. Assumefirst that < is admissiblewith KB, andconsiderd € D. Admissibility of
< impliesthat D4 is underL notin conflictwith d; thatis, d is toleratedunderL by Dy.

Corversely assumehateveryd € D istoleratedunderL by D,. Supposehat< is notadmissiblewith
KB. Thatis, someD’ C D is underL in conflict with somed € D, and D’ containsno default d’' with
d < d. Hence,D' C D,. SinceDy toleratesd underL, also D’ toleratesd underL. But this contradicts
thefactthat D' is underL in conflictwith d. Hence,< is admissiblewith KB. O

Therestof theproof of Theoremb.22will make useof thefollowing lemmashowvn by Geffner [41].

LemmaB.2 (Geffner [41]) Let KB = (L, D) be a conditional knowledg base A default¢ — v is
conditionally entailedby KB iff 4 is satisfiedin every <-preferred modelof L U {¢} of every minimal
priority ordering < admissiblewith KB.
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Here,minimality is in termsof setinclusion,where< is viewedassetof pairs{(Z,.J) | I < J}.
We arenow readyto completethe proof thatconditionalentailments I15 -hardfor theliteral-Horncase.

Proof of Theorem 5.22(continued). Let At = A, U A, U {a}, whereAd, = {a;, b;, yi, y; | 1 <1 < m},
Ay = {cj, dj, e, fj, zj, 75 | 1 < j <n}. WedefineKB = (L, D) asfollows:
= L1 ULyUL3U Ly,

m n
D = U DU U Dy,

2

wherethe setsof Horn claused.;, ¢ = 1, 2, 3,4 andthedefaultsetsD, ;, D, ; aredefinedasfollows:

Ly = {ofV-a,...,af V-a},
Ly = {~yV-y,V-ali=1,...,m},
Ly = {-z;V-z;V-alj=1,...,n}
Ly = {:Ej=>—|fk, .’E;-=>—|fk|j,k:1,...,n},
whereaj, ..., of is obtainedfrom ag,. .., o; by replacingthe positive literals y; andz; by the negatve

literals -y, and—uc;-, respectiely; and

Di; = {ai =i, bi >y},

Dg’j = {Cj/\dj-)ﬁl)j, c]-/\ej—>x;-, Cj—)fj}.

Finally, thedefaultd = ¢ — ) is definedby

¢ = an(N\@nrb)A(N(cAdjney))

i=1 j=1
v = =fr.

Thesetof all defaultsthatareconditionallyentailedby KB is definedwith respecto all priority orderings
on D thatareadmissiblewith KB. By LemmaB.2, we canrestrictour attentionto all minimal priority
orderingson D thatareadmissiblewith KB.

We notethatevery priority ordering< on D admissiblewith KB containghefollowing pairs:

Cj-)fj < Cj/\dj-)ivj, (16)
cj = fi = c¢jhej =y, forallj =1,...,n. a7

Thisis immediatefrom the obserationthateachset{c; — f;} toleratesunderL neitherc; A d; — x; nor
cjNej — wg

Let <* bethe priority orderingon D thatis givenby exactly all pairsin (16) and(17). It is easyto see
thateachd € D istoleratedunderL by D — {d' € D | d' <* d}; thus,by Lemma5.20, <* is admissible
with KB. This meanghat <* is the least(thatis, uniqueminimal) priority orderingon D admissiblewith
KB. Applying LemmaB.2, thedefaultd = ¢ — 1 is conditionallyentailedby KB iff ¢ is satisfiedin
every <*-preferredmodelof L U {¢}.

We arenow readyto shaw that® evaluatedo trueiff KB conditionallyentailsd.
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(<) Letusfirstassumehat® evaluatedo false.Hence thereexistsamappingf : {y1,...,ym} — {L, T}

suchthattheformulaa = (s A --- A oy) [y1/f(y1),---,ym/f(ym)] iS unsatisfiable Let I be the world

suchthat (i) I(y;) = I(-y;) = true iff f(y;) = T,foralli = 1,...,m; (i) I(z;) = I(z;) = false for

allj =1,...,n; and(iii) I(p) = true for ary otheratomp. Sinceeacha containsatleastonenegative

literal from =z, ..., —@p, ~z),..., 2, wehave I |= L. Clearly I = LyU L3, andalso! = L4, I = ¢,

andI |= —. Hence,I = L U {¢,—9}. SupposehatJ = L U {¢} suchthatJ <* I. We now shawv that
no such.J exists, which provesthat I is a <*-preferredmodelof L U {¢}. SinceJ is amodelof L, and
#, it follows that J cannotsatisfybothy; andy;, for i = 1,...,m. As <* doesnotdefineary preference
betweerthedefaultsin Dy ;, fori = 1,...,m, it follows that.J cannotfalsify ary defaultin D, ; thatis not

falsifiedby 1. Hence,J andI falsify exactly the samedefaultsin D ;, for i = 1,...,m. Thatis, J must
coincideon y; andy; with I, for : = 1,...,m. Further sincel andJ aredifferent,J musteithersatisfy
somez; or z}, or falsify somef;. Theclausesn L, thenhave in theformer casetheeffectthat J = —f;

forall j =1,...,n. Sincein thelattercasethedefaultc; — f; from D, ; is violatedby J but notby 7, the

factthatJ <* I impliesthateitherc; A d; — x; or ¢; A e; — z’;, which arebothviolatedby I, mustbe

satisfiedby J. Thus,eitherJ = z; or J = x; holds. Theclausesn L3 imply thatonly onecanhold, and
thus,J(z;) = J(=z%) holds,forall j = 1,...,n. Clearly J isamodelof o A ... A of, asit satisfiesL;

and¢. SinceJ(y;) = J(—y;) = true iff f(y;) = T,foralli = 1,...,m, it thusfollows thatJ restrictedto

{z1,...,z,} isamodelof a. Thatis, « is satisfiablewhichis a contradiction.Thus,J doesnot exist, and
I isa<*-preferredmodelof L U {¢}. Thisshavsthat KB doesnot conditionallyentaild.

(=) Corversely let usassumeéhat KB doesnot conditionallyentaild. Thatis, thereexistsa <*-preferred
modell of L U {¢} suchthat] |~ ¢, whichmeans | fi. Theclausesn Ly imply thatI(z;) = I(z}) =
falsg for all j = 1,...,n; preferrednessf I impliesthatI(f;) = true (asthedefaultc; — f; will be
satisfied)for all j = 1,...,n. Letthemappingf: {y1,-..,ym} — {L, T} bedefinedby f(y;) = T iff
I = a; — y;. Wenow shav thata = (a1 A--- Aay) [y1/f(y1),---,ym/ f(ym)] is unsatisfiableTowards
a contradiction,supposethere exists a truth assignment’ to z1,...,z, thatsatisfiesa. Let I” be the
world thatcoincideson all y;, y; with I, setsI”(z;) = I"(-z}) = I'(z;), andsetsI”(f;) = false for all
j =1,...,n,andsetsI”(p) = true for every otheratomp. ThenI” = L U {¢}. TheworldsI” andT
falsify exactly the samedefaultsin D, ;, for all < = 1,...,m. Moreover, I satisfiesc; — f; andfalsifies
bothe; A dj — z;j ande; Ae; — 7, while I” falsifiesc; — f; andsatisfieseitherc; A d; — ; or
cj Nej — x; forallj =1,...,n. Thisshawvs I"” <* I. Hence,I is nota <*-preferredmodelof L U {¢},
whichis a contradiction It follows that« is unsatisfiableandthus® evaluatedo false.O

C Appendix: Proofsfor Section6

Proof of Theorem 6.9. We give apolynomialtransformatiorfrom thecomplemenbf theNP-completene-
in-three 3satproblemfor positive literals [40]: Givena setof variablesX ={z1, ...,z } andasetC of
clausesci 1 Vzi12V 1 3,...,2Zn1VTn2V Ty 3 suchthatz; ;€ X forallie {1,...,n} andj € {1,2,3},
decidewhetherthereexistsatruthassignmeni,;; over X thatsatisfiesexactly onevariablein eachclause.

We constructKB andd asin the statemenbf thetheoremsuchthat KB doesnot z*-entaild iff sucha
truthassignment,;; exists. Letthesetof atomsbedefinedasAt = {a, b, z1,...,zx}U{a;j|i € {1,...,n},
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je{l,...,4}}. Let KB = (L, D) andd bedefinedby:
L ={a=a;|ic{l,...,n}, je{l,...,4}} U
{zij = ~zip|i€{l,...,n}, j,ke{l,...,3}, s <k} U
{zij = -blie{l,...,n}, j€{1,...,3}},
D = {ajj »zijlie{l,...,n}, je{l,...,3}} U
{a;a = b|ie{l,...,n}},

d =a—b.

It is easyto verify that KB is e-consistentand minimal-core. Furthermoreijt is easyto seethatthe
z-partitionof D is givenby (D). Henceit follows z*(d) = 1 for all d € D.

We next shav thatevery z*-preferredmodelI of L U {a} falsifiesexactly 3n defaultsin D. For every
i€{l,...,n}, theatomsz; 1, z; 2, z; 3, b aremutually exclusve underL. Hence,I falsifiesat leastthree
defaultsamonga; 1 — z; 1, a; 2 = x; 2, a; 3 = x; 3, a; 4 — b, andthusatleast3n defaultsin D. Moreover, a
modelJ of L U {a} thatfalsifiesexactly 3n defaultsin D is alwaysgivenby J(z) = false for all z € X,
J(a) = true, J(b) = true, andJ(a; ;) = trueforallic {1,...,n} andj € {1,...,4}.

Wefinally shaw that KB doesnot z*-entaild iff thereexistsatruth assignmenl;; over X thatsatisfies
exactly onevariablein eachclausefrom C. Assumefirst thatsuchatruth assignmenf;; exists. Hence the
world I thatis definedoy I| x = I, I(a) = true, I(b) = false, and/(a; ;) = trueforallie {1,...,n}
andj € {1,...,4} isamodelof L U {a} thatfalsifiesexactly 3n defaultsin D. Thatis, I is a z*-preferred
modelof L U {a} with I(b) = false. Moreover, theworld J, asdefinedabore, is a z*-preferredmodelof
L U {a} with I(b) = true. Thisshavs that KB doesnot z*-entaild.

Corversely assumehat KB doesnotz*-entaild. Thatis, thereexistsa z*-preferredmodell of LU {a}
suchthatI(b) = false. Hence /I falsifiesexactly 3n defaultsin D. More preciselyfor everyi € {1,...,n},
it falsifiesexactly two defaultsamonga; 1 — x; 1, a;2 — %; 2, a;3 — z;3. This shavs that|x is atruth
assignmenbver X thatsatisfiesexactly onevariablein eachclausefrom C. O

Proof of Theorem 6.11. The claimsfollow immediatelyfrom the proof of Theorem6.9. ConsiderKB and
d constructedn its proof. For the proof of b), let the priority assignmentr on KB bedefinedby n(d) = 1
for all d € D. For theproofof c), notethat() is theleastpriority orderingon D admissiblewith KB. It now
follows that KB doesnotlex-entaild (resp.,(KB, w) doesnotlex,-entaild, and KB doesnotconditionally
entaild) iff thereis atruthassignment,;; over X thatsatisfieexactlyonevariablein eachclausdrom C'. O

Proof of Lemma 6.12. Let the world I* be definedby 1*(b) = I(b) for all actve atomsb € At andby
I*(b) = false for all inactive atomsb € At.

We first shaw that I* is a modelof L. Supposeot. Thatis, thereexists someHorn clausea = 8 € L
suchthatI* = o« = . Thatis, I*(«) = true andI*(3) = false. Hence,I(«) = true. Sincel E a= 3,
we getI(S) = true. Thus,all atomsin « areactive,andg is anatomthatis inactive. Sincef is anatom,
it holdsthata = 8 € L*. Butthis contradicts3 beinginactive. This shavs thatI* is amodelof L.

Clearly asI* coincideswith I onall actve atomsb € At, it follows I*(-y) = I() for all active classical
formulasy, andI* |= ¢ iff I |= ¢ for all active defaultsd € D. Thisshaws (i) and(iii).

Wefinally shaw (ii). Towardsacontradictionsupposehatl* falsifiessomeinactive literal-Horndefault
a—f € D. Thatis, I*(a) = true andI*(8) = false. Thus,all atomsin « areactive. Sincea — 3 is
inactive, theliteral 3 is inactive. Sincel*(3) = false, it follows thatg is anatom,andthusa — 8 € D*.
But this contradicts5 beinginactive. Hence I* satisfiesall inactive defaultsin D. O
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Proof of Lemma6.15.As LU {«a} (resp.,L U{a*}) andg aredefinedover disjoint setsof atoms,it follows
thatL U {a A B} is satisfiablejff both L U {a} andp aresatisfiablejff both L U {a*} andj aresatisfiable,
iff L U {a* A B} is satisfiable This shavs thatx* (o A 8) = oo iff kX (a* A ) = .

Supposenow that L U {a A S} is satisfiable.SinceeachmodelI of o* A § is alsoa modelof a A 3,
we getkt(a A B) < kX(a* AB). Let I beary minimalmodelof L U {a A 8} w.r.t. k}. Lettheworld J be
definedasI’ UI|4:—a,. Clearly J isamodelof o* A 5. Sincel(b) = false impliesJ(b) = false, for all
be At,, itfollows{de D |I |£d} D{deD|J |~ d}. AsJisamodelof L U{a A 8}, andl is aminimal
modelof LU {a A B} w.r.t. k¥, weget{de D | I =d} = {d€ D |J [~ d}. Hencewe getx}(I) = xX(J).
It thusfollows k3 (a A B) = kZ(a* A ). O

Proof of Lemma 6.16.Obviously, x5 (a* A B) = oo iff 32, ¢y | oy k5i(a A Bi) = oo,

Now, let L U {o* A 8} besatisfiable As k5 (I) = 3, c (1, n #s,i(I) for all worldsT over A¢, we get:

@ AB) = Yieq,..my el AB). (18)

For eachi€ {1,...,n}, let I; be a minimal modelof a* A 8 w.r.t. kg ;- SinceeachD; is definedover
At, U At;, we candefineamodell of a* A by I = I} UIi|as U+ U Iy|as,. Thus,it follows:

k(@A B) = Yieq,..ny Fsi(a® AB). (19)
Sincefs, . .., B, aredefinedoverthe pairwisedisjoint setsof atomsAt;, ... . , At,, it follows:
ki (0 AB) = ki (a*Ap;) forallie{1,...,n}. (20)

Theclaim now follows from (19) and(20). O

Proof of Lemma 6.17. AssuméfirstthatL U {a; A 1} andL U {az A 2} have acommonminimal model
I'w.rt. ;. HencepothL U {a1 A a2} andB; A B, aresatisfiable Moreover, it alwaysholdsk? (a1 A B1) <
m’s*(oq Nag AP /\ﬁz) andn’g(ag /\ﬁQ) < K:(al Nag A\ By /\,82) . Sincel isamodelof LU {041 Nag AP /\ﬂg},
it thusfollows k% (a1 A B1) = K5 (a1 A aa A B1 A B2) andk(ag A Ba2) = kX (a1 A ag A Bi A B2).

Corversely asbhothL U {a; A e} andpy A B, aresatisfiablealsoL U {ay A aa A B1 A B2} is satisfiable.
Let I be ary minimal modelof L U {a; A as A B1 A B2} w.rt. k¥, Clearly I is a commonmodelof
Lu{ay ABi1}andL U {ag A B2}. Moreover, kX (a1 A B1) = k(a1 Aags A B A B2) = K5 (ae A B2) implies
that7 is evenacommonminimalmodelof L U {aq A 81} andL U {ap A 2} W.rt. k5. O

Proof of Lemma 6.19.Clearly x;(y) = oo iff L U {7} is unsatisfiabléff k() = oo.

Assumenow that LU{~} is satisfiable Sincex; (I) > & (I) for allworlds1, it follows k*(7y) > K& (7).
Let I beary modelof L U {v} suchthatk;(y) = kx(I). By Lemma6.12,thereexistsa modelI* of L
suchthatI*(y) = I(y) = true, andI* satisfiesD — D andthe samedefaultsin D asI. Hence,we get
kF(I*) > kX (y) andkr (I*) = KF(I). It thusfollows KX (y) > kZ(7y). Hencekl(y) = ki (y). O
Proof of Lemma 6.20. We first shav that?sfj, Esfj is asolutionof (11). Considerary defaulty — 6 € ﬁj.
Theclassicaformulasy A § andy A -6 areof theform a A 81 anda A 39, respectiely, wherea is eitherT
or a conjunctionof atomsfrom Zi\ta, andboth 3; andp, areconjunctionsof literalsover At;. Asy— 0 is
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active,alsoa A 81 anda A 5, areactive. By Lemmata6.15,6.16,and6.19,it thusfollows for [ € {1, 2}:

k(A B) = RE(aABy)
= Ky (" A fB)

= Ryl AB)+ X Ri(e) D
i€{L,...,n}—{j}

= Ryanp)+ X Rlla).
ie{l,...n}—{j}

Hence,x¥ (7 A=0) = oy = 0) + K5(y Ad) iff BZ(y A=d) =G5(y — §)+ ’/?a*-('y A 8). This shavs
thatz * %i» R ] is asolutionof (11). Its unlquenessﬁollows from therobustnesof k* i which we prove next.
Supposehatk* R is notrohust. Then,by Lemma6.17,therearetwo distincty; — d1,v2 — 62 € ﬁj such
thatk\;j (’)’1 A —|(51) = /F?,Sf] (’)’1 Aya A =1 A —|(52) = ES*’]-(’)’Q A —|62), andboth L U {’)’1 A ’)’2} and—d; A =6
aresatisfiable.We next shav thatfor all atomsc € A, it holdsthat L U {m} E c iff LU{r} Ec
Supposehe contrary Without loss of generality assumehat~, containssomeatome € At, suchthat
LU {1} }£ c. LetI beaminimalmodelof L U {1 Ay2 A =d1 A —ds}, andthusalsoof L U {y; A —d1 }.
Lettheworld I' bedefinedby I' = I U I|,, & . Then,I' isamodelof L U {y; A =41}, it satisfiesall

the defaultsin ﬁj thatare satisfiedby I, andit satisfiesy, — d2, which is falsifiedby I. It thusfollows
Re;(I') < &g;(I). Butthis contradictsl beinga minimal modelof L U {y; A—d1}. This shavs thatfor

all atomsc € Ai,, it holdsthat L U {m} E ciff LU {%} E ¢. Hence,we canassumehat~y; A —d1,
Y1 Aya A =61 A —=da, andys A =9 areof theform a A 1, a A 51 A B2, anda A o, respeciiely, wherea
is either T or a conjunctionof atomsfrom Zl\ta, andboth 8, and g8, areconjunctionsof literals over At;.
By (21), it thenfollows k% (y1 A =01) = &X(y1 Ay2 A =01 A—=d2) = kX(y2 A —d2). But, by Lemma6.17,
this contradictss3 beingrobust. It thusfollows that%; is robust. O

Proof of Lemma 6.22. We first shav thatevery w-preferredmodelof L U {¢} satisfiesD — D. Suppose
the contrary Thatis, thereexistsa w-preferredmodel I of L U {¢} suchthatI [~ d for somed € D — D.
Clearly ¢ is active. Thus,by Lemma6.12,thereexistsa modelI* of L suchthatl*(¢) = I(¢) = true,
and I* satisfiesD — D andthe samedefaultsin D asI. This shavs that I* is a modelof L U {¢} that
is m-preferableto I. But this contradicts! beinga m-preferredmodelof L U {¢}. This shawvs thatevery
r-preferredmodelof L U {¢} satisfiesD — D.

a) Let I beaw-preferredmodelof L U {¢}. Clearly ¢ is active. Thus,by Lemma6.12,thereexistsa
modelI* of L suchthatl*(¢) = I(¢) = true, I*(y) = I(v), andI* satisfiesD — D andthe samedefaults
in D asI. We now prove that I'* is a m-preferredmodelof L U {¢}. Supposehe contrary Thatis, there
existsa m-preferredmodelJ of L U {¢} thatis w-preferableto I*. By theamgumentatiorabove, J satisfies
D — D. Butthen/J is #-preferableto I, which contradicts! beinga 7-preferredmodelof L U {¢}. This
shavs thatI* is a 7-preferredmodelof L U {¢}.

b) Let J bean-preferredmodelof L U {¢}. By theagumentatiorabove, J satisfiesD — D. Suppose
that.J is nota7-preferredmodelof L U {¢}. Thatis, thereis amodell of L U {¢} thatis 7-preferableto
J. Clearly ¢ is active. Thus,by Lemma6.12,thereexistsa modelI* of L suchthat/*(¢) = I(¢) = true,
andI* satisfiesD — D andthesamedefaultsin D asI. ButthenI* is - preferabldo J, which contradicts/
beingaw-preferredmodelof L U {¢}. This shavsthat.J is a7-preferredmodelof L U {¢}. O

Proof of Lemma 6.23. a) Let I be a 7-preferredmodelof L U {¢}. Let theworld J be definedas I U

Clearly J is amodelof L U {¢*} suchthat.J|,, = Sincel|; is asupersebf

I|At—f4'2a' = I|At—Kta'
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J| 4, itfollows{de D|I }~d}2{deD|J % d}. SinceJ isamodelof L U {¢}, andI is a7-preferred
modelof L U {¢}, weget{de D |I [£ d}={de D|J [~ d}. Supposenow thatthereexistsa modelJ’
of L U {¢*} thatis w-preferableto J. Hence,J' is amodelof L U {¢} thatis 7-preferableto I. But this
contradictsl beinga7-preferredmodelof L U {¢}. Thus,J is a7-preferredmodelof L U {¢*}.

b) Let I bea7-preferrednodelof L U {¢*}. In particular I isamodelof LU {¢}. Supposeow that!
is nota7-preferredmodelof L U {¢}. Thatis, thereexistsamodell’ of L U {¢} thatis 7-preferableto I.
Let theworld J bedefinedas I U I’|At_;4\ta. Clearly J is amodelof L U {¢*}. Moreover, sincel’ i, s
asupersedf J| 5 , it follows {d€ D |I' = d} D {d€ D |J = d}. Thus,J isamodelof L U {¢*} that
is w-preferableto 1. But this contradicts! beingan7-preferredmodelof L U {¢*}. Thisshavsthat! is a
w-preferredmodelof L U {¢}. O

Proof of Lemma 6.24. a) For eachi € {1,...,n} with i # j, let I; bea7;-preferredmodelof L U {¢*}.
Definetheworld J asI3U 1[4y U -+ - U In|ag,. Clearly J is amodelof L U {¢*} with J|ay; = Ij|ay,-
Assumenow that.J is not a 7-preferredmodelof L U {¢*}. Thatis, thereexistsa modelJ’ of L U {¢*}
thatis 7-preferableto J. Thus,thereis somei € {1,...,n} suchthatJ’ is 7;-preferableo J. Thatis, J' is
m;-preferabldo I;. But this contradictsl; beinga;-preferredmodelof L U {¢*}. Thus,J is a7-preferred
modelof L U {¢*}.

b) Let I be a w-preferredmodelof L U {¢*}. Supposenow that I is not a 7;-preferredmodel of
LU {¢*}. Thatis, thereexistsamodelI’ of L U {¢*} thatis 7;-preferableto I. Let theworld J bedefined
asIjul'|a; U I|At7@auAtj). Clearly J isamodelof L U {¢*}. Moreover, J is T-preferableto I. But

this contradictsl beinga7-preferredmodelof L U {¢*}. Thus,I is a7;-preferrednodelof L U {¢*}. O
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