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Abstract

Conditionalknowledgebaseshave beenproposedasbelief basesthat includedefeasiblerules(also
calleddefaults)of theform “ ����� ”, which informally readas“generally, if � then � .” Suchrulesmay
have exceptions,which canbehandledin differentways.A numberof entailmentsemanticsfor condi-
tionalknowledgebaseshavebeenproposedin theliterature.However, while thesemanticpropertiesand
interrelationshipsof theseformalismsarequite well understood,abouttheir computationalproperties
only partial resultsareknown sofar. In this paper, we fill thesegapsandfirst draw a precisepictureof
thecomplexity of default reasoningfrom conditionalknowledgebases:Givena conditionalknowledge
base�	� anda default �
��� , does ��� entail �
��� ? We classifythe complexity of this problem
for a numberof well-known approaches(includingGoldszmidtet al.’s maximumentropy approachand
Geffner’s conditionalentailment),wherewe considerthe generalpropositionalcaseaswell asnatural
syntacticrestrictions(in particular, to Hornandliteral-Hornconditionalknowledgebases).As weshow,
themoresophisticatedsemanticsfor conditionalknowledgebasesareplaguedwith intractability in all
thesefragments.Wethusexplorecasesin whichthesesemanticsaretractable,andfind thatmostof them
enjoy this propertyon feedback-freeHorn conditionalknowledgebases,which constitutea new, mean-
ingful classof conditionalknowledgebases.Furthermore,we generalizeprevious tractability results
from Horn to q-Horn conditionalknowledgebases,which allow for a limited useof disjunction. Our
resultscomplementandextendpreviousresults,andcontribute in refining the tractability/intractability
frontier of default reasoningfrom conditionalknowledgebases.They provide usefulinsight for devel-
opingefficient implementations.

Keywords: Reasoningunderuncertainty, conditionalknowledgebases,default reasoning,nonmonotonic
inference,computationalcomplexity, polynomial-timealgorithms,Horn knowledgebasesandvariants.

1 Intr oduction

During thepastdecade,therehasbeenextensive work on laying the foundationsof inferencesystemsfor
plausiblereasoningin thepresenceof incompleteinformation. In particular, characterizingnaturalproper-
tiesof suchsystemsandtheir inferencerelationsembodiedwasa majorsubjectof studyin nonmonotonic
reasoning(cf. [37, 38]).

Conditional knowledgebases.A conditionalknowledgebaseconsistsof a collectionof strict statements
in classicallogic anda collectionof defeasiblerules(alsocalleddefaults). Theformerarestatementsthat
mustalwayshold, while the latter arerules ����� that readas“generally, if � then � .” Suchrulesmay
have exceptions,whichcanbehandledin differentways.For example,theknowledge“penguinsarebirds”�
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and“penguinsdon’t fly” canberepresentedby strict sentences,while theknowledge“birds fly” shouldbe
expressedby a defeasiblerule (sincepenguinsarebirdsthatdo not fly).

Thesemanticsof a conditionalknowledgebase��� is givenby thesetof all defaultsthatareplausible
consequencesof ��� . Theliteraturecontainsseveraldifferentproposalsfor plausibleconsequencerelations
andextensive work on their desiredproperties.The coreof thesepropertiesarethe rationality postulates
proposedby Kraus,Lehmann,andMagidor [57]. It turnedout that theserationality postulatesconstitute
a soundandcompleteaxiomsystemfor severalclassicalmodel-theoreticentailmentrelationsunderuncer-
tainty measureson worlds. More precisely, they characterizeclassicalmodel-theoreticentailmentunder
preferentialstructures[85, 57], infinitesimalprobabilities[1, 80], possibilitymeasures[30], andworld rank-
ings[86, 48]. Moreover, they characterizeanentailmentrelationbasedonconditionalobjects[31]. A survey
of all theserelationshipsis given in [8]. We will usethenotionof � -entailmentto refer to theseequivalent
entailmentrelations.That their equivalenceis not incidentalis shown by FriedmanandHalpern[35], who
prove thatmany approachesareexpressibleasplausibility measuresandthusthey must,undersomeweak
naturalconditions,inevitably amountto thesamenotionof inference.

Mainly to solveproblemswith irrelevantinformation,thenotionof rationalclosureasamoreadventur-
ousnotionof entailmenthasbeenintroducedby Lehmann[61, 63]. This notionof entailmentis equivalent
to entailmentin system� by Pearl[81] (which is generalizedto variablestrengthdefaults in system���
by GoldszmidtandPearl[47, 49]), to theleastspecificpossibilityentailmentby Benferhatet al. [7], andto
a conditional(modal)logic-basedentailmentby Lamarre[60]. Finally, mainly in orderto solve problems
with propertyinheritancefrom classesto exceptionalsubclasses,themaximumentropy approachto default
entailmentwasproposedby Goldszmidtetal. [45] (andrecentlygeneralizedto variablestrengthdefaultsby
BourneandParsons[13]); thenotionof lexicographicentailmentwasintroducedby Lehmann[62] andBen-
ferhatetal. [6]; thenotionof conditionalentailmentwasproposedby Geffner [41, 43]; and,aninfinitesimal
belief functionapproachwassuggestedby Benferhatetal. [9].

Moti vation and goalsof this work. While the semanticpropertiesandinterrelationshipsof the various
formalismsare quite well understood,their computationalpropertiesare lessexplored. Algorithms for
conditionalknowledgebaseshave beendescribed,for example,in [46, 63, 49, 22]. They areoftenusedfor
a roughanalysisof thecomputationalcomplexity of theproblemsthey solve. Thisway, in many cases,only
roughupperboundsfor thecomplexity of variouscomputationalproblemshave beenestablishedsofar.

Oneof thegoalsof thispaperis to fill thesegapsandto draw aprecisepictureof thecomputationalcom-
plexity of major formalismsfor default reasoningfrom conditionalknowledgebases.It thuscomplements
andextendsthepreviouswork in [46, 63, 49,22].

Our effort on characterizingthecomputationalcomplexity of thevarioussemanticsservesseveralpur-
poses.Firstly, precisecomputationalrelationshipsbetweenvariousformalismsareestablished,that is, the
feasibilityof apolynomialtime transformationof reasoningin oneformalisminto reasoningin anotherone
canbeassessedfrom ourcomplexity results.Secondly, theresultsshow thatcertainalgorithmsin thelitera-
turehaveoptimalorderunderworstcasecomplexity. Finally, theresultsgiveusefulinsightandbackground
informationwhennew algorithmsfor default reasoningaredesignedandpracticalimplementationsarede-
veloped;notethat, to our knowledge,for thevarioussemanticsno or only prototypeimplementationsare
publicly availableto date(see[12, 22]).1

Anothergoal of this paperis to find, in the light of the resultsthat emerge in the complexity charac-
terization,meaningfulcasesin which default reasoningfrom conditionalknowledgebasesis tractable.In

1Thegroupof D. DuboisandH. Pradehaddevelopedexperimentalimplementationsof semanticsequivalentto � -semanticsand
system� in thepastfor internaluse,whichhave not beendisseminatedthough(D. Dubois,personalcommunication).
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particular, we aim at identifying nontrivial restrictionswhich, on theonehand,canbechecked efficiently
and,on theotherhand,guaranteesufficient expressivenesssuchthat relevant instancesof theproblemcan
berepresented.

Main contributions and results.Ourmaincontributionson theabove issuesarethefollowing:

(1) First andforemost,we give a sharpcharacterizationof the complexity of default reasoningfrom
conditionalknowledgebasesunderseveral semantics,improving on previous results. In particular, we
addressthefollowing genericproblem:Givena conditionalknowledgebase��� andadefault ��� � , is it
truethat ��� entails�!��� ? Notethatthepreciseformulationof thisproblemslightly variesin thedifferent
approachesandmayinvolvefurtherparameters.Ouranalysisincludesformalismsfor whichonly veryrough
or evennocomplexity resultshavebeenderivedsofar, namelyproper � -entailment[46], maximumentropy
entailment[45] togetherwith its variable-strengthextension[13], andGeffner’sconditionalentailment[41].

(2) Weanalyzetheeffectof compilationfor ranking-basedapproaches,in termsof off-line computation
of therankingimplicitly associatedwith thedefaultsin theknowledgebase,suchthatit canbeusedon-line
for default reasoning.Both thecostof computingtherankingandof its on-lineusefor default reasoningare
examined.

(3) Weanalyzetheimpactof syntacticalrestrictionsontheknowledgebases.In particular, weconsider
the restrictionto theHorn case,whereall strict statementsareHorn clausesandall defeasiblerulesareof
theform �"��� with conjunctionsof atoms� andconjunctionsof Hornclauses� , andtherestrictionto the
literal-Horncase,where� is additionallya literal.

(4) Wepresentnew tractablecasesfor defaultreasoningfromconditionalknowledgebases.For this,we
introducetwo new classesof conditionalknowledgebases,which generalizeandrestrictHorn conditional
knowledgebases,respectively, andcanbeefficiently recognized.Ourclassof q-Hornconditionalknowledge
basesenrichesin thespirit of [10] theexpressivenessof a Horn ��� by allowing limited useof disjunction
in bothclassicalstatementsanddefeasiblerules.For example,a default #%$'&)(+*-,.$'/0�2143657398;:=<"#>1@?BACA@398;: ,
which informally expressesthatonSaturday, somepersonis normallyout for eitherhiking or shopping,can
berepresentedin q-Horn ��� , while it cannot representedin a Horn ��� . On theotherhand,our classof
feedback-freeHorn conditionalknowledgebasesrestrictsthe literal-Horncaseby requestingthat,roughly
speaking,default consequentsdo not fire backinto theclassicalknowledgeof ��� andthatthedefaultscan
begroupedinto non-interferingclustersof boundedsize. A numberof examplesin theclassof feedback-
freeHorn ��� ’s, taken from the literature,aregiven in Section6.4. Note that,asshown by Example6.6,
this classallows for expressingtaxonomichierarchiesthatareaugmentedby default knowledge.A detailed
pictureof thehierarchyof all classesof conditionalknowledgebasesthatwe considerin thispaperis given
in Figure8 onpage28.

Ourmainfindingscanbebriefly summarizedasfollows.

D Theapproachesconsideredin this papercover differentcomplexity classesat thelow endof thepoly-
nomial hierarchy, which rangefrom EGF - H�I ( � -entailment)to J�KL (Geffner’s conditionalentailment). In
general,they have lower complexity thanwell-known logical formalizationsof nonmonotonicreasoning
suchasdefault logic, circumscription,or autoepistemiclogic [88, 50, 33].

D Theoff-line computationof rankingsdoesin generalnotpayoff with respectto worst-casecomplexity,
andin particulardoesnotbuy tractability. Furthermore,computingtherankingassociatedwith aknowledge
baseis asdifficult assolvingthereasoningproblem.
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D Horn constraintshave differenteffectson thevarioussemantics.For someapproaches,therestriction
to theHorncaseleadsto tractability, while for theothers,thecomplexity remainsunchanged.Interestingly,
for all semantics,Hornandliteral-Hornknowledgebaseshave thesamecomplexity. In particular, Geffner’s
conditionalentailmentis J K L -completein theliteral-Horncase,andthusharderthanReiter’sdefault logic in
thiscase[56, 87].

D We show that previous tractability resultsfor � -entailment[46], proper � -entailment[63, 49], M - and
M.� -entailment[49] in the Horn casecanbe extendedto the q-Horn case. Thus, in all theseapproaches
a limited useof disjunctionis possiblewhile tractability is retained. Furthermore,we show that in the
feedback-freeHorncase,default reasoningunderMON -entailment[45], MPNQ -entailment[13], lex-entailment[6],
and lexR -entailment[62] is tractable. To our knowledge,no or only limited tractablecases[6] for these
notionsof entailmentfrom conditionalknowledgebaseshave beenidentifiedsofar.

D Our tractabilityresultsfor thefeedback-freeHorn casearecomplementedby our proof thatwithout a
similar restrictionon literal-Horndefaults,all therespective semanticsremainintractable.In particular, this
appliesevenfor thecaseof a 1-literal Horn ��� , in which eachdefault is literal Horn andhasat mostone
atom,andtheclassicalknowledgein ��� consistsof Horn-clauseshaving at mosttwo literals.

Structur eof thepaper. Therestof thispaperis organizedasfollows. Section2 containssomepreliminaries
on conditionalknowledgebasesandcomplexity classesthat we needin this paper. In Section3, we then
review thevarioussemanticsfor conditionalknowledgebasesthatwe considerin our study. In Section4,
we first formally definethe inferenceproblemsto be analyzed,andthen,after reviewing previous results,
we overview anddiscussour complexity resultsfor thesesemantics.Section5 is devotedto theproofsof
ourcomplexity results,andshowsalgorithmsfor someof thesemantics.Thissectionmaybesafelyskipped
by thereaderlessinterestedin technicaldetails.In Section6, we thenexplorethetractability/intractability
frontier in moredetail. We introduceq-Hornandfeedback-freeHorn default knowledgebases,for which
we derive our tractability resultsandshow the intractability resultsfor the 1-literal Horn case.Section7
considersrelatedwork,wherewebriefly addresscomplexity resultsfor conditionalmodallogicsanddiscuss
relatedcomplexity resultsin thefieldsof beliefrevisionandnonmonotoniclogics.Thefinal Section8 draws
someconclusionsandoutlinesissuesfor furtherresearch.

In orderto distractnot from theflow of reading,longerproofsandtechnicaldetailshavebeenmovedto
AppendicesA–C.

2 Preliminaries

2.1 Conditional KnowledgeBases

We assumea setof basicpropositions(or atoms) ST&�UWVXAZY\[]A L [\^\^\^>[]A@_a` with 8cbed . We use f and g to
denotethepropositionalconstantsfalseandtrue, respectively. Thesetof classicalformulasis theclosure
of S�&Zh
VOf�[Bg=` undertheBooleanoperationsi and j . Classicalformulaswill bedenotedby Greeklower
letters k , l , ^\^\^ . We use m9��n��po and m9�!<q�po to abbreviate irm9�sj
it�po and irm9iu�vj
it�ro , respectively,
andadopttheusualconventionsto eliminateparentheses.A literal is anatomA from S�& or its negation i+A .
A Horn clauseis a classicalformula ��n�� , where � is either g or aconjunctionof atoms,and � is either
f or anatom.A definiteHorn clauseis aHorn clause�"n � , where� is anatom.

A conditional rule (or default) is an expression�e� � , where � and � are classicalformulas. A
conditionalknowledge baseis a pair ���wUwm]xT[zy!o , where x is a finite setof classicalformulasand y is
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a finite setof defaults. Informally, x containsfactsandrulesthatarecertain,while y containsdefeasible
rules.In casex{U}| , we call ��� a defaultknowledge base. A default �"�~� is Horn (resp.,literal-Horn),
if � is either g or a conjunctionof atoms,and � is a conjunctionof Horn clauses(resp., � is a literal).
A definiteliteral-Horn default is a literal-Horn default ����� , where� is an atom. Given a default , , we
use ST&\m],7o to denotethesetof all atoms$v��ST& thatoccurin , .

Givena conditionalknowledgebase���WUwm]x�[zy"o , a strengthassignment� on ��� is a mappingthat
assignseachdefault ,q�
y a nonnegative integer ��m],�o . A priority assignmenton ��� is a strengthassign-
ment � on ��� suchthat V%��m],7o��6,���y�`�UeV%��[�dP[\^\^\^P[�5+` for some5�b�� . Informally, a priority assignment
is astrengthassignmentin which thereareno “empty levels”.

An interpretation(or world) is a truthassignment���aST&���V true [ falsè , which is extendedto classical
formulasas usual. We use �Z�@� to denotethe set of all worlds for S�& . The world � satisfiesa classical
formula � , or � is amodelof � , denoted�!� U�� , if f �+m9�;o�U true. � satisfiesadefault �!��� , or � is amodel
of �
��� , denoted�
� U������ , if f ��� U��
n�� . � satisfiesa set � of classicalformulasanddefaults,or
� is a modelof � , denoted��� U�� , if f � satisfiesevery memberof � . A classicalformula � is a logical
consequenceof � , denoted��� U}� , if f eachmodelof � is alsoa modelof � . Wewrite ���� U}� if f it is not
thecasethat �~� U�� . Theworld � verifiesadefault �"��� , denoted�"� U����"��� , if f �!� U}��j�� . � falsifies
adefault �!��� , if f �"� U���j"it� (thatis, ���� U��!��� ). A setof defaults y toleratesadefault , underaset
of classicalformulasx if f y�h!x hasamodelthatverifies , . A setof defaults y is under x in conflictwith
adefault �"� � if f all modelsof y�h!x�hqVO�Z` satisfy it� .

A world ranking   is amapping r�.� �@� �2V%��[�dP[\^\^\^¡`+h¢VO£¤` suchthat  ¥m]�7o�U¦� for at leastoneworld � .
It is extendedto all classicalformulas � asfollows. If � is satisfiable,then  §m9�;o�Uw¨0©«ª�V> ¥m]�7o��6���p� �+� ,
�"� U}�Z` ; otherwise, ¥m9�;ouU}£ . A world ranking   is admissiblewith a conditionalknowledgebasem]x�[zy"o
if f  ¥m9i��;o�UW£ for all �¬��x , and  §m9�;o�­®£ and  ¥m9�sj��ro�­� §m9�sj
it�po for all defaults �¯�°�e�{y .
A defaultranking � on y mapseach,T�±y to anonnegative integer.

Wegiveanexamplethatillustratesworld rankings.

Example2.1 Thestrict knowledge“all penguinsarebirds” andthedefeasibleknowledge“generally, birds
fly”, “generally, penguinsdonotfly”, and“generally, birdshavewings” canberepresentedby thefollowing
conditionalknowledgebase���²U�m]x�[zy"o over thesetof atomsST&aU�V penguin[ bird [ fly [ wings̀ :

x�U2V penguinn bird `�[
y�U2V bird � fly [ penguin�³i fly [ bird � wings̀�^

It holds ST&\m bird � flyo´UµV bird [ fly ` and ST&\m penguin�³i flyo�U²V penguin[ fly ` .
Figure1 shows threeworld rankings @¶ ,  ;Y , and   L . It is easyto verify that  @¶ and  ;Y areadmissible

with ��� (notethat  a¶ and  ;Y arein facttheworld rankingsof ��� in system� andundermaximumentropy,
respectively). The world ranking  a· , however, is not admissiblewith ��� , since x containsthe classical
formula penguinn bird, but   · m penguin j{i birdo�U ¨0©«ªZm¸  · m]� L oB[�  · m]�\¹%oB[�  · m]� Yº¶ oB[�  · m]� Y9» oXo�U�¼®�U~£ .
Moreover, y containsthedefault bird � wings, but  a·Cm bird j wingsouU½�=U½ a·Cm bird j�i wingso .

2.2 Complexity Classes

We assumesomebasicknowledgeaboutcomplexity theory. In particular, we supposefamiliarity with the
classesP, NP, andco-NP. We now briefly introducesomeotherclassesthatwe encounterin our analysis
(seeespecially[79, 54, 84, 53] for furtherbackground).

TheclassI�¾@K (resp.,H�I ¾@K ) containsall decisionproblemsthatcanbesolved in deterministic(resp.,
nondeterministic)polynomialtimewith anoraclefor H�I (informally, asubroutinefor solvingaproblemin
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penguin bird fly wings ¿.À ¿7Á ¿'ÂÃ Á Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆÉÇÊÈ Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆ¡ÇBÈ Ë Ë ËÃ Â ÌBÍGÎ È Ä]ÅCÆÉÇÊÈ Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆ¡ÇBÈ Ï Ï ÏÃzÐ Ä]ÅCÆ¡ÇBÈ Ì�Í\Î È Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆ¡ÇBÈ Ñ Ò ÒÃXÓ ÌBÍGÎ È Ì�Í\Î È Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆ¡ÇBÈ Ñ Ò ÒÃzÔ Ä]ÅCÆ¡ÇBÈ Ä]ÅCÆÉÇÊÈ ÌBÍGÎ È Ä]ÅCÆ¡ÇBÈ Ë Ë ËÃzÕ ÌBÍGÎ È Ä]ÅCÆÉÇÊÈ ÌBÍGÎ È Ä]ÅCÆ¡ÇBÈ Ï Ï ÏÃzÖ Ä]ÅCÆ¡ÇBÈ Ì�Í\Î È ÌBÍGÎ È Ä]ÅCÆ¡ÇBÈ Ñ Ñ ÑÃz× ÌBÍGÎ È Ì�Í\Î È ÌBÍGÎ È Ä]ÅCÆ¡ÇBÈ Ò Ø Ù

penguin bird fly wings ¿CÀ ¿�Á ¿.ÂÃzÚ ÄÛÅ.ÆÉÇÊÈ Ä]ÅCÆ¡ÇBÈ ÄÛÅ.ÆÉÇÊÈ Ì�Í\Î È Ë Ë ËÃ Á9À Ì�Í\Î È Ä]ÅCÆ¡ÇBÈ ÄÛÅ.ÆÉÇÊÈ Ì�Í\Î È Ï Ï ÜÃ Á6Á ÄÛÅ.ÆÉÇÊÈ ÌBÍGÎ È ÄÛÅ.ÆÉÇÊÈ Ì�Í\Î È Ñ Ñ ÑÃ ÁºÂ Ì�Í\Î È ÌBÍGÎ È ÄÛÅ.ÆÉÇÊÈ Ì�Í\Î È Ñ Ñ ÑÃ Á Ð ÄÛÅ.ÆÉÇÊÈ Ä]ÅCÆ¡ÇBÈ Ì�Í\Î È Ì�Í\Î È Ë Ë ËÃ Á Ó Ì�Í\Î È Ä]ÅCÆ¡ÇBÈ Ì�Í\Î È Ì�Í\Î È Ï Ï ÏÃ Á Ô ÄÛÅ.ÆÉÇÊÈ ÌBÍGÎ È Ì�Í\Î È Ì�Í\Î È Ë Ë ËÃ Á Õ Ì�Í\Î È ÌBÍGÎ È Ì�Í\Î È Ì�Í\Î È Ò Ò Ò

Figure1: SomeWorld Rankings

H�I at unit cost). They aretheclassesÝÞKL and ßpKL of thepolynomialhierarchy, which hasbeenintroduced
to capturethe intrinsic complexity of problemsthathave complexity betweenH�I andPSPACE.Theclass
J�KL is thecomplementaryclassof ß	KL , whichhasYes-andNo-instancesinterchanged.

TheclassÝ�KL hasbeenrefinedto assessthenumberandquality of oraclecallsfor solvinga problem:
Theclassà K containstheproblemsthat canbedescribedasa logical conjunctionof a problem á�Y in

H�I andaproblemá L in EGF - H�I . Thatis, giveninstancesof �OY and � L of áuY and á L , respectively, theanswer
is “yes” if both �OY and � L areYes-instances,and“no” otherwise.Any problemin à K canbesolvedwith two
NP oraclecalls,andis intuitively easierthanaproblemcompletefor Ý�KL .

The class Ý K L¥âäãåm]æçF-èu8¥oºé containsthe problemsin Ý K L that canbe solved with ã0m]æçF-è�8¥o many oracle
calls, where 8 is the sizeof the probleminput. This class,alsonamedê�KL , is very robust andhasmany
differentequivalentcharacterizations[90]. In particular, it coincideswith ë§¾+K , logspacecomputabilitywith
anNPoracle,andwith I ¾@Kì , thatis, polynomialtimecomputabilitywith anNPoraclewhereall oraclecalls
mustbefirst preparedandthenissuedin parallel.

Qualitatively speaking,membershipin Ý K L âäãåm]æçF-èu8¥oºé meansthat theproblemcanbesolved efficiently
by parallelization to the classicalsatisfiabilityproblem(SAT), which may be solved by usingoneof the
promisingSAT-algorithmsthathave beendeveloped(seee.g.[29]).

Accordingto thecurrentbelief in complexity theory, thefollowing is astricthierarchyof inclusions:

I�í~H�I�[zEGF - H�I2í�à K í�Ý KL âäãåm]æçF-èu8¥oºéîU¦ë ¾+K U½I ¾@Kì í�Ý KL U½I ¾+K í2ß KL [zJ K L ^
For classifyingproblemsthatcomputeanoutputvalue(e.g.,thesetof atomsthatareentailedby aclassi-

cal formula � ), functionclassessimilar to theclassesabovehavebeenintroduced(cf. [84, 53]). In particular,ï I , ï I ¾@Kì (=
ï ë ¾@K ), and

ï I ¾@K arethefunctionalanalogsof I , I�¾@Kì (= ë§¾+K ), and Iu¾+K , respectively.
In this paper, unlessstatedotherwise,completenessfor a decisionclassis with respectto standard

polynomial time transformations.Furthermore,completenessfor a function classis understoodin terms
of a naturalgeneralizationof polynomial time transformations:The problem áuY reducesto á L , if there
arepolynomial time functions ð and : suchthat for eachinstance�OY of áuY , the output for �OY is given by
:îm]� Y [zá L m¸ð´m]� Y oXoXo 2; see[84, 53] for formaldetails.In caseof I and

ï I , completenessis understoodin terms
of reductionsthatcanbecomputedin logarithmicspace.

In the sequel,unlessstatedotherwise,we considerpresumablyintractableproblems(it hasnot been
provedsofar that I}�U½H�I ) asintractable.

2Notethatthefirst argumentof ñ allows to accesstheoriginalprobleminstanceòBó .
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3 Semanticsfor Conditional KnowledgeBases

In thissection,werecallsomeof theproposalsfor asemanticsof conditionalknowledgebases.To simplify
thepresentation,we shalladjustoriginal definitions(without significanteffects)to our framework, anduse
characterizationsof semanticsbasedon world rankings.

3.1 Examples

We now illustratethe differentsemanticsof conditionalknowledgebasesalonga classicalexample[49],
whichextendsExample2.1by somemoredefaults.

Example3.1 Considerthe following conditionalknowledgebase ���ôU m]x�[zy"o , which representsthe
knowledge“all penguinsarebirds”, “generally, birdsfly”, “generally, penguinsdonotfly”, “generally, birds
have wings”, “generally, penguinslive in thearctic”, and“generally, flying animalsaremobile”.

x�U2V penguinn bird `�[
y�U2V bird � fly [ penguin�³i fly [ bird � wings[ penguin� arctic [ fly � mobilè�^

Wewouldlike thisconditionalknowledgebaseto entail“generally, birdsaremobile” (asbirdsgenerally
fly, andflying animalsare generallymobile) and “generally, red birds fly” (as the property“red” is not
mentionedat all in ��� andcanthusbeconsideredirrelevant to theflying ability of birds). Moreover, ���
shouldentail“generally, penguinshavewings” (asthesetof all penguinsis asubclassof thesetof all birds,
andthuspenguinsshouldinherit all propertiesof birds),and“generally, penguinsdo not fly” (asproperties
of morespecificclassesshouldoverrideinheritedpropertiesof lessspecificclasses).

Thecorrespondingbehavior of � -entailment,M -entailment(that is, entailmentin system� ), MPN -entail-
ment(that is, entailmentundermaximumentropy), lex-entailment(that is, lexicographicentailment),and
conditionalentailmentis shown in Table 1. In detail, bird � mobile is a plausibleconsequenceof ���
underall notionsof entailmentexceptfor � -entailment.Moreover, in this example,every notionof entail-
mentexceptfor � -entailmentignoresirrelevant information,while every notionof entailmentexceptfor � -
and M -entailmentshows propertyinheritancefrom the classof all birds to the exceptionalsubclassof all
penguins.Finally, thedefault penguin�³i fly is entailedby ��� underall notionsof entailment.

Table1: Plausibleconsequencesof ��� underdifferentsemantics

bird � mobile red j bird � fly penguin� wings penguin�³i fly

� -entailment õ õ õ ö
M -entailment ö ö õ ö
MPN -entailment ö ö ö ö
lex-entailment ö ö ö ö

conditionalentailment ö ö ö ö

Thenext exampleshows how ambiguitiesarehandledunderthedifferentsemantics.

Example3.2 Let us now add the knowledge“generally, metal-wingedobjectsfly” and “generally, light
objectsfly” to theconditionalknowledgebase���®Uem]x�[zy"o givenin thepreviousexample.That is, let us
considertheconditionalknowledgebase����÷@U�m]xT[zy�hqV metal-wings� fly [ light � fly `Oo .
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Whatdoes����÷ sayabouttheability to fly of light metal-wingedpenguins?Clearly, ���¢÷ is ambiguous
onthispoint. Thatis, ��� ÷ shouldneitherentailthatlight metal-wingedpenguinsfly, northatthey donot fly.

It turnsout thatonly � - andconditionalentailmentshow sucha behavior. Under M - andlex-entailment,
in contrast, ����÷ entailsthat light metal-wingedpenguinsdo not fly. Furthermore,under MPN -entailment,
��� ÷ entailsthatlight metal-wingedpenguinsfly.

Informally, the notionsof M � -, M NQ - and lexR -entailmentcanbe motivatedasfollows. Every notion of
entailmentin Table1 is associatedwith a setof preferencerelationson � �+� (which is a singletonin caseof
M -, M N -, andlex-entailment).Thesepreferencerelationsareimplicitly encodedin thestructureof ��� . The
notionsof M.� -, MONQ - and lexR -entailmentaregeneralizationsof M -, MPN -, and lex-entailmentin which we can
explicitly characterizethesepreferencerelationsthroughadditionalstrengthandpriority assignments.

3.2 ø -Semantics

Wefirst describethenotionsof � -consistency, � -entailment,andproper� -entailment.Thesenotionsgoback
to Adams[1] andPearl[80]. We definethemin termsof world rankings(seeespeciallyGeffner’s work
[41, 42] for theequivalenceto theoriginaldefinitions).

A conditionalknowledgebase��� is � -consistentif f thereexistsaworld rankingthatis admissiblewith
��� . It is � -inconsistentif f nosuchaworld rankingexists.

A conditionalknowledgebase����� -entailsa default ����� if f either  ¥m9�îo=U³£ (that is, � is unsat-
isfiable)or  ¥m9�sjq�roî­� §m9��j
it�po for all world rankings   that areadmissiblewith ��� . Moreover, ���
properly � -entails �!��� if f ���½� -entails �"��� and ��� doesnot � -entail �s��f .

Thenext theoremis asimplegeneralizationof a resultby Adams[1], whostatedit for x{U¦| .
Theorem 3.1(essentially[1]) A conditionalknowledge base m]x�[zy"o¥� -entailsa default ���~� iff thecon-
ditional knowledge base m]xT[zy�hqVO�"��it��`Oo is � -inconsistent.

3.3 Systemsù and ù�ú
Entailmentin system � (Pearl[81]) appliesto � -consistentconditionalknowledgebases����U~m]xT[zy!o .
It is linked to an orderedpartition of y , a default ranking M , anda world ranking  @û : Let m]yÞ¶P[\^\^\^�[zyÞüCo
be the uniqueorderedpartition of y suchthat, for 3
U���[\^\^\^%[�5 , each y�ý is the set of all defaults in
y�õÿþvV%y��	�6������­"3X` thataretoleratedunderx by y®õ
þsV%y����6������­"3X` . Wecall this m]yÞ¶P[\^\^\^>[zyÞüPo the
M -partition of y . Wenext definethedefault ranking M asfollows. For ��U¦��[\^\^\^%[�5 , each,T�±y�� is assigned
thevalue � underM . Finally, theworld ranking   û onall �v�Þ� �@� is definedasfollows:

  û m]�7o U

����� ���	 £ if ���� U¦x
� if �s� U¦x
h!y
duö ¨�
��
����������� � 
 M@m],�o otherwise.

(1)

A default �!��� is M -entailedby ��� if f either  aûCm9�;o�U�£ or  aûCm9�Þjs�rop­  @ûCm9�Þj"it�po .
Thenotionof entailmentin system� � (GoldszmidtandPearl[47, 49]) appliesto � -consistentcondi-

tional knowledgebases���eU³m]x�[zy"o with strengthassignment� . Entailmentin system��� is linked to a
default ranking M � andaworld ranking   � , whicharedefinedastheuniquesolutionof thefollowing system
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of equations:For all ,�U��"���c��y andall �s�Þ� �+� :
M � m],7o U ��m],7oZö¬  � m9��js�po (2)

  � m]�7o U

����� ���	 £ if ���� U½x
� if �s� U½x�h!y
duö ¨�
��
����������� � 
 M � m],�o otherwise.

(3)

We arenow readyto define M � -entailmentasfollows. A default ����� is M � -entailedby m9���å[z�§o at
strength� if f either  +�rm9�îouU�£ or  +�	m9�Þj!�poZö��"­¤ @�pm9�Þj�it�ro .

We note that for any � -consistentconditionalknowledgebase m]x�[zy"o , the default ranking M and the
world ranking  aû coincidewith M.� and  +� for m]x�[zy"o understrengthassignment��m],7ouU½� , for all ,å��y .

3.4 Maximum Entropy Semantics

Themaximumentropy approachto default entailmenthasbeenintroducedby Goldszmidtetal. [45]. Re-
cently, it hasbeenextendedto variablestrengthdefaultsby BourneandParsons[13, 12].

In detail, M N -entailmentappliesto � -consistentminimal-coreconditionalknowledgebases���{U�m]xT[zy!o ,
where ��� is minimal-core if f for eachdefault ,��
y thereis a model � of xÿh�m]yWõ�V%,4`Oo that falsifies , .
This notionof entailmentis linkedto a default ranking MON anda world ranking  7N , which aredefinedasthe
uniquesolutionof asystemof equationssimilar to (2) and(3). For all ,ÞU¦�"���½��y andall �å�Þ� �+� :
M N m],7o U d�ö�  N m9��j!�po (4)

  N m]�7o U

����� ���	 £ if �
�� U½x
� if �"� U½x�h!y�
����������� � 
 MON7m],7o otherwise.

(5)

A default �!��� is M N -entailedby ��� if f either   N m9�;o�U�£ or   N m9�Þjv�po�­   N m9�Þj�i �po .
The notion of M NQ -entailmentappliesto � -consistentconditionalknowledgebases����U�m]xT[zy!o with

positive strengthassignment� . This notion of entailmentis definedwhenever the following systemof
equationshasauniquesolution M NQ [�  N Q with positive M NQ .3 For all �"���½��y andall �å�Þ� �+� :
  N Q m9�Þj"it�ro�U ��m9�"���roZö�  NQ m9�Þj!�po (6)

  N Q m]��o�U

����� ���	 £ if �q�� U½x
� if �!� U½x�h!y�
����������� � 
 MONQ m],�o otherwise.

(7)

Theuniquenessof MONQ and  7NQ is guaranteedby assumingthat  �NQ is robust [13], which is the following
property: for all distinct defaults ,4Y and , L in y , it holdsthat all models �OY and � L of x having smallest

3Note that theremayexist uniquesolutions �!"�#%$ !" to (6) and(7) in which somedefaultsareassigneda zeroor negative rank.
However, asarguedin [12, p. 76], thesedefaultsturnout to beredundantandshouldthusberemoved.
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ranksin  �NQ suchthat �OYq�� U³,aY and � L �� U³, L , respectively, aredifferent. That is, ,4Y and , L do not have a
commonminimal falsifyingmodelunderx .

Wesay ��� is robustif f thesystemof equationsgivenby (6) and(7), for all �"���½�"y andall �v�Þ� �+� ,
hasauniquesolution MONQ [� 7NQ suchthat MPNQ is positive and  7NQ is robust.

We arenow readyto define MPNQ -entailmentasfollows. A default �¬� � is MONQ -entailedby m9���å[z�§o at
strength� if f either  �NQ m9�îouU�£ or  �NQ m9�Þjv�poZö��&�  7NQ m9�Þj�it�ro .

Thenotionof MONQ -entailmentis apropergeneralizationof MON -entailment:

Lemma 3.2 Let ���{U�m]xT[zy!o bea conditionalknowledge basewith strengthassignment��m],7o4U d for all
,T�¢y . Suppose��� is � -consistentandminimal-core. Then,thesystemof equationsgivenby (6) and(7)
for all �"���¦��y andall �v�Þ� �+� hasa uniquesolution M NQ [�  N Q , which coincideswith M N [�  N . Moreover,   N Q
is robust(andthus,also ��� is robust).

3.5 Lexicographic Entailment

Thenotionof lexicographicentailmentgoesbackto Lehmann[62] andBenferhatetal. [6].
Lexicographicentailmentasintroducedin [6] appliesto conditionalknowledgebases���¯U�m]x�[zy"o with

priority assignment� , whichdefinesanorderedpartition m]yÞ¶P[\^\^\^%[zyÞü-o of y by y ý UµV%,v��y �O��m],�ouU¤3X` ,
for all 3'�}5 . It is usedto definea preferenceorderingon worldsasfollows. A world � is � -preferable to
a world � ÷ if f thereexistssome3�� V%��[\^\^\^%[�5+` suchthat � V%,
�¯y ý �4�ÿ� U�,a`7�)(�� V%,
��y ý �a� ÷ � U�,4`7� and
� V%,
� y � �a�
� U®,4`7�îU � V%,
�¯y � �a� ÷ � U�,a`7� for all 3�­*�+�µ5 . Note that this preferenceorderingcanbe
expressedby aworld ranking.A model � of asetof classicalformulas, is a � -preferredmodelof , if f no
modelof , is � -preferableto � .

A default �
� � is lexR -entailedby m9���Þ[z�§o if f � is satisfiedin every � -preferredmodelof xÿh�VO�Z` .
Wewill omit � whenit is clearfrom thecontext.

Notethat lexR -entailmentis theonly semanticsfor conditionalknowledgebasesamongtheonesexam-
inedin thispaperin whichadefault ,s��y is notnecessarilyentailedby an � -consistent���²U�m]x�[zy"o .

Thenotionof lexicographicentailmentin [62] is aspecialcaseof lexicographicentailmentasabove. It
usesaparticularpriority assignmentthatis logically entrenchedin ��� , namelythedefault ranking M of ���
(seeSection3.3). We thensaythata default is lex-entailedby ��� if f �
��� is lexR -entailedby m9���0[zM'o .
Notethatthisdefinitionassumesthatthedefault ranking M of ��� exists,thatis, that ��� is � -consistent.

It appearsthat, in a certainsense,lex-entailmentis not lessexpressive than lexR -entailment. That is,
underaweakcondition,priority assignmentsareexpressiblethroughlogicalentrenchment:

Theorem 3.3 Let ���¯U�m]xT[zy!o be a conditional knowledge basesuch that every ,��±y has a verifying
world, and let � bea priority assignmenton ��� . Then,there existsa conditionalknowledge base����÷ZU
m]x ÷ [zy ÷ o anda formula � ÷ (dependingonlyon ��� and � ) such that, for anydefault �!��� over S�& , it holds
that m9���å[z�§o lexR -entails �"� � iff ����÷ lex-entails ��j�� ÷ ��� .

Proof. Themain ideabehindtheconstructionof ��� ÷ and � ÷ is to augmenty by additionaldefaultssuch
thatthedefault ranking M of ��� ÷ coincideswith thepriority assignment� (seeAppendixA). -

The proof of the previous theoremshows in fact that the transformationof lexR -entailmentto lex-
entailmentis compliantwith theHorn property. For laterreference,we notethefollowing.

Observation 3.1 Let theconditionalknowledge base��� ÷ andtheclassicalformula � ÷ bedefinedasin the
proofof Theorem3.3.Then,��� ÷ is literal-Horn whenever ��� is literal-Horn. Moreover, � ÷ is a conjunction
of atoms.Finally, ��� ÷ and � ÷ canbeconstructedin polynomialtimefrom ��� and � .
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3.6 Conditional Entailment

Thenotionof conditionalentailmenthasbeenintroducedby Geffner [41, 43].
Given a conditionalknowledgebase��� U�m]xT[zy!o , a priority ordering . on y is an irreflexive and

transitive binary relationon y . We say . is admissiblewith ��� if f eachsetof defaults y ÷ í�y that is
underx in conflictwith somedefault ,��±y containsadefault , ÷ suchthat , ÷ .¬, .

Basedon . , we definea preferenceordering on worlds as follows. A world � is . -preferable to a
world � ÷ , denoted�/.�� ÷ , if f V%, �{y��6� �� U�,4`ÿ�U V%,ÿ��y��6� ÷ �� U�,a` andfor eachdefault ,��±y suchthat
���� U¦, and � ÷ � U½, , thereexistsadefault , ÷ �¢y suchthat ,0.¬, ÷ , �"� U½, ÷ , and � ÷ �� U½, ÷ . A model � of asetof
classicalformulas, is a . -preferredmodelof , if f no modelof , is . -preferableto � .

A default �!��� is conditionallyentailedby ��� if f � is satisfiedin every . -preferredmodelof x�h�VO�Z`
of every priority ordering . thatis admissiblewith ��� .

A conditionalknowledgebase���¯U�m]x�[zy"o is conditionallyconsistentif f thereis apriority ordering .
on y that is admissiblewith ��� . The following lemmashows that in our framework of finite conditional
knowledgebases,thenotionof � -consistency coincideswith thenotionof conditionalconsistency.

Lemma 3.4 A conditionalknowledge base��� is � -consistentiff it is conditionallyconsistent.

4 Complexity Characterization

In this section,we presentand discussour resultson the complexity of the semanticsdescribedin the
previoussection.Prior to this,we needa formalizationof theproblemsconsidered,which is givennext.

4.1 Problem Statements

A defaultreasoningproblemis a pair m9���å[z,�o , where ��� Uwm]xT[zy!o is a conditionalknowledgebaseand
, is a default. It is Horn if f x is a finite set of Horn clauses,y is a finite set of Horn defaults, and ,
is a Horn default. It is literal-Horn if f x is a finite setof Horn clauses,y is a finite setof literal-Horn
defaults,and , is a literal-Horndefault. In caseof M.� - and MONQ -entailment,we assumethat ��� and , have
additionallya strengthassignment��m9����o anda strength�Zm],7o , respectively. In caseof lexR -entailment,we
assumethat ��� hasin additionapriority assignment��m9����o . Thetaxonomichierarchyof default reasoning
problemsemerging from thedefinitionsis shown in Figure2, wherethenewly introducedliteral-Hornclass
is emphasizedin bold face.

general

Horn

literal-Hor n

Figure2: Hierarchyof syntacticrestrictions

Informally, a default reasoningproblemrepresentsthe input for the entailmentproblemundera fixed
semantics1 . We tacitly assumethat ��� satisfiesany preconditionsthat thedefinition of 1 -entailmentin
theprevioussectionmayrequest.
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Weanalyzethecomputationalcomplexity of thefollowing problems:

D ENTAILMENT: Givena default reasoningproblem m9���å[z,7o , decidewhether��� entails , undersome
fixed semantics1 . In caseof M.� - and MONQ -entailment,decidewhether , is M.� - and MONQ -entailed,re-
spectively, by m9���å[z��m9����oXo at strength�Zm],�o . In caseof lexR -entailment,we areasked whether, is
lexR -entailedby m9���Þ[z��m9����oXo .

D RANKING: Givena conditionalknowledgebase��� , computethedefault ranking 2 of ��� according
to somefixedsemantics1 (thatis, therankof eachdefault in y ).

D RANK-ENTAILMENT: Sameas entailment,but the (unique)default ranking 2 of ��� accordingto
somefixedsemantics1 is partof theprobleminput.

The problemsRANKING and RANK-ENTAILMENT are relevant from a preprocessingperspective, in
whichtheranking 2 of aconditionalknowledgebase��� is computedin advanceandthenon-lineavailable
in theinput for solvinganentailmentproblem.Thecomplexities of theseproblemsgive ussomeinsightto
thequestionof whethersuchpreprocessingpaysoff in general.

4.2 Previous Results

As shown in Tables3–5,complexity resultsfor default reasoningfrom conditionalknowledgebaseshave
beenobtainedby several authors[46, 63, 49, 22]. Most of theseresultshave beenderived for default
knowledgebases,though,anddonotgive asharpcomplexity characterization.

GoldszmidtandPearl[46] showedthatdeciding� -consistency for generalconditionalknowledgebases
(resp.,Horn conditionalknowledgebases)is in I�¾@K (resp., I ). LehmannandMagidor [63] proved that
decidingpreferentialentailment(andthusalso� -entailment)for defaultknowledgebasesisco-NP-complete.
Furthermore,LehmannandMagidor[63] andGoldszmidtandPearl[49] showedthatdeciding� -entailment
for Horndefaultknowledgebasesis in P.Finally, GoldszmidtandPearl[46] provedthatproper� -entailment
for generalconditionalknowledgebases(resp.,Hornconditionalknowledgebases)is in Iu¾+K (resp.,I ). All
theseresultseasilycarry over to our conditionalknowledgebases.As the proofsareobtainedby simple
adjustmentsof theproofsfor default knowledgebases,we omit themin thispaper.

As for system� � , thecomprehensive work of GoldszmidtandPearl[49] providesuswith thefollow-
ing complexity results.As shown there,theproblemsENTAILMENT, RANKING, andRANK-ENTAILMENT

are all solvable in polynomial time for Horn default knowledgebases,while for generaldefault knowl-
edgebases,membershipin theclassesI�¾@K , ï I ¾+K , and I�¾@Kì , respectively, is an upperbound. A fortiori,

sincesystem� is an instanceof system��� , all theseupperboundsalsohold for system� . Again, it is
straightforwardthatall theseresultscarryover to ourconditionalknowledgebases.

Not muchwork hasbeendoneon determiningthecomplexity of M N - and M NQ -entailment.Goldszmidtet
al. [45] suspectthat the complexity of MON -entailmentis high, andbriefly notethat, referringto resultson
Horn clauseoptimization[5], theproblemshouldbe H�I -hardin theHorn caseandthusintractable.

Cayroletal. show in [22] thatlexR -entailmentis I�¾@K -completefor default knowledgebases.Moreover,
they statein [22] that lexR -entailmentis I ¾+K -hardfor Horn default knowledgebases.However, theshort
proofsketchin [22] is inappropriate,sinceit mentionsareductionfrom aproblemthatis obviously in Iu¾+Kì ;

this would only establishI�¾@Kì -hardnessfor theHorn case. I�¾@K -hardnessfor the Horn casefollows from
proofsof relatedresultsby Nebelon thecomplexity of lexicographicbelief revision [73] (seeSection7.2).

To ourknowledge,nocomplexity resultsonGeffner’s conditionalentailmenthave beenderivedsofar.
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4.3 Overview and Discussion

Our resultson thecomplexity of default reasoningfrom conditionalknowledgebases,togetherwith results
from the literature,arecompactlysummarizedin Tables3–5. They containthe threeproblemsENTAIL-
MENT, RANKING, andRANK-ENTAILMENT from above, eachof which is consideredfor thegeneralcase
andtherestrictionsto theHornandliteral-Horncase.

It appearsthat a numberof different complexity classesfrom I up to J K L , the secondlevel of the
polynomialhierarchy, arecovered.A firstobservationis thatGeffner’sconditionalentailmenthasthehighest
complexity ( J�KL , Table3) of all the formalismsconsideredin this paper. It is thusin thesameleagueasa
numberof approachesto beliefrevision(see[55, 39, 73]) andmajorformalismsof nonmonotonicreasoning,
suchascircumscription[67, 65], Reiter’s default logic [82], McDermottandDoyle’s nonmonotoniclogic
[69, 68], andMoore’s autoepistemiclogic [70], which areall J K L -complete(seeSections7.2 and7.3 for
furtherdiscussion).All otherapproachesin Table3 have (considerably)lower complexity.

4.3.1 General case

At thelow endof thecomplexity range,thereare � -entailment,which hasthesamecomplexity asclassical
logic, andproper � -entailment,which hasmarginally highercomplexity dueto theadditional � -entailment
requirement.At thehigh end,we have Geffner’s conditionalentailment.Its high complexity is intuitively
explainedby aninherentpatternsimilar to reasoningundercircumscription:To disprove that ���²U�m]x�[zy"o
entails �²� � , a . -preferredmodel � of x�h�VO�Z` undersomeadmissiblepriority ordering . mustbe
foundsuchthat � is falsein � . As it turnsout, sucha guesscanbeverifiedin polynomialtime with anNP
oracle,wherethe oraclechecksthe . -preferrednessof � (that is, minimality under . ). This is similar to
circumscription,that is, minimal modelreasoning,wherefor disproving 3±�42530m9�;o�� U}� theminimality of
aguessedmodel 6 of � in which � is falsemustbeverified,which is aco-NP-completeproblem[18] (see
Section7.3 for furtherdiscussion).

Also for the ranking-basedapproachesin Table3 (that is, M -, M.� -, MPN -, MONQ -, lex-, and lexR -entailment),
the problemof verifying whethera model � of a formula � is selectedon the basisof ����U�m]xT[zy!o is
(at least) EGF - H�I -hard in general. However, thereis a qualitative differencebetweenthemandGeffner’s
approach.Eachworld ranking * inducesa modularpartial ordering on the modelsof x¯hÿVO�Z` , in which
anytwo distinctmodels�OY and � L of xÿh�VO�Z` are comparableby their ranks *am]�OYÊo and *am]� L o . Themodels
with the samerank form a cluster, and the clustersare totally orderedby theseranks. The “preferred”
models� of x"hvVO�Z` arethosewhichhaveminimal rank *4m]��o . UsinganNPoracle,it is possibleto compute
this minimal rank *4m]��o in polynomialtime,which is a polynomial-sizecertificatefor recognizingpreferred
modelsefficiently. Intuitively, we have herea singlewell-connectedsearchspace,in which all preferred
modelsof x
hqVO�Z` canbenaileddown by thiscertificate.

On theotherhand,in Geffner’s conditionalentailment,two models�OY=�U�� L of x
h�VO�Z` maybeincom-
parable,that is, neither � Y .�� L nor � L .�� Y may hold. In general,the searchspacefor a preferredmodel
of xÿh
VO�Z` generallysplits into anexponentialnumberof completelydisconnectedsearchspaces,eachof
which is intractableandmaycontaina preferredmodelwe arelooking for. Moreover, thereis no certificate
computablein polynomialtime with anNP oraclesuchthatwe canrecognizepreferredmodelsefficiently
from it (unlessthepolynomialhierarchycollapses).

Moreprecisely, Geffner’sapproachsuffersfrom two sourcesof complexity: (i) thenumberof candidates
for a preferredmodel � of x h
VO��` in thepossiblyexponentiallymany disconnectedsearchspaces,which
aregeneratedby incomparabilityof two models�OY¢�U½� L of x0hÞVO��` becauseof default violation;and(ii) the
possiblyexponentialnumberof models� ÷ of x�hqVO�Z` thatarepreferredto � , accordingto theadmissibility
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Table2: Complexity of deciding� -consistency

generalcase Horncase literal-Horncase

� -consistency NP-complete P-completeN P-completeN

Table3: Complexity of decidingentailment

generalcase Horncase literal-Horncase

� -entailment co-NP-complete� P-completeNXN P-completeNXN
proper � -entailment à K -complete P-completeN P-completeN
M -entailment Iu¾+Kì -complete P-completeNXNXN P-completeNXNXN
M.� -entailment I�¾@K -completeNXNXN P-completeNXNXN P-completeNXNXN
M N -entailment I ¾+K -complete I ¾+K -complete I ¾+K -complete

M NQ -entailment I ¾+K -complete I ¾+K -complete I ¾+K -complete

lex-entailment I ¾+K -complete I ¾+K -complete I ¾+K -complete

lexR -entailment I ¾+K -complete��� I ¾@K -complete��� I ¾+K -complete

conditionalentailment J�KL -complete JTKL -complete J�KL -complete

Table4: Complexity of computingdefault rankings

generalcase Horn case literal-Horncase

M ï I ¾+Kì -complete
ï I -completeNXNXN ï I -completeNXNXN

M.� ï I ¾@K -completeNXNXN ï I -completeNXNXN ï I -completeNXNXN
M N ï I ¾+K -complete

ï I ¾+K -complete
ï I ¾+K -complete

M NQ ï I ¾+K -complete
ï I ¾+K -complete

ï I ¾+K -complete

Table5: Complexity of decidingentailmentgiventhedefault rankings

generalcase Horn case literal-Horncase

M -entailment Iu¾+Kì -completeNXNXN P-completeNXNXN P-completeNXNXN
M � -entailment I ¾+Kì -completeNXNXN P-completeNXNXN P-completeNXNXN
MON -entailment Iu¾+K -complete Iu¾+K -complete I�¾@K -complete

MONQ -entailment Iu¾+K -complete Iu¾+K -complete I�¾@K -complete7
Membershipshown in [46].787
Membershipshown in [63, 49] for default knowledgebases.78787
Membershipwasshown in [49] for defaultknowledgebases.9
Shown in [63] for default knowledgebases.9:9
Reportedin [22] for default knowledgebases;theproof sketchfor theHorncasein [22] showsmerely ;)<>=? -hardness.
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ordering . . Note that, contraryto expectation,classicalinferenceis not listed as a principal sourceof
complexity here,asresultson theHorn restrictions(discussedbelow) show.

Themid-rangeof complexity is coveredby the ranking-basedapproaches.Roughlyspeaking,for any
classicalformula k , therank *4m¸k o canbecomputedasfollows:

1. Computethedefault ranking 2 for ��� ;

2. Compute*4m¸k o�U½¨å©«ª� � �A@ *am]�7o , using 2 .

Algorithms for computingthedefault ranking 2 in Step1 have beendescribedin the literature. They
canbereformulatedto run in I ¾+K (seeSection5). Step2 is feasiblein I ¾+K by doingbinarysearchon the
rangeof thepossiblevaluesfor *am]�7o . This meansthatthecondition“ *am9�;o�U�£ or *4m9�Þj!�pop­�*am9��j�it�ro ”
for theentailmentof �"��� from ��� is decidablein I ¾+K , by simplycheckingthesatisfiabilityof x!hvVO�Z` ,
andif neededcomputing*am9��j!�po , *am9�Þj�it�ro andcomparingthem.

Thecomplexity of Steps1 and2 is shown in Tables4 and5, respectively. As for Step1, therank 20m],�o
of adefault , mayrange,exceptin caseof M , overexponentiallymany possiblevalues;in caseof M , it ranges
over â ��[\^\^\^>[X8�õ¤dÊé andthusover a linearnumberof values.4 Informally, theranking 2 canbeconstructed
bottomup, startingwith defaultshaving lowestrank, andthencomputingthe rank of the next default by
doinga binarysearchon the rangeof its possiblevalues.This resemblesthe

ï I ¾+K -completeproblemof
computingthe lexicographicmaximummodelof a formula � [58] andsuggeststhat computing2 hasthe
samecomplexity. This intuition turnsout to becorrectin all casesexceptone. In caseof M -entailment,it
is possibleto computewith parallelqueriesto anNP oraclein polynomialtime a certificate,given by the
sumof all ranksof all defaults,which allows to verify a properguessfor the ranking M (including further
auxiliary data)in polynomialtime. Given this certificate,recognizingthe rank M@m],7o of a default is in H�I ;
sincethe numberof possiblevaluesfor M@m],7o is boundedby the numberof defaults, this meansthat the
ranking M canthenbedeterminedwith a polynomialnumberof parallelqueriesto anNP oracle.Sincetwo
roundsof parallelNP oraclequeriescanbereplacedby a singleroundof NP queries(cf. [17]), this means
thatcomputingthe M -rankingis in

ï I ¾+Kì . Weremarkthatasimilar
ï I ¾+Kì algorithmis alsofeasiblefor M'� ,

if thestrengths��m],7o of defaultsareboundedby apolynomialin thenumberof defaults.
Table5 tells us that in all casesexcept M.� , entailmentdoesnot becomeeasierif thedefault ranking 2

is known. Thus,from a worstcaseperspective, precomputingthedefault ranking 2 doesnot payoff (but
clearlysavestimeover repetitive computations).In caseof M.� , entailmentbecomeseasier, becauseonly the
orderof thedefaultsin M � is relevant,but not theiractualranks(whichcanthusbereplacedby valuesfrom
â ��[\^\^\^%[X8�õ dÊé , andthus M.� -entailmentreducesto M -entailment).

4.3.2 Horn and literal-Hor n case

In all tables,theresultsfor theHornandtheliteral-Horncasearethesame.Thus,althoughit is in generalnot
possibleto simplysplit aHorndefault �!� �	YZjCB�B�B%j0�ED into asemanticallyequivalentsetof literal-Horn
defaults �
�2�	Y\[\^\^\^%[B���2�FD , it is possibleto rewrite a Horn default reasoningproblemto a literal-Horn
onein polynomialtime. Thus,therestrictionof thegeneralHorn to theliteral-Horncasedoesnot decrease
thecomplexity.

4The differencebetweenexponentiallymany possiblevaluesunder  �! anda linear numberof valuesunder  is due to the
differencebetweencomputingtheworld ranksby summationandmaximizationin equations(5) and(1), respectively.
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At thelow endof thecomplexity range,theHornrestrictiongivestractability, aswas(essentially)shown
in [46, 63, 49]. Whereas,at thehighend,Geffner’s conditionalentailmenthassurprisinglyits full complex-
ity alreadyin the literal-Horn case.This is exceptional,sincerelatedformalismssuchasReiter’s default
logic andcircumscriptionhave lower complexity (moreprecisely, EGF - H�I ) in theHorn case[56, 87, 21].

Informally, in Geffner’s conditionalentailment,theHorn propertyis not sufficient to eliminatethe in-
tractabilityof thepreferencecheckfor a modelof a formula,asthis testis not simply reducibleto a poly-
nomialnumberof Horn satisfiabilitytests,ase.g.in Reiter’s default logic. Furthersyntacticrestrictionsare
needed.Onesuchrestriction,which is efficiently checkable,is thattheadmissibilityordering . is empty.

At themid-rangeof complexity, thesyntacticrestrictionshave differenteffects. Tractability for M - and
M.� -entailmentis gainedsincein the respective entailmentalgorithms,theNP oraclecanbe replacedby a
polynomial time procedure.On the otherhand,for M N - and M NQ -entailment,the Horn restrictiondoesnot
decreasecomplexity. The intuitive reasonis thatherethe rankof a default is givenby thesmallestsumof
ranksof a setof violateddefaultsplusa value,while in the formercasesthis wasthemaximumrankof a
singleviolateddefault plusa value.Computingthesmallestsumis anintractableoptimizationproblem,as
thereareexponentiallymany suchsets;aspointedout in [45], it makes MON (thusalso MONQ ) entailmentNP-hard
in theHorn case.Contraryto this, themaximumviolatedrankcanbecomputedby simply loopingthrough
thealreadyrankeddefaults.

Finally, in theHorn case,theprecomputationof default rankingsdoesnot reducethecomplexity of the
entailmentproblem.This is explainedby thefactthatcomputingtherankof aclassicalformula � amounts
essentiallyto rankinga default.

4.3.3 Bottom line of the results

Our resultsandtheir discussionin theprevioussubsectionsleadusto thefollowing conclusions.

D Amongall thesemanticsthatwe analyzein this paper, Geffner’s conditionalentailmentis by far the
computationallymostexpensive approach,andits computationalnatureis differentfrom thoseof theother
approaches.This complementstheobservation that thesemanticalrelationshipsbetweenGeffner’s andthe
otherapproachesarelessestablished.

D For theotherapproaches,thereis atrade-off betweenepistemicsophisticationandcomputationalcom-
plexity. More precisely, in thegeneralcase,theprice for a moresophisticatedsemanticsis rathermodest
andgenerallydoesnot leadto anothercomplexity level. Nonetheless,it affectspropertiessuchasefficient
parallelizationto SAT, which is only possiblefor � -, proper� -, and M -entailment.In theHorncase,however,
anappealingsemanticscomesat theexpenseof computationalintractability.

D Precomputingdefault rankingsbuysnothingor only little in theworst case(in particular, tractability
cannotbegainedthisway).

4.4 Implications for Implementation

As farasimplementationsareconcerned,our resultsprovideausefulinsightinto thetypeof algorithmsthat
maybefeasiblefor solvingdefault reasoningproblems.

First of all, our resultsimply that polynomialtime translationsof the default reasoningproblemsinto
suitableotherreasoningproblemsarefeasible,suchthatexisting algorithmsandtheoremproversmight be
usedasan implementationplatform. For example,deciding � -consistency canbe polynomially translated
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to a classicalSAT instance.Sucha translationcanbe easilyextractedfrom the proof of NP-membership
(Theorem5.2). Any of the sophisticatedSAT packages(seee.g. [29]) can thenbe usedfor solving this
instance. Moreover, � -entailmentandproper � -entailmentcanbe similarly polynomially reducedto one
resp.two callsof aSAT procedure,whichmaybeprocessedin parallel.As for theothersemantics,theorem
proversfor logicswith complexity up to ß	KL areneededashostfor efficient translations.For example,DLV
[78], DeRes[23], or a disjunctive extensionof smodels[75], which all provide this expressiveness,might
beused,aswell astheoremproversbasedon quantifiedBooleanformulas[20, 83, 32]. However, efficient
transformationsof theproblemsto theselogicsremainto bedesigned.

In the caseof problemswith complexity I ¾+K or I ¾+Kì , suchtranslationsmight not be very appealing,
sincethetheoremproversmentionedabovearetailoredfor solvingproblemswhosecomplexity characteris-

tics is givenby the ßpKý (resp.,JTKý ) classesof thepolynomialhierarchy, ratherthanthe IHG:IJ and I G IJì classes.
Thedefinitionandcomputationalnatureof theseapproachessuggeststhatreductionsto optimizationprob-
lemsin integerprogrammingmight bea moresuitablealternative (cf. [4, 89] for a similar approachin the
areasof nonmonotonicreasoningandplanning).Noticethate.g.computingaminimumnonnegative integer
solutionfor a systemof linear integer inequalitiesis

ï I ¾@K -hard,andthusall the problemsin Tables2–5
with complexity atmost I ¾+K resp.

ï I ¾+K canbereducedto thisproblem.
For thedevelopmentof genuinealgorithms,thefollowing canbelearnedfrom thecomplexity resultsin

Tables2–5 (seealso[34] for similar considerations).The problems(resp.,their complements)with com-
plexity in NP (resp.,co-NP) canbeimplementedby a standardbacktrackingalgorithm.Suchanalgorithm
is not expectedto run in polynomial time, though. In casefor the Iu¾+Kì - and

ï I ¾@Kì -completeproblems,
parallelizationof instancesto problemsin NP suchasSAT might be implemented,alongthe lines of the
algorithmsexhibited in the proofs of Theorems5.6 and5.7. Alternatively, as donein [49] for problem
RANK-ENTAILMENT in System��� , algorithmscanbe designedfor RANK-ENTAILMENT andENTAIL-
MENT which solve the problemswith a logarithmicnumberof calls to an NP oracle. However, a similar
algorithmfor RANKING is unlikely to exist, sincethereis someevidencewhich suggeststhat

ï I ¾+K with
logarithmicallyboundedoracleaccessis lesspowerful than

ï I ¾+Kì [53].

For theproblemswith I ¾+K resp.
ï I ¾+K complexity, no efficient parallelizationto NP problemsseems

feasible,andat leasta linear numberof calls to an NP oracleis mandatory. In principle, a backtracking
strategy for finding anoptimalsolutioncouldbepursued;it mayusein a standardway thevalueof a best
solutionfoundsofar for pruningthesearchspace,but will have to exploreanexponentiallylargetree.

Finally, in caseof Geffner’s conditionalentailment,the J�KL -completenessresultmeansthat a simple
“flat” backtrackingalgorithmfor disproving conditionalentailmentof �¯�°� from ��� which searchesa
treefor a polynomialsolutionpath,whereeachstepis efficiently possible(like, e.g.,in theDavis-Putnam
procedure),is infeasible. Rather, a treemustbe searchedwhoseterminalnodesrepresentinstancesof a
EGF - H�I -completeproblem. This canbe accomplishedby a backtrackingalgorithm using calls to a clas-
sical propositionaltheoremprover (or, a SAT procedureandreversingthe result); alternatively, a nested
backtrackingstrategy is needed.

5 Derivation of Complexity Results

In thissection,weformally derive thecomplexity resultsthathavebeensummarizedin theprevioussection.
To simplify the treatment,we shall stateknown resultsat thebeginningof eachsubsection,andprove the
casesthatremainfor concludingtheresultsin Tables3 through5. For theproofsof upperbounds,we shall
describealgorithmsthatestablishtheresults.
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5.1 ø -Semantics

Westartwith thecomplexity of deciding � -consistency, � -entailment,andproper� -entailment.
Wenow prove thenew complexity resultsstatedin Tables2 and3. Weneedthefollowing lemma,which

is essentiallya reformulationof asimilar resultin [46] and[49].

Lemma 5.1 A conditionalknowledge base m]x�[zy"o is � -consistentiff there existsanorderedpartition
m]yÞ¶P[\^\^\^%[zyÞü-o of y such thateach defaultin y ý is toleratedunder x by þ ü� � ý y�� .

Wefirst show thattheproblemof decidingwhetheraconditionalknowledgebaseis � -consistentis NP-
completein thegeneralcaseandP-hardin theliteral-Horncase.Notethattheformerimprovesontheresult
in [46] that � -consistency canbedecidedwith aquadraticnumberof callsto aSAT oracle.

Theorem 5.2 a) Decidingwhethera givenconditionalknowledge baseis � -consistentis NP-complete.
b) Decidingwhethera givenliteral-Horn conditionalknowledge baseis � -consistentis P-hard.

Proof. a) We first show membershipin NP. By Lemma5.1, a conditionalknowledgebase m]xT[zy!o is � -
consistentiff (i) thereexistsanorderedpartition m]y ¶ [\^\^\^�[zyÞüCo of y and(ii) for eachsetof defaults y�ý and
eachdefault ,��±y ý thereexistsaninterpretation� ý
 suchthat � ý
 is a modelof x , that � ý
 verifies , , andthat
� ý
 satisfiesþ ü� � ý y ý . Suchan orderedpartition andsuchinterpretationscanbe guessedandverified by a
nondeterministicalgorithmin polynomialtime.

To show NP-hardness,wegiveapolynomialtransformationfrom theNP-completeproblemof deciding
whethera propositionalformula in CNF is satisfiable[40]. Let � be a propositionalformula in CNF. By
Lemma5.1, � is satisfiableiff thedefault knowledgebasem¸|7[GVOgµ����`Oo is � -consistent.

b) SeeAppendixB. -
Using ideasfrom the proof of Theorem5.2 b), it canbe shown that decidingwhethera conditional

knowledgebase� -entailsadefault is P-hardin theliteral-Horncase:

Theorem 5.3 Givena literal-Horn conditionalknowledge base��� anda literal-Horn default , , deciding
whether���½� -entails , is P-hard.

Wefinally show thatdecidingwhetheraconditionalknowledgebaseproperly � -entailsa default is à�K -
completein thegeneralcaseandP-hardin theliteral-Horncase.Notethatthis improvesontheresultin [46]
thatproper� -entailmentcanbedecidedwith aquadraticnumberof callsto aSAT oracle.

Theorem 5.4 a) Givena conditionalknowledge base ��� anda default , , decidingwhether��� properly
� -entailsd is y K -complete. b) Givena literal-Horn conditionalknowledge base ��� and a literal-Horn
default , , decidingwhether��� properly � -entails , is P-hard.

Proof. a)Wenow show membershipin à�K . By Theorem3.1, ��� properly � -entails�!��� if f ����� -entails
�
�~� and ���ch�VO�q��i ��` is � -consistent.Theproblemof decidingwhether����� -entails �
�~� is in
co-NP[63]. By Theorem5.2a), theproblemof decidingwhether����hvVO�!�2it��` is � -consistentis in NP.
Hence,theproblemof decidingwhether��� properly � -entails �"��� is in à K .

Theproofsof à K -hardnessandof b) aregivenin AppendixB. -
5.2 Systemsù and ù ú
We next prove the new complexity resultsshown in Tables3–5 for systems� and � � . In particular, we
shall prove thateachof thewell-known upperboundsfor system��� is tight. We first, however, consider
system� for generalconditionalknowledgebases,for whichweobtainslightly lowercomplexity.
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Algorithm K -entailment

Input : � -consistentconditionalknowledgebasem]x�[zy"o andadefault �s� � .
Output : “Yes”, if m]xT[zy!o§M -entails �!��� , otherwise“No”.

1. if x�hqVO�Z` is unsatisfiablethen return “Yes”;
2. for each 3��
V%��[�dP[\^\^\^P[X8umÛ8�õ¬d%oML�N'` do;

if y hasanadmissiblepartition m]yÞ¶P[\^\^\^%[zyÞü-o of weight 3
then O�â 3¸é¥� U trueelseO�â 39é¥� U false;

3. Oµ� U½¨å©«ª+V�3p��O�â 3¸é�U true, ���¬3P��8umÛ8�õ¬d%o8N'` ;
4. k Y � U���js� ; k L � U���j�i � ;
5. for each 3��
V%��[�dP[\^\^\^P[X8 ` and �v��V.dP[QN'` do

if y hasanadmissiblepartition m]yÞ¶P[\^\^\^%[zyÞü-o of weight O and
x
hqV>kR�P` hasamodel � s.t. 3tU�d	ö{¨�
��Zm)V�S¢�%���� U¦, , for some,å��yUTÊ`ph
V.õ±dO`Oo

then 5�â 3z[V�Pét� U trueelse 5�â 3z[V�-é¥� U false;
6. for each �å�
V.dP[QN'` do 5 � � U½¨0©«ªZm)V�3r�-5�â 3z[V�PéZU true, ����3H��8 `	hqV�8vö½dO`Oo ;
7. if 54YT­ 5 L then return “Yes” elsereturn “No”.

Figure3: Algorithm K -entailment

We introducesomefurther notion. Given a conditionalknowledgebase ��� U m]x�[zy"o , an ordered
partition m]yÞ¶P[\^\^\^%[zyÞü-o of y is admissiblewith ��� if f, for all 3�U²��[\^\^\^%[�5 , eachdefault in y ý is tolerated
underx by þ ü� � ý y�� . Theweightof anorderedpartition m]yÞ¶P[\^\^\^%[zyÞü-o of y is definedas

� üý � ¶ 3WB'� y ý � .
Lemma 5.5 Let ����U�m]x�[zy"o bea conditionalknowledge base. The M -partition of y is theuniqueordered
partition m]yÞ¶P[\^\^\^>[zyÞüPo of y that is admissiblewith ��� andthathastheleastweight.

Armedwith this result,we prove thefollowing theorem.

Theorem 5.6 a) Givena conditionalknowledge base��� anda default , , decidingwhether����M -entails
, is Iu¾+Kì -complete. b) Givena literal-Horn conditionalknowledge base ��� anda literal-Horn default , ,
decidingwhether���½M -entails , is I -hard.

Proof. a) Wenow show membershipin Iu¾+Kì . Towardsthisgoal,consideralgorithm K -entailment. It is not
hardto seethat it correctlydecideswhether���²M -entailsthedefault �ÿ� � : In Step3, O is assignedthe
weightof the M -partitionof y . Knowledgeof O enablesaneasycheckwhetheragivenadmissiblepartition
m]yÞ¶P[\^\^\^%[zyÞü-o of y is the(unique)M -partitionof y . This is exploitedin Step5, whereit is checkedfor both
�sjq� and �sj
it� whetherthey have a model � of rankat most 3 , for all 3¢�cV%��[�dP[\^\^\^O[X8 ` ; notethat for
3 U¦� , theconditionamountsto �s� U½x�h!y . In Step6, theranksof ��j!� and ��j�i � aredeterminedfrom
theresultsof thesechecks,afterwhichentailmentis decided.

Observe that all queriesin Step2 arein NP andcanbe decidedin parallel; similar in Step5. Taking
Step1 into account,thealgorithmthusmakesthree“rounds” of parallelcalls to an NP-oracle.It is well-
known [17] that constantlymany roundsof parallelNP oraclequeriesin a polynomial-timecomputation
can be replacedby a single one. In algorithm K -entailment, the threeroundscan be replacedby one
roundwith m d�ö½8umÛ8ÿõ}d%oML�NCoGmXNO8
öYNCo parallelNP oraclequeries(onefor eachtriple mZO¢[X3z[V�7o with O �
V%��[�dP[\^\^\^O[X8umÛ8qõ d%oML�N'` , 3���V%��[�dP[\^\^\^P[X8 ` , and �"��V.dP[QN'` ) from which theresultsof Steps1, 3, and6 can
be concluded,andwhich we omit herefor brevity. Thusthe problemis in I�¾@Kì . (Note that by applying
binarysearchin Steps2 and5, O and 5�Y , 5 L canbecomputedin polynomialtimewith ãåm]æçF-èu8¥o successive
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Algorithm K -ranking

Input : � -consistentconditionalknowledgebasem]x�[zy"o .
Output : The M -rankingof m]x�[zy"o .
1. for each 3��
V%��[�dP[\^\^\^P[X8umÛ8�õ¬d%oML�N'` do;

if y hasanadmissiblepartition m]yÞ¶P[\^\^\^%[zyÞü-o of weight 3
then O�â 3¸é¥� U trueelse O�â 3¸é§� U false;

2. Oµ� U½¨å©«ª+V�3p��O�â 3¸é�U true,����3[�{8umÛ8�õ d%oML�N'` ;
3. for each ,v�"y and �v��V%��[�dP[\^\^\^O[X8�õ¬dO` do

if y hasanadmissiblepartition m]y ¶ [\^\^\^%[zyÞü-o of weight O s.t. ,å��y �
then ��m],7o	� U\� .

Figure4: Algorithm K -ranking

callsof anNP-oracle.Thisalternatively provesmembershipin ÝÞKL¥âäã0m]æ«F-èu8¥oºéîU½I�¾@Kì .)

Theproofsof Iu¾+Kì -hardnessandof b) aregivenin AppendixB. -
Let usnext considertheproblemof computingthe M -rankingof aconditionalknowledgebase.It appears

thatthisproblemhasessentiallythesamecomplexity as M -entailment.

Theorem 5.7 a) Theproblemof computingthedefaultranking M for a givenconditionalknowledge base
��� is

ï I ¾@Kì -complete. b) Theproblemof computingthedefaultranking M for a givenliteral-Horn condi-
tional knowledge base��� is

ï I -hard.

Proof. a)Wenow show membershipin
ï I ¾+Kì . ConsideralgorithmK -ranking . Its Steps1 and2areidentical

to Steps2 and3, respectively, of algorithm K -entailment, andcomputetheweight O of the M -partitionof y .
In Step3 it is thuschecked whether m]yÞ¶P[\^\^\^%[zyÞü-o is the M -partition,andthus ��m],7o is assignedthecorrect
value.Noticethatfor eachdefault ,s�"y , thequeryis truefor exactlyonevalueof 3 .

Let 8¤U � y
� . Steps1 and3, respectively, canbe doneby parallelNP-oraclecalls. Thesetwo rounds
of 8umÛ8�õ�d%oML�Nåö�d and 8 L , respectively, parallel NP-oraclecalls can be replacedby a single round of
8 L mÛ8umÛ8åõ d%oML�N	ö�d%o�U½8 » L�NTõ�8 · L�N�ö
8 L parallelNP-oraclecallsasfollows. For eachtriple mÛ3z[z,a[V�7o where
3Þ��V%��[�dP[\^\^\^O[X8umÛ8 õ¦d%oML�N'` , ,��cy , and �{��V%��[�dP[\^\^\^O[X8 õ¦dO` , a queryaskswhether y hasan ordered
partition m]yÞ¶P[\^\^\^%[zyÞü-o thatis admissiblewith ��� , hasweight 3 , andsuchthat ,v��y�� . It is now easyto see
that �=m],�o´U\� if f thequeryfor mÛ3�[z,a[V�'o is aquerywith smallestvaluefor 3 thatis answered“Yes”. It follows
thatcomputingthe M -rankingis in

ï I ¾+Kì .

Theproofsof
ï I ¾+Kì -hardnessandof b) aregivenin AppendixB. -

Algorithm K -entailment canbemodifiedto analgorithm K -rank-entailment thatusesthe M -rankingof
theinput,which saveson oraclequeries,andcanalsoberewritten suchthat it makesoneroundof parallel
NP oraclecalls,whosenumberdependson the input. Our next resultshows that it is unlikely thatwe can
improve on this andfind an algorithmthat solvesentailmentwith a fixed numberof NP oraclecalls (the
proof is givenin AppendixB).

Theorem 5.8 a) Givena conditional knowledge base ���2U m]xT[zy!o , a default , , and the ranking M of
y , decidingwhether ����M -entails , is I�¾@Kì -hard. b) Givena literal-Horn conditional knowledge base
���²U�m]xT[zy!o , a literal-Horn default , , andtheranking M of y , decidingwhether��� M -entails , is I -hard.
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Let us now turn to M.� -entailment. As alreadyrecalledat the beginning of this section,it is already
known that for M � rankingstheproblemsENTAILMENT, RANKING, andRANK-ENTAILMENT arefeasible
in polynomial time with an oraclefor NP. Thus, to verify the entriesin Tables3-5, it remainsto show
matchinghardnessresultsfor ENTAILMENT andRANKING in thegeneralcase.

Theorem 5.9 Givena conditionalknowledgebase��� with strengthassignment� anda default , , deciding
whether m9���Þ[z�§o¥M.� -entails , at givenstrength��b�� is Iu¾+K -hard. Thisremainstrue if �vU½� is fixed.

Proof. We give a polynomial transformationfrom the following Iu¾+K -completeproblem[58]. Given a
conjunction�!U�� Y j0^\^\^@j=� D of clauses�@ý onatoms] Y [\^\^\^%[M] _ , which is assertedto besatisfiable,decide
whether��^`_ Q m9�;o�� Ua]+_ , where��^`_ Q m9�;o is thelexicographicallymaximumsatisfyingtruthassignmentof � .

Let 5�b�� beanintegersuchthat N ü b!8 . For 3tU�dP[\^\^\^%[X8 , let thedefaults , �ý and ,:bý andtheirassociated
strengths��m], �ý o and ��m], bý o , respectively, bedefinedasfollows:

, �ý U�idc%YtjeB�B�B-j�iFc ý b Y¥j��!�~iE] ý <fc ý with strength ��m], �ý o´U½�
, bý U�idc%YtjeB�B�B-j�iFc ý b Y¥j��!�g] ý <fc ý with strength ��m], bý o�UhN ü � _ b ý .

Let y U³V%, � Y [z, bY [z, �L [z, bL [\^\^\^%[z, �_ [z, b_ ` . Roughlyspeaking,we interpreteachsatisfyingassignmentfor �
asthebinaryrepresentationof anonnegative integer, andthelexicographicorderon satisfyingassignments
for � astheusualorder“ ­ ” on thecorrespondingnonnegative integers.Thedefaultsin y serve to addup
the contribution of eachbit (that is, eachatomamong ]ZY\[\^\^\^>[M]@_ ) in a satisfyingassignmentfor � . The
default , �ý (resp., , bý ) assessesa costof 0 (resp., N ü � _ b ý ) for the truth value true (resp.,false) of ]+ý in a
satisfyingassignmentfor � . More precisely, therankof every ,4Y���V%, � Y [z, bY ` is givenby M � m],aYÊo�Uµ��m],4YÊo ,
while the rankof every , ý �cV%, �ý [z, bý ` with 3±�cV�N7[\^\^\^O[X8 ` is given by M.�pm], ý o�U���m], ý o ö M'�	m], ý b YÊotö²d ,
where , ý b Y is theuniquedefault among, �ý b Y and , bý b Y that is falsifiedby ��^`_ Q m9�;o (seeAppendixB). That
is, theranksof , �ý and , bý with 3r��V.dP[\^\^\^%[X8 ` reflecttherestrictionof ��^`_ Q m9�;o to V�]ZY�[\^\^\^�[M] ý ` . ThefactorN ü in ��m], bý o servesto accountfor the1’s thatareaddedat eachrankingstepaccordingto equation(3) (in
total,atmost 80õÿd ). Sincethestrengthsof thedefaults ,:bY [\^\^\^�[z, b_ decreasein amathematicalprogression,
minimizationof theviolationcosthastheeffect that,if possible,the ] ý ’s aresetto true ratherthanto false,
for 3tU�dP[\^\^\^>[X8 .

It cannow beshown that ]+_ is truein ��^`_ Q m9�;o if f ����U�m¸|7[zy"otM.� -entailsthedefault ,vU�iFc>Y j+B�B�B-j
iFcÊ_�j��s�i]@_ at strength�åU½� (seeAppendixB). -
Theorem 5.10 Theproblemof computingthe default ranking M � for a conditional knowledge base ���
with strengthassignment� is

ï I ¾+K -hard.

Proof. We give a polynomial transformationfrom the following
ï I ¾@K -completeproblem[58]. Given a

conjunction�!U�� Y j"^\^\^;j0� D of clausesonatoms] Y [\^\^\^%[M] _ , which is assertedto besatisfiable,compute
��^`_ Q m9�;o , thatis, thelexicographicallymaximumsatisfyingtruthassignmentof � .

We slightly extend the constructionin the proof of Theorem5.9 as follows. We addto y therethe
default ,"U�iFc>Y�j/B�B�Buj
iFcÊ_±j
��� g with ��m],7oTU�� . By a similar line of argumentation,it follows that
(15) holdsfor all 3pU�dP[\^\^\^%[X8 andthat M.�pm],7oTU�$¢ö�8 (recall that $ is the integerhaving thecomplement
of ��^`_ Q m9�;o asbinaryrepresentation).Since��^`_ Q m9�;o is easilycomputedfrom M.�pm],7o , theresultfollows. -
5.3 Maximum Entropy Semantics

We now focuson the complexity of deciding MON - and MONQ -entailment.We first determinethe precisecom-
plexity of M N -entailment,andstartwith thelower complexity bound.
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Algorithm K -rank-entailment

Input : � -consistentconditionalknowledgebasem]x�[zy"o , default �"��� , and M -rankingof y .
Output : “Yes”, if m]xT[zy!o§M -entails �!��� , otherwise“No”.

1. if x�hqVO�Z` is unsatisfiablethen return “Yes”;
2. k´Y�� U���js� ; k L � U���j�i � ;
3. for each 3��
V%��[�dP[\^\^\^P[X8 ` and �v��V.dP[QN'` do

if x
h�V>kR�-` hasamodel � s.t. 3 U�d	ö{¨�
��Zm)VO�=m],�o��P,v��y�[+���� U½,a`phqV.õ±dO`Oo
then 5�â 3z[V�Pé � U trueelse 5�â 3z[V�-ét� U false;

4. for each 3��
V.dP[QN'` do 5 � � U½¨0©«ªîVj�!�-5�â 3z[V�-é�U true ` ;
5. if 54YT­ 5 L then return “Yes” elsereturn “No”.

Figure5: Algorithm K -rank-entailment

Theorem 5.11 Givena literal-Horn conditional ��� , which is � -consistentandminimal-core, anda literal-
Horn default , , decidingwhether���¦MON -entails , is Iu¾+K -hard.

Proof. We give a polynomial transformationfrom the following Iu¾+K -completeproblem. Given a setof
weightedHorn clauses3�UWV>k´Y±n l�Y\[\^\^\^%[�kWD�n l:D¢` on atoms]§Y\[\^\^\^%[M]@_ suchthatevery k ý n l ý is
satisfiableandhasweight O ý UhN�k J , wherec ý b¬� is anonnegative integer, andsome*Þ��V.dP[\^\^\^>[Ml�` , decide
whether�s� U�kWm�n�l:m for everymaximumweightworld � under3 , thatis, world � suchthat

� � � �A@ Jonqp�J Orý
is maximumoverall worldsin � �@� .
I�¾@K -hardnessof this problemfollows by a minor adaptationof the proof in [58] that computingthe

maximumweightassignmentundera set 3 of weightedarbitraryclausesis
ï I ¾+K -complete;theproof in

[58] impliesthatdecidingwhether��� Uµk m n~l m holdsfor a particularclausek m n�l m in every maximum
weightassignment� under 3 is Iu¾+K -complete.

Wenow constructaconditionalknowledgebase��� andadefault , asrequestedsuchthat �s� U�k m n l m
holdsfor every maximumweightworld � under 3 if f ���½MON -entails, .

The main ideabehindthis constructioncanbe informally describedasfollows. For eachHorn clause
kR�!n lr� with weight N�kos , we will introducea default , kos�t � . By additionalHorn clausesandliteral-Horn
defaults in ��� , we thenensurethat MON7m], kos�t � o¢UuN�kvs andthat , kos�t � is falsifiedby a model � of somecon-
junctionof atoms� if f � doesnot satisfy kR��n lr� . Moreover, we will ensurethatall theotherdefaultsin
��� arefalsifiedby everymodelof � . It will thenfollow thattheminimal falsifyingmodelsof � areexactly
themaximumweightassignmentsunder3 . Hence,it finally just remainsto chooseanappropriateliteral � ,
suchthatthedefault �!��� is MON -entailedby ��� if f k m n�l m holdsin all minimal falsifying modelsof � .

Let thesetof atomicpropositionsbe ST&�U�V�] Y [\^\^\^%[M] _ `ph�S¬hfw}hyx , where S}U�V%$'ý t � �ad5���y�*l
[����3[�zcM�P` , w�UµV�{ ý t �=�7d��|���\l
[O����3H�zcM�O` , and x½UµV�& ý t �=�7d��}�y�\l
[P���{3[�~c8�Tõ¬dO` .
Then, ����U�m]xT[zy!o is definedasfollows:

x U þvV%x ý t ���7d��}�y�\l
[a����3P�~c8�-`ph�VO� ý t �=��d��|����l
[@����3P�zcM�P`y U V%, ý t �=�4d��}���zl
[@����3[�~c8�-`C[
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wherex ý t � , � ý t � , and , ý t � aredefinedasfollows:

x�ý t � U V�{�ý t � n $ ¶ t � [�{Bý t � n�& ¶ t � [Z^\^\^�[�{Bý t � n $'ý b Y t � [�{Bý t � n &6ý b Y t � `
� ý t � U � { ý t �ujs& ý t �Tn~f if 3	­\c8�{ ý t �uj"kR��n lr� if 3´Uac8�
, ý t � U $ ý t ����{ ý t � ^

Finally, let theliteral-Horndefault ,ÞU¦�"��� bedefinedasfollows:

� U �� � �A��� A
� U { kV��t üu^

It cannow be shown (seeAppendixB) that (i) ��� is � -consistent,(ii) ��� is minimal-core,(iii) the
default ranking MON is givenby MON7m], ý t �>o4U�N ý for all , ý t �u�±y (thus, MPN.m], kos�t �%o4U�N�kos for ����l ), and(iv) ��� U
k m n�l m holdsin every � with maximumweight

� � � �A@ Jonqp�J O ý if f ���¦M N -entails, . -
Thenext resultfollows from a slightextensionof theconstructionin theproof of Theorem5.11.

Theorem 5.12 Theproblemof computingthedefaultranking MON for an � -consistentminimal-core literal-
Horn conditionalknowledge baseis

ï I ¾+K -hard.

Theorem 5.13 Givena literal-Horn conditionalknowledge base ��� , which is � -consistentandminimal-
core, theranking MON of ��� , anda literal-Horn default , , decidingwhether���½MON -entails , is Iu¾+K -hard.

Proof. Immediateby theproof of Theorem5.11: Thedefault ranking MON for ��� thereis ��m], ý t �%oTU�N ý for
all �y�\l and 3P�zc � . Hence,theproblemthereis easilyreducedto thecasewhereMON is partof theinput. -

Wenext considertheextensionof themaximumentropy approachMON by variablestrengthdefaultsto MPNQ .
Ourgoalis to show that M NQ -entailmentis in I ¾+K , andthusnoharderthan M N -entailment.For thispurpose,we
usethealgorithm K+NQ -ranking shown in Figure6, whichcomputesthedefault ranking MONQ of an � -consistent
conditionalknowledgebase��� . If, duringthecomputation,it is detectedthat ��� is not robust,a special
valuenil is returned.Thisalgorithmis essentiallyareformulationof asimilaralgorithmin [13], andthuswe
donotanalyzeits correctnesshere(notethatStep4 in K@NQ -ranking is a technicaltrick to ensurethat ¨0©Éª��Gm],�o
in Steps5 and6 hastherankof thecurrentminimal falsifyingmodelof , excludingits owncontribution).

Thenext lemmashows that the rank M NQ m],7o of eachdefault , computedby this algorithmhasanexpo-
nentialupperbound,andthuscanberepresentedby apolynomialnumberof bits.

Lemma 5.14 Let ���{U{m]x�[zy"o be an � -consistentconditionalknowledge basewith positivestrengthas-
signment� . Let 8�U®� y�� bethecardinality of y andlet #�U½¨�
��Zm)V%��m],7oT�-,å��y�`Oo . Let MPNQ m],4YÊoB[\^\^\^%[zMPNQ m],4�Ûo ,
with �F��8 , denotethesequenceof defaultrankscomputedin algorithm M NQ -ranking. Then � M NQ m], ý o\��� #)BVN ý b Y
for all 3tU�dP[\^\^\^%[�� .

By showing thatalgorithm M NQ -rankingcanbeimplementedto run in deterministicpolynomialtime if an
NP-oracleis available,we prove thefollowing result.

Theorem 5.15 Givenan � -consistentconditionalknowledge base ���¯U�m]xT[zy!o with positivestrengthas-
signment� , the problemof computingthe default ranking MPNQ for ��� , if ��� is robust, and returningnil
otherwise, is in

ï I ¾+K .
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Algorithm KR�� -ranking (essentially[13])

Input : � -consistent����U�m]x�[zy"o with positive strengthassignment� .
Output : Default ranking M NQ , if thesystemof equationsgivenby (6) and(7) for all �"���½��y

andall �v�Þ� �@� hasauniquesolution MPNQ ,  7NQ suchthat MONQ is positive and  7NQ is robust;
otherwise,nil.

Notation:Weusë0©«ªr��m9�"���po and ¨0©«ª���m9�"���ro to denote 7NQ m9��js�ro and  �NQ m9��j�it�po ,
respectively, where  7NQ m¸k ouU½¨0©Éª ���������V� � � �A@  �NQ m]�7o with  7NQ m]�7o asin (7).

1. for each ,v�"y do M NQ m],�op� U�£ ;
2. while V%,v��y��6MONQ m],�o�U�£¤`v�U�| do begin
3. Takeany ,å��y with MPNQ m],7o�U�£ suchthat ��m],7oZö�¨0©«ªr��m],�o is minimal;
4. M NQ m],7or� U½� ;
5. if ¨0©«ª��\m],7o�U�£ then return nil;
6. M NQ m],7or� U½��m],7o§ö{¨0©«ªr�Zm],7o õÿ¨å©«ª��\m],7o
7. end;
8. if   N Q satisfies(6) for all ���W�q�±y and M NQ is positive and   N Q is robust
9. then return MONQ elsereturn nil.

Figure6: Algorithm KR�� -ranking

Proof. Let 8=U � y�� , let #tU�¨�
���m)V%��m],�oT�P,��±y�`Oo , andlet � #�� bethelengthof thebinaryrepresentationof # .
It is sufficient to show the following propertiesof algorithm K N Q -ranking : (i) computing ¨0©«ªr�;m],�o and

¨0©«ª:�Gm],�o in Steps3, 5, and6 is in
ï I ¾@K ; (ii) decidingin Step8 whether �NQ satisfies(6) for each�s���¤��y

is in I�¾@K ; and(iii) decidingwhetherMPNQ is positiveand  �NQ is robustin Step8 is in I�¾@K . Lemma5.14implies
thatfor every �!���½��y , thevalues  N Q m9��j±�po and   N Q m9��j�it�ro arefrom V%��[\^\^\^>[�#EB�N _ `�hÞVO£¤` . Thus,they
canbecomputedby binarysearchin deterministicpolynomialtime with ã0mz� #��Pö 8¥o call to anNP-oracle,
sincedecidingwhethersome�v�Þ� �+� existssuchthat   N Q m]�7o��\O for agivenvalue O is in H�I . Thisalready
shows that (i) and(ii) arein

ï I ¾@K and Iu¾+K , respectively. As for (iii), we checkwhetherthereareno two
distinctdefaultsfrom y thathaveacommonminimalfalsifyingmodelunderx . If for every ,å��y thevalue
¨0©«ª:�Gm],�o , whichcanbecomputedin

ï I ¾@K , is known, this is clearlyin EGF - H�I , andthuscanbecheckedwith
acall to anNP-oracle.Thisprovestheresult. -

Theannouncedupperboundon M NQ -entailmentis now easilyestablished.

Theorem 5.16 Givenan � -consistentconditional knowledge base ��� , assertedto be robust, with posi-
tive strengthassignment� , a default , , and an integer �cb�� , decidingwhether m9���å[z�§opMONQ -entails , at
strength� , is in I ¾+K .
Proof. Let ,�U}�"��� . By Theorem5.15,computingthe MONQ -rankingof ��� is in

ï I ¾+K . Decidingwhether
 7NQ m9�;o!U�£ is in H�I , andby similar argumentsas in the proof of Theorem5.15, computingthe ranks
  N Q m9�=j��ro and   N Q m9�=jvit�ro in abinarysearchusing M NQ is thenin

ï I ¾+K ; testing  N Q m9�¢j0�pop­¤  NQ m9�±jsit�po is
simple.Overall,decidingwhetherm9���å[z�§o§MPNQ -entails , is in Iu¾+K . -

Thematchinghardnessresultis inheritedfrom the I ¾+K -hardnessof M N -entailmentin Theorem5.11and
thefactthattheminimal-corepropertyimpliesrobustness(Lemma3.2).

Theorem 5.17 Givenan � -consistentliteral-Horn conditionalknowledge base ��� with positivestrength
assignment� , where ��� is assertedto berobust,a literal-Horn default , , andan integer �
b}� , deciding
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whether m9���å[z�§o MONQ -entails , at strength � , is Iu¾+K -hard. Thisremainstrue if theranking MONQ is part of the
input and �åU½� is fixed.

5.4 Lexicographic Entailment

We now concentrateon thecomplexity of lexicographicentailment.We remarkthat theuppercomplexity
boundstatedin Table 3 for lexR -entailmentfollows immediatelyfrom Cayrol et al.’s work [22], which
shows that lexR -entailmentis in I ¾+K for default knowledgebasesm¸|7[zy"o . This resultcanbeeasilyextended
to conditionalknowledgebasesm]xT[zy!o , by turning the formulas � in the backgroundknowledge x into
defaults ,4��U³g³� � , andassigningthempriority ��m],r�7o´U½¨�
�� 
���� ��m],7oZö½d , provided x is consistent.
Thisprovestheresultin Table3.

We next prove that decidinglexR -entailmentis Iu¾+K -hardfor the Horn case.More precisely, we even
show thestrongerresultthat I ¾@K -hardnessholdsfor theliteral-Horncase.

Theorem 5.18 Givena literal-Horn defaultknowledge base���²U�m¸|7[zy!o with priority assignment� , and
a literal-Horn default ,�U}gÿ��� , decidingwhether m9���å[z�§o lexR -entails , is I�¾@K -hard.

Proof. We give a polynomial transformationfrom the following I ¾@K -completeproblem[58] (cf. Theo-
rem5.9). Givena conjunctionkÞU
k�Y´jÿ^\^\^´jqk)D of clausesk ý on atoms]ZY�[\^\^\^%[M]@_ , which is assertedto
besatisfiable,decidewhether��^`_ Q m¸ktoT� Ua]@_ where��^`_ Q m¸k o is thelexicographicallymaximummodelof k .

We construct���³U m¸|7[zy"o , � , and ,�U�ge� � asin theproblemstatementsuchthat ��^`_ Q m¸k o�� U�]+_
if f m9���å[z�§o lexR -entails , (seeAppendixB). Roughlyspeaking,the main problemin this constructionis
to transformtheclausesk´Y\[\^\^\^>[�k)D into Horn clausesk N Y [\^\^\^�[�k N D . We tacklethis by replacingall positive
literals ] ý in k´Y�[\^\^\^�[�kWD by new negative literals i / ý , and expressthe relationships] ý j�/ ý n f and
g�n�] ý <"/ ý in a suitableway. This is accomplishedby introducingappropriatesetsof defaults � ý andby
exploiting thelexicographicpreferenceorderingon worlds. -

Wenext turn to thecomplexity of lex-entailment.Sincethis is a specialcaseof lexR -entailment,we can
solve this problemby usingan algorithmfor lexR -entailment,to which provide the M -partition of y from
theconditionalknowledgebase����U�m]xT[zy!o in theinput. As thiscanbedonewithout toomuchoverhead,
thecomplexity of lexR -entailmentgivesus thenanupperboundfor lex-entailment.On theotherhand,the
transformationof generallexicographicdefault rankingto entrenchedlexicographicdefault rankingfrom
Theorem3.3allows usto infer thatthis complexity is alsoa lowerbound.

Theorem 5.19 a) Givenan � -consistentconditionalknowledge base��� anda default , , decidingwhether
��� lex-entails, is in Iu¾+K . b) Givenan � -consistentliteral-Horn defaultknowledge base��� anda literal-
Horn default , , decidingwhether��� lex-entails , is I ¾@K -hard.

5.5 Conditional Entailment

Wefinally concentrateon thecomplexity of Geffner’s conditionalentailment.
Thefollowing lemmais helpful for checkingwhetherapriority orderingis admissible.

Lemma 5.20 Let ����U�m]x�[zy"o bea conditionalknowledgebase. A priority ordering . on y is admissible
with ��� iff each ,v��y is toleratedby y 
 U½y�õ{V%, ÷ ��y��6, ÷ .¬,a` under x .

Wearenow readyto giveanupperboundfor thecomplexity of conditionalentailment.

Theorem 5.21 Givena conditionalknowledge base ��� U m]x�[zy"o and a default ,�U �¤� � , deciding
whether��� conditionallyentails , is in J K L .
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Algorithm not-cond-entailment

Input : Conditionalknowledgebasem]x�[zy"o anda default �!��� .
Output : “Yes” iff m]xT[zy!o doesnot conditionallyentail �!��� .

1. Guessasubset. of y���y ;
2. if . is not irreflexive or . is not transitive then halt; /* . is notapriority ordering*/
3. for each ,v�"y do

if i ( , is toleratedby yeõ�V%, ÷ ��y �P, ÷ .�,4` underx )
then halt; /* . is notadmissible*/

4. Guess�å�Þ�Z�+� ;
5. if �
�� U½x
h
VO��` or �!� Uc� then halt; /* wrongguess*/
6. if some ÿ�Þ� �+� existss.t.  }.�� and   � U¦x
hqVO�Z` then halt /* � is notpreferred*/

elsereturn “Yes”.

Figure7: Algorithm not-cond-entailment

Proof. Weshow thatthecomplementproblem,thatis, decidingwhether��� doesnotconditionallyentail , ,
is in ß	KL . Recallthat , is not conditionallyentailedby ��� if f thereexistsa priority ordering . on y that
is admissiblewith ��� , anda . -preferredmodel � of x{h VO�Z` suchthat �½�� UW� . This is checked by the
nondeterministicalgorithmnot-cond-entailment. In Step3 there,Lemma5.20is appliedfor checkingthat
thepriority ordering . is admissible.It is easilyseenthat the(unnegated)queriesin Step3 andthequery
in Step6 canbe answeredby an NP-oracle.Modulo thesequeries,eachof the Steps1–6 canbe donein
polynomialtime. Hence,decidingwhether��� doesnot conditionallyentail , is in H�I ¾+K U�ß	KL . -

Wenext show thatthisupperboundis tight, andthatthisholdsevenfor theliteral-Horncase.

Theorem 5.22 Givena literal-Horn conditionalknowledge base����U�m]x�[zy"o anda literal-Horn default
,ÞU��!��� , decidingwhether��� conditionallyentails , is JTKL -hard.

Proof. We give a polynomial transformationfrom the following canonical J K L -completeproblem[54].
Given a collection of clausesk´Y\[\^\^\^>[�kW� on the atoms /�Y\[\^\^\^%[X/�D±[M]§Y�[\^\^\^%[M]+_ , where l
[X8 b2d , decide
whetherthequantifiedBooleanformula ¡¬U~¢+/�Y�^\^\^8¢+/�D'£>]ZY�^\^\^�£¤]+_�m¸k�Y@jyB�B�B@j�k¥�Éo evaluatesto true.That
is, is it truethatfor eachtruthassignment��¦ to thevariables/�Y\[\^\^\^%[X/�D , thereexistsatruthassignment��§ to
thevariables] Y [\^\^\^>[M] _ suchthat � ¦ hå� § satisfiesk Y jCB�B�BZjåk¥� . Without lossof generality, wecanassume
thateachclausek ý containsat leastonevariablefrom ]§Y�[\^\^\^�[M]@_ .

We constructa literal-Hornconditionalknowledgebase��� U m]xT[zy!o anda literal-Horndefault ,�U
� � � suchthat ¡ evaluatesto true iff ��� conditionallyentails , (seeAppendixB). Roughlyspeaking,
this constructioninvolvestwo mainproblems.First, we mustexpresssomehow thevalidity of a quantified
Booleanformula. This will bedoneby makinguseof thepreferenceorderingon worlds. Second,we must
transformtheclausesk Y [\^\^\^�[�k¥� into Horn clausesk�N Y [\^\^\^%[�k�N � . This will bedoneby replacingall positive
literals / ý and ]>� in k�Y�[\^\^\^�[�k¥� by new negative literals it/ ÷ý and iE] ÷� , respectively. We will thenuse x to
expresstherelationships/ ý j!/ ÷ý n�f and ]¤�pjC] ÷� n�f , andthepreferenceorderingon worldsto express
therelationshipsg�n / ý <s/ ÷ý and g¦ni]¤�u<f] ÷� ; thus, / ý)¨ it/ ÷ý and ]>� ¨ iE] ÷� . -
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6 New Tractable Cases

6.1 Overview

As theresultsin Section4 show, a numberof themoresophisticatedsemanticsfor conditionalknowledge
basesareintractablefor all the classesof default reasoningproblemsthat we have considered.Thus,the
issueof meaningful,tractableclassesof problemsfor thesesemanticsnaturallyarises.On theotherhand,it
wouldbeinterestingto know whetherthetractabilityresultsfor theothersemanticsin theHorncasecanbe
extendedto moreexpressive classesof problems.

In this section,we tackletheseissuesandpresentnew tractablecasesfor default reasoningfrom condi-
tional knowledgebases.In responseto the latterquestion,we introducein Section6.2 theclassof q-Horn
conditionalknowledgebases.This classgeneralizesHorn conditionalknowledgebasessyntacticallyby
allowing a restricteduseof disjunction,andcontainsinstanceswhich cannotbe representedin Horn con-
ditional knowledgebases.As we show, the tractability resultsfor Horn conditionalknowledgebasesin
Tables2–5 extendto q-Horn conditionalknowledgebases,which canbe regardedasa positive result re-
gardingthetractabilityof default reasoning.

Findingmeaningfultractablecasesfor themoresophisticatedsemanticsfor conditionalknowledgebases
turnsout to bemorechallenging.A naturalattemptis to show thata further restrictionof the literal-Horn
caseleadsto tractability. An obvious candidaterestrictionis boundingthe sizeof the antecedentsin the
strict andclassicalrulesto at mostoneatom. Unfortunately, aswe show in Section6.3, this doesnot buy
tractability. An analysisof our proof revealsthat theinteractionof thedefaultsamongeachotherandwith
the classicalbackgroundknowledgemustbe controlledsuchthat interferenceshave a local effect. This
leadsusto theclassof feedback-freeHorn (ff-Horn) default reasoningproblemsin Section6.4.As weshow,
tractabilityis gainedon thisclassfor mostof theintractablesemanticsin Tables2–5.Therefinedhierarchy
of default reasoningproblemclassesis shown in Figure8, wherethenew classesintroducedin this section
areemphasizedin bold face.

6.2 Q-Horn

6.2.1 Moti vating example

Q-Horn conditionalknowledgebasesgeneralizeHorn conditionalknowledgebasesby allowing a limited
form of disjunction.Thefollowing exampleillustratesthiskind of disjunctive knowledge.

Example6.1 AssumethatJohnis looking for Mary. Unfortunately, hedid not find herat home.So,heis
wonderingwhereshemightbe.Heknows thatMary mightbehaving teawith herfriends,thatshemightbe
in thelibrary, or thatshemightbeplayingtennis.Healsoknows thatthesescenariosarepairwiseexclusive
andnot exhaustive. Moreover, Johnknows that “generally, in the afternoon,Mary is having teawith her
friendsor sheis in thelibrary” andthat“generally, on Fridayafternoon,Mary is playingtennis”.

Thisknowledgecanbeexpressedby thefollowing conditionalknowledgebase����U�m]xT[zy!o :
x�U2VOi tea <�i library [´i tea <�i tennis[ui library <"i tennis̀�[
y�U2V afternoon� tea < library [ Friday j afternoon� tennis̀�^

Supposenow that it is FridayafternoonandthatJohnis wonderingwhetherheshouldgo to thelibrary
to look for Mary. Thatis, does��� entailFriday j afternoon� library?
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6.2.2 Definitions

We now introduceq-Horn conditionalknowledgebases.A clauseis a disjunctionof literals. A default
����� is clausalif f � is either g or aconjunctionof literals,and � is aconjunctionof clauses.A conditional
knowledgebase����U�m]x�[zy"o is clausalif f x is afinite setof clausesand y is afinite setof clausaldefaults.
A default reasoningproblem m9���Þ[z,�o is clausalif f both ��� and , areclausal.

A classicalformula � is in conjunctivenormal form (or CNF) iff � is either g or a conjunctionof
clauses.We usetheoperator­ to mapeachatom $ to its negation i $ , andeachnegatedatom i´$ to $ . We
definea mapping® thatassociateseachclausaldefault , with a classicalformula in CNF asfollows. If ,
is of the form g��¯c>Yuj}B�B�BCj&cÊ_ with clausesc>Y\[\^\^\^%[�cÊ_ , then ®�m],7o�U�c%Yuj�B�B�BCjecÊ_ . If , is of the form� Y j}B�B�B'j°� D �±c Y j}B�B�B'j°c _ with literals � Y [\^\^\^>[�� D andclausesc Y [\^\^\^%[�c _ , then ®²m],�o is definedasthe
conjunctionof all ­°�9Y�<²B�B�B <5­+�oD!<�c ý with 3+��V.dP[\^\^\^%[X8 ` . Weextendthemapping® to classicalformulas
in CNF � by defining ®²m9�;o�U�� . We extend ® to finite sets� of classicalformulasin CNF andclausal
defaultsasfollows. Let � ÷ denotethesetof all 5��±� with ®²m¸5ao��U}g . If � ÷ �U¦| , thenwedefine®�m]�
o as
theconjunctionof all ®²m¸5ao with 5��±� ÷ . Otherwise,®�m]�ÿo is definedas g .

A partial assignment³ is asetof literalssuchthatfor everyatom $��±ST& atmostoneof theliterals $ and
i $ is in ³ . A classicalformulain CNF � is q-Horn if f thereexistsapartialassignment³ suchthat(i) each
clausein � containsat mosttwo literalsoutsideof ³ , and(ii) if a clausein � containsexactly two literals
(§[M´���\³ , thenneither ­
( nor ­+´ belongsto ³ . Note that it is not assumedthat thepartialassignment³
canbecompletedto amodelof � .

Theclassof q-Horn formulasgeneralizestheclassesof quadratic,Horn, anddisguisedHorn formulas
[11]. Recallthata classicalformula in CNF �{Uµc>Yuj|B�B�B'j&cGü over theatoms$@Y�[\^\^\^�[z$'_ is quadratic if f
eachclausec ý containsat mosttwo literals. It is Horn if f eachc ý is a Horn clause,anddisguisedHorn if f
thereexistsa partialassignment³ suchthat �`³��'U½8 andthateachclausec ý containsat mostoneliteral not
belongingto ³ . Informally, disguisedHorn � canbemadeHornby “renaming”atoms.For quadratic(resp.,
Horn) � , thepartialassignment³ÿU¦| (resp.,³ U²VOi $aY\[\^\^\^>[Bi $._@` ) alwayssatisfies(i) and(ii).

Example6.2 Theclassicalformulas i $Tj�mX{t<�c�oîj�m]$�<�c�o , i $TjqmX{¥<viFct<si ,7o+j�m9i´$T<vid{¥<viFct<0,�o , and
i $�jC{´j
mX{´<fc�o arequadratic,Horn,anddisguisedHorn, respectively, andthusq-Horn.

Theclassicalformula m9i $±<qid{\oZjÿm9i $±<qiFc�oZjÿm9id{�<�iFc�o§j m]$�<&{\o§jÿm]$±<�c\o¥jÿmX{u<Cc�<",�o is q-Horn
(as ³ÿUµV%,a` satisfies(i) and(ii)), but neitheramongHorn,quadratic,anddisguisedHorn.

Theclassicalformula m9i $±<�i¶{t<�idc\o§j�m]$�<�{ <Cc\o is notq-Horn.

A finite set � of classicalformulasin CNFandclausaldefaultsis q-Horn if f ®²m]�ÿo is q-Horn.A condi-
tional knowledgebase���}Uµm]xT[zy!o is q-Horn if f ��� is clausaland x
h!y is q-Horn.Clearly, every Horn
conditionalknowledgebaseis q-Horn,but not vice versa.A default reasoningproblem m9���å[z,7o is q-Horn,
if ��� is q-Hornand , is aclausaldefault.

Example6.3 Theconditionalknowledgebase���¯U�m]x�[zy"o shown in Example6.1 is q-Horn. More pre-
cisely, theclassicalformula ®�m]x
h"y!o associatedwith ��� is givenasfollows:®�m]x
h!y"o"U�m9i tea <�i libraryoZj
m9i tea <�i tenniso�j
m9i library <�i tennisotj

m9i afternoon< tea < library oZj
m9i Friday <�i afternoon< tenniso+^
It is now easyto verify that VOi Friday [Bi afternooǹ is a partial assignmentthat satisfies(i) and(ii) asde-
scribedabove. Thatis, ®�m]x
h!y"o is q-Horn.Since ��� is clearlyclausal,it follows that ��� is q-Horn.

The sizeof a classicalformula in CNF � , denoted ·Ê�¶· , is definedas the numberof occurrencesof
literals in � . We use � �t� to denotethe numberof clausesin � . The sizeof a clausaldefault ,pUÿ����� ,
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denoted·�,)· , is definedas ·Ê�¶·�ö¸·z��· . Thesizeof a finite setof clausesx , denoted·�x�· , is definedasthe
sizeof ®�m]x	o . Thesizeof aclausalconditionalknowledgebase����U¬m]x�[zy"o , denoted·Ê����· , is definedas
thesizeof ®�m]xsh�y"o . Weuse � y
� to denotethecardinalityof y .

6.2.3 Q-Horn formulas

Wenow givesomepreparative results.Wefirst recallthattheproblemof decidingwhetheraq-Hornformula
is satisfiableandtheproblemof recognizingq-Hornformulasarebothtractableandcanin factbesolvedin
lineartime. Theseresultsgo backto Borosetal. [10, 11].

Theorem 6.1(see[10, 11])

a) Givena q-Horn formula � , decidingwhether� is satisfiablecanbedonein time ã0mj·Ê�¶·Êo .
b) Givena classicalformulain CNF � , decidingwhether� is q-Horn canbedonein time ãåmj·Ê�¶·Êo .

By theseresults,it is clearthatq-Hornconditionalknowledgebasescanbeefficiently recognized.

Proposition 6.2 Givena clausalconditionalknowledge base ��� U m]xT[zy!o , decidingwhether ��� is q-
Horn canbedonein time ã0mj·Ê����·Êo .

The following lemmastatesthe (immediate)observation that the setof all q-Horn formulasis closed
underconjunctionwith literalsandunderdecompositionof conjunctionsinto their components.

Lemma 6.3 a) If � is a q-Horn formulaand � is a conjunctionof literals, then �Þjv� is q-Horn.

b) If ��js� is a q-Horn formula,then � is q-Horn.

6.2.4 ¹ -Semantics

We now prove the tractability resultsshown in Figures9–10 for ¹ -semanticsin the q-Horn case. The
following theoremshows that decidingwhethera q-Horn conditionalknowledgebaseis � -consistentis
tractable.

Theorem 6.4 Givena q-Horn conditionalknowledge base ����U¬m]x�[zy"o , decidingwhether ��� is � -con-
sistentcanbedonein time ã0mz� y
� L ·Ê���C·Êo .
Proof. A conditionalknowledgebase ���¯U�m]x�[zy"o is � -consistentiff the M -partition of y exists [49].
Thatis, iff thereexistsanorderedpartition m]yÞ¶P[\^\^\^>[zyÞüPo of y suchthat,for 3 U½��[\^\^\^>[�5 , eachy ý is theset
of all defaultsin y õ þ V%y � �6������­"3X` thataretoleratedunderx by y õ þ V%y � �6������­"3X` . Thus,deciding
whether��� is � -consistentcanbereducedto ã0mz� y
� L o satisfiabilitytestson setsof classicalformulasand
defaultsof the form x{h
y ÷ h�V>k
j
l´` with y ÷ í�y and kÞ��lå�±y ÷ . Clearly, as kÞ��lå�±y ÷ , suchsets
x
h"y ÷ hqV>k"jsl´` arelogically equivalentto x
h!y ÷ hqV>k´` .

Assumenow that ��� is q-Horn. Then,by Lemma6.3, every x h
y ÷ h�V>k´` is q-Horn. Hence,by
Theorem6.1a),eachsatisfiabilitytestcanbedonein time ãåmj·Ê����·Êo . Thus,in summary, decidingwhether
��� is � -consistentcanbedonein time ãåmz� y�� L ·Ê����·Êo . -

Thenext resultshows thatdeciding� -entailmentis tractablein theq-Horncase.

Theorem 6.5 Givena q-Horn defaultreasoningproblem m9���å[z,7o , where ���³U m]x�[zy"o and ,�U������ ,
decidingwhether���½� -entails , canbedonein time ã0mXmj·Ê�¶·´ö�� ��� o�� y�� L mj·Ê����· öº·�,)·ÊoXo .
Proof. By Theorem3.1, a conditionalknowledgebase ���ôU�m]x�[zy"o�� -entailsa default ,²U����W�
if f m]x�[zy h{VO���wit��`Oo is � -inconsistent.Hence,by the proof of Theorem6.4, decidingwhether ���®� -
entails, canbereducedto ã0mz� y
� L o satisfiabilitytestson setsof classicalformulasanddefaultsof theform
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x h y ÷ ÷ h¬V�»§` with y ÷ ÷ í�y h{VO��� i ��` and »±�½¼	�±y ÷ ÷ . We cannow distinguishthe threecases(i)
���³it�¾L�{y ÷ ÷ , (ii) ��� it���{y ÷ ÷ and »±�½¼ÿ�U���� i � , and(iii) ��� it���{y ÷ ÷ and »��¿¼vU����³it� .
That is, thesatisfiabilitytestsaredoneon setsof classicalformulasanddefaultsof the form x hqy ÷ he� ,
wherey ÷ í�y and �¤��V-V>k´`C[GVO��� it��[�k´`C[GVOit��[B�Z`-` with k���lv��y ÷ .

Supposenow that ��� is q-Horn and , is clausal. Hence, � is either g or of the form �ZY	j|B�B�B4j
�@ü
with literals � Y [\^\^\^%[B�@ü . Moreover, � is of the form � Y j�B�B�B7j
� _ with clauses� Y [\^\^\^�[X� _ . Thus,each
satisfiabilityteston xshÞy ÷ hvVO���³it��[�k´` canbereducedto ·Ê�¶· satisfiabilitytestson xshÞy ÷ hvVOi�� ý [�k´` ,
dd�"3��
5 , and � ��� satisfiabilitytestson x!h�y ÷ hvVOit� ý [�k´` , dd��3��"8 . Moreover, eachsatisfiabilityteston
x
h"y ÷ hqVOit��[B��` canbereducedto � ��� satisfiabilitytestson xsh�y ÷ håVOit� ý [B�Z` , dd��3��"8 .

By Lemma6.3,eachsuchx=h�y ÷ hÀ� with ����V-V>k�`C[GVOi�� ý [�k�`C[GVOit� ý [�k´`C[GVOi � ý [B�Z`-` is q-Horn.Hence,
by Theorem6.1a),eachsatisfiabilitytestcanbedonein time ã0mj·Ê����·aöz·�,Á·Êo . In summary, thisshows that
decidingwhether���½� -entails , canbedonein time ã0mXmj·Ê�¶·´ö�� ��� o�� y�� L mj·Ê����· öº·�,)·ÊoXo . -

Thefollowing theoremshows thatalsodecidingproper� -entailmentis tractablein theq-Horncase.

Theorem 6.6 Givena q-Horn defaultreasoningproblem m9���å[z,7o , where ���³U m]x�[zy"o and ,�U������ ,
decidingwhether��� properly � -entails , canbedonein time ã0mXmj·Ê�¶·�ö�� ��� o�� y
� L mj·Ê���C·´öº·�,Á·ÊoXo .
Proof. Recallthat ��� properly � -entails ����� if f ���²� -entails ���W� and ��� doesnot � -entail ���³f
(thatis, ���W$�j�i $ for some$��±ST& ). Hence,theresultis immediateby Theorem6.5. -
6.2.5 SystemsÂ and Â ú
We next concentrateon entailmentin systems� and ��� . The following resultshows that computingthe
default ranking M � is tractablein theq-Horncase.Sincesystem� � is apropergeneralizationof system� ,
this resultshows alsothatcomputingthedefault ranking M is tractablein theq-Horncase.

Theorem 6.7 Givenan � -consistentq-Horn conditionalknowledge base ��� U m]xT[zy!o with strengthas-
signment� , thedefaultranking M � canbecomputedin timepolynomialin theinput size.

Proof. Given an � -consistentconditionalknowledgebase���{U�m]x�[zy"o with strengthassignment� , the
default ranking M � canbe computedwith ã0mz� y
� L æçF-è�� y�� o satisfiability testson setsof classicalformulas
anddefaultsof theform x
h"y ÷ h�V>k�` , wherey ÷ í�y and k���ls��y ÷ [49].

Assumenow that ��� is q-Horn. Then,by Lemma6.3, eachsuch x¯hÿy ÷ h{V>k´` is q-Horn. Hence,
by Theorem6.1 a), eachsatisfiability testcanbe donein time ã0mj·Ê����·Êo . Thus,in summary, the default
ranking M.� canbecomputedin polynomialtime. -

We finally show thatdeciding M'� -entailmentis tractablein theq-Horn case.Again, sincesystem���
properlygeneralizessystem� , this resultshows alsothatdeciding M -entailmentis tractablein theq-Horn
case.Trivially, thesetractabilityresultsremaintruewhen M � and M , respectively, arepartof theinput.

Theorem 6.8 Givena q-Horndefaultreasoningproblem m9���å[z,�o , where ���²U�m]xT[zy!o is � -consistentand
hasa strengthassignment� , decidingwhether m9���å[z�§ouM.� -entails ,qUW����� at a givenstrength ��b��
canbedonein timepolynomialin theinputsize.

Proof. Recall that m9���0[z�§o�M'� -entails , at strength� if f x�h{VO�Z` is unsatisfiableor  +�	m9�qj��rouöY��­
  � m9��j!it�po (or, equivalently,   � m9�;o;ö|��­   � m9��jvi �po ). Thus,wefirst have to checkwhetherx�h"VO�Z` is
unsatisfiable.If this is thecase,then m9���å[z�§oZM'� -entails , atstrength� . Otherwise,weadditionallyhave to
decidewhether  � m9�;oZö\�"­   � m9��j�it�ro .

Supposenow that ��� is q-Hornand , is clausal.Then,by Lemma6.3, x�h
VO�Z` is q-Horn. Hence,by
Theorem6.1a),decidingwhetherx
h
VO��` is unsatisfiablecanbedonein time ãåmj·�x�· öº·Ê�¶·Êo .
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By Theorem6.7, the default ranking M'� canbe computedin polynomialtime. Given the ranking M'� ,
thevalues  � m9�;o and   � m9�0j
it�po canbecomputedwith ã0m]æçF-è�� y�� o satisfiabilitytestson setsof classical
formulasanddefaultsof theform x¢h�y ÷ h'� , where�¬��V-VO�Z`C[GVO�§[Bit��`-` and y ÷ í�y [49]. Since� is of the
form �	Y-j5B�B�B9jT�t_ with clauses�	Y�[\^\^\^�[X� _ , eachsatisfiabilityteston x¢h�y ÷ h�VO�§[Bit�T` canbereducedto � ���
satisfiabilitytestsonall xshÞy ÷ hvVO�§[Bit� ý ` . By Lemma6.3,eachsuchx�hTy ÷ h�� with �¬��V-VO�Z`C[GVO�§[Bit� ý `-`
is q-Horn. Hence,by Theorem6.1 a), eachsatisfiabilitytestcanbe donein time ãåmj·Ê���C·pö�·�,)·Êo . This
shows that   � m9�îo and   � m9�Þj�i �po canbecomputedin polynomialtime.

In summary, decidingwhether m9���0[z�§o¥M.� -entails , atstrength� canbedonein polynomialtime. -
6.3 Intractability Resultsfor 1-Literal-Hor n Case

How dowe obtaintractabilityof decidingM N -, M NQ -, lex-, lexR -, andconditionalentailment?In particular, are
thereany syntacticrestrictionson default reasoningproblemsthatgive tractability?Wecould,for example,
further restrict literal-Horn defaultsby limiting the numberof atomsin the antecedentof eachdefault as
follows. A default ����� is 1-literal-Horn if f � is either g or anatom,and � is a literal. A 1-Hornclauseis
aclassicalformula ��n�� , where � is either g or anatom,and � is a literal. A conditionalknowledgebase
����U�m]xT[zy!o is 1-literal-Horn if f x is a finite setof 1-Hornclausesand y is a finite setof 1-literal-Horn
defaults.A default reasoningproblem m9���å[z,7o is 1-literal-Horniff both ��� and , are1-literal-Horn.

Unfortunately, thefollowing theoremshows thatdeciding M N -entailmentis still intractableevenfor this
very restrictedkind of default reasoningproblems.

Theorem 6.9 Givena 1-literal-Horn conditionalknowledge base��� , which is � -consistentandminimal-
core, anda 1-literal-Horn default , , decidingwhether���½MON -entails , is co-NP-hard.

Informally, intractability is dueto the fact that the default knowledgegenerallydoesnot fix a unique
instantiationof the atomsto truth values,in particular, whendefaults “fire back” into the antecedentsof
otherdefaults,andwhendefaultsarelogically relatedthroughtheir consequents.

SinceMONQ -entailmentis apropergeneralizationof MON -entailment(seeLemma3.2),it immediatelyfollows
thatdecidingM NQ -entailmentis intractablein the1-literal-Horncase.

Corollary 6.10 Givena 1-literal-Horn conditionalknowledge base ��� , which is � -consistentandrobust,
a strengthassignment� on ��� , a 1-literal-Horn default , , and a strength � , decidingwhether m9���å[z�§o
M NQ -entails , at strength� is co-NP-hard.

Thefollowing theoremshows thatalsodecidinglex-entailment,lexR -entailment,andconditionalentail-
mentis intractablein the1-literal-Horncase.

Theorem 6.11 a) Givenan � -consistent1-literal-Horn conditional knowledge base ��� and a 1-literal-
Horn default , , decidingwhether��� lex-entails , is co-NP-hard.

b) Givena 1-literal-Horn conditionalknowledge base��� with priority assignment� anda 1-literal-Horn
default , , decidingwhether m9���å[z�§o lexR -entails , is co-NP-hard.

c) Givena 1-literal-Horn conditionalknowledge base��� anda 1-literal-Horn default , , decidingwhether
��� conditionallyentails , is co-NP-hard.

6.4 Feedback-freeHorn

We will seethatdeciding # -entailment,where #���V%MON.[zMONQ [ lex [ lexR ` , becomestractable,if we assumethat
thedefault reasoningproblemscanbedecomposedinto smallerproblemsof sizeboundedby aconstant.
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6.4.1 Moti vating examples

We now give someexamplesto illustrate the main ideasbehindthis kind of decomposability. Roughly
speaking,givena default reasoningproblem m9���å[z,�o	U�mXm]xT[zy!oB[B���³�po , we solve oneclassicalreasoning
problemw.r.t. x and � , andonereduceddefault reasoningproblem m9���±÷][z, ÷ o , where ���±÷ is obtainedfrom
��� by eliminatingirrelevantdefaults,and , ÷ is obtainedfrom , by addingliteralsto its antecedent.

In the sequel,we assumethat conditionalknowledgebasesare implicitly associatedwith a strength
assignment� andapriority assignment� , when #�U¦M NQ and #�U lexR , respectively.

Example6.4 Consideragaintheconditionalknowledgebase���²U�m]x�[zy"o shown in Example3.1.Assume
now thatwearewonderingwhether��� # -entailsthedefaultspenguin� fly, redj bird � fly, bird � mobile,
penguin� arctic, or penguin� wings, where #u��V%M N [zM NQ [ lex [ lexR ` . As it turnsout,eachof theseproblems
canbereducedto oneclassicalreasoningproblemandonedefault reasoningproblem.

For instance,decidingwhether ����# -entailsred j bird � fly is reducedto a classicalreasoningprob-
lem w.r.t. x and red j bird, and to a default reasoningproblemw.r.t. the conditional knowledge base
����÷%U�m]xT[GV bird � fly, fly � mobilèOo , which is obtainedfrom ��� by sensiblyeliminating irrelevant de-
faults. More precisely, it is reducedto computingthe leastmodelof x¯h V red j bird ` (that is, the setof
all atomsthat are logically entailedby x�h¯V red j bird ` , which is given by V red[ bird ` ), andthe default
reasoningproblemwhether���¢÷'# -entailsred j bird j�i penguinj�i arctic � fly (which is true).

Thenext exampleconsiderstheclassicalNixondiamond.

Example6.5 The defeasibleknowledge“generally, quakersarepacifists”and“generally, republicansare
no pacifists”canbeexpressedby thefollowing conditionalknowledgebase���²U�m]xT[zy!o :

x�U�|	[
y�U2V quaker � pacifist[ republican�³i pacifist̀�^

We arenow asked whetherNixon, beinga quaker anda republican,is alsoa pacifist. That is, we are
wonderingwhether ���®# -entailsthe default quaker j republican� pacifist, where #u��V%MPN.[zMONQ [ lex [ lexR ` .
Wewill seethatthis default reasoningproblemcanbereducedto oneclassicalreasoningproblemw.r.t. the
setof atomsV quaker [ republicaǹ andonedefault reasoningproblemw.r.t. thesetof atomsV pacifist̀ .

Thefollowing exampleshows a taxonomichierarchyadornedwith somedefault knowledge[3].

Example6.6 Thestrictknowledge“all birdsandfishesareanimals”,“all penguinsandsparrowsarebirds”,
“no bird is a fish”, “no penguinis a sparrow”, and the defeasibleknowledge“generally, animalsdo not
swim”, “generally, fishesswim”, and“generally, penguinsswim” canberepresentedby thefollowing con-
ditional knowledgebase���{U{m]xT[zy!o :

x U V bird n animal[ fish n animal[ penguinn bird [
sparrow n bird [ bird n³i fish[ penguinn i sparroẁ�[

y U V animal � i swims[ fish � swims[ penguin� swims̀�^
Do sparrowsgenerallyswim?Thatis,does���¬# -entailsparrow � swims, where#u�ÞV%MON , MONQ [ lex [ lexR'` ?

This default reasoningproblemcanbe reducedto oneclassicalreasoningproblemw.r.t. the setof atoms
V animal[ bird [ fish, sparrow[ penguiǹ andonedefault reasoningproblemw.r.t. thesetof atoms V swims̀ :
We first computethe leastmodelof x hÿV sparroẁ in which sparrow, bird, andanimalaretrue,andthen
decidewhether m]xT[GV animal �³i swims̀Oot# -entailssparrow j bird j animal j0i fish j0i penguin� swims.

33



6.4.2 Definitions

Supposethat for a literal-Horn conditionalknowledgebase ���°U m]xT[zy!o , thereexists a set of atoms
S�&�Ã=í S�& suchthat x is definedover ST&8Ã andthatall consequentsof definiteliteral-Horndefaultsin y are
definedover S�& õÿST&8Ã . Thegreatestsuch S�&8Ã , whichclearlyexiststhen,is calledtheactivationsetof ��� .
Intuitively, in any “context” givenby x and � , where � is either g or a conjunctionof atomsfrom ST& , all
thoseatomsin ST&8Ã thatarelogically entailed(resp.,not logically entailed)by x
h
VO�Z` canbesafelysettoÄÆÅ�ÇWÈ

(resp.,ÉËÊ�ÌZÍ È ) in thepreferredmodelsof x
hqVO�Z` .
For ST&8Ã , thereexists a uniquepartition V%S�&�Y�[\^\^\^%[zST&6_@` of ST&TõcS�&�Ã , where 80b�� (andeach ST& ý is

nonempty),suchthat (i) if 8�("� , thenevery ,T�±y is definedover some S�& Ã h ST&6ý with 3+��V.dP[\^\^\^>[X8 ` ,
and(ii) 8 is maximal. We call this partition the defaultpartition of ��� . A conditionalknowledgebase
����U�m]xT[zy!o is 5 -feedback-freeHorn (or 5 -ff-Horn) iff it is literal-Horn,it hasanactivationset S�&8Ã , andit
hasadefault partition V%S�&BY�[\^\^\^%[zS�&)_@` suchthatevery S�& ý with 3+��V.dP[\^\^\^>[X8 ` hascardinalityat most 5 .
Example6.7 The two conditionalknowledgebasesshown in Examples6.5 and6.6 areboth 1-ff-Horn.
Theiractivationsetsaregivenby V quaker [ republicaǹ and V animal[ bird [ fish[ sparrow[ penguiǹ , respec-
tively. Moreover, theirdefault partitionsaregivenby V-V pacifist̀-` and V-V swims̀-` , respectively.

Theconditionalknowledgebasesshown in Example6.4 is 2-ff-Horn. Its activation setandits default
partitionaregivenby V penguin[ bird [ red̀ and V-V fly [ mobilèC[ZV arctic `C[ZV wings̀-` , respectively.

Given a literal-Horn default reasoningproblem m9���0[z,7ovU~mXm]xT[zy!oB[B�����ro , we use x � (resp., y � )
to denotethe setof all definite formulasin x (resp., y ). An atom {��µST& is activew.r.t. ��� and , if f
x � h
y � hÿS�&Gm],�o�� UÎ{ . A classicalformula k (resp.,default ¼ ) is activew.r.t. ��� and , if f all atoms
in k (resp.,¼ ) areactive w.r.t. ��� and , . An atom {±�
S�& (resp.,classicalformula k , default ¼ ) is inactive
w.r.t. ��� and , if f it is not active w.r.t. ��� and , . Weoftendenoteby Ïy thesetof all active defaultsin y ,
andomit ��� and , whenthey areclearfrom the context. Intuitively, to decidewhether ���®# -entails, ,
where #���V%MON'[zMONQ [ lex [ lexR'` , it is sufficient to considerall defaultsin ��� thatareactive w.r.t. ��� and , .

This intuition is moreformally expressedby the following lemma.Roughlyspeaking,this lemmaim-
plies that � is true in every preferredmodelof x¯h VO��` w.r.t. y if f � is true in every preferredmodelof
x
h
VO��` w.r.t. thesetof all active defaultsin y .

Lemma 6.12 Let m9���å[z,7o�U³mXm]x�[zy"oB[B���W�ro bea literal-Horn defaultreasoningproblem,andlet � bea
modelof x . Then,thereexistsa model�PN of x such that (i) �PN7mv»Zo�U½�+mv»Zo for all activeclassicalformulas» ,
(ii) �PN satisfiesall inactivedefaultsin y , and(iii) �PN satisfiesthesameactivedefaultsin y as � .

A default reasoningproblem m9���0[z,�o�U�mXm]x�[zy"oB[B���W�ro is 5 -ff-Horn, where 5qb®d , if f (i) it is literal-
Horn, and(ii) m]xT[�Ïy�h
V%,4`Oo hasanactivationset ÐS�&�Ã anda default partition V%S�&�Y�[\^\^\^>[zST&6_a` suchthat , is
definedover someÐS�&�Ãrh!S�&Ñ� with � S�&X�'�Ò��5 and � beinga literal over S�&Ñ� , where Ïy is thesetof all active
defaultsin y w.r.t. ��� and , . Theclass5 -ff-Horn consistsof all 5 -ff-Horn default reasoningproblems.We
definetheclassfeedback-freeHorn (or ff-Horn) by ff-Horn = þ ü�Ó Y 5 -ff-Horn.

Example6.8(Redbirds) Considerthe literal-Horn default reasoningproblem m9���0[z,7o , where ��� U
m]x�[zy"o asin Examples3.1and6.4,and ,ÞU red j bird � fly. Theset Ïy of all activedefaultsin y w.r.t. ���
and , is givenasfollows:Ïy�U2V bird � fly [ bird � wings[ fly � mobilè�^
It iseasyto verify that m]xT[�Ïy"hpV%,4`Oo hastheactivationset ÐS�&8Ã�UµV penguin[ bird [ red[ arctic ` (recallthat x{U
V penguinn bird ` ) and the default partition V%S�&�Y�[zS�& L ` , where S�&�YîU V fly [ mobilè and ST& L U�V wings̀ .
Moreover, , is definedover ÐST&8Ã	h!S�&BY with � ST&BYO�-UhN . Thatis, m9���å[z,7o is 2-ff-Horn.
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For Horn conditionalknowledgebasesm]x�[zy"o with activationset ST&8Ã , andclassicalformulas k thatare
either g or conjunctionsof atomsfrom S�& , we definethe classicalformula k N asfollows. If x�h�V>k�` is
satisfiable,then k;N is theconjunctionof all {t�±S�& with xphpV>k´`�� UÔ{ andall i¶{ with {t�±ST&8Ã and xphpV>k´`v�� UÔ{ .
Otherwise,wedefine k N Uÿf . Moreover, for satisfiablexqh�V>k´` , wedefinetheworld � N@ over theactivation
set S�&�Ã by �PN@ mX{\o�U ÄÆÅ�ÇWÈ if f x�h
V>k´`"� U¸{ , for all {¥�¢ST&8Ã . Informally, if xÿh
V>k�` is satisfiable,then k�N is
theconjunctionof all atoms{=��ST&�õ�ST& Ã thatoccurin k , all atoms{¢��S�& Ã thatarelogically entailedby
x
h
V>k´` , andall negationsof atoms{���ST&8Ã thatarenot logically entailedby x
h
V>k´` .

6.4.3 Recognizingfeedback-freeHorn

The following resultshows that both recognizing5 -ff-Horn conditionalknowledgebases,andcomputing
theiractivationsetanddefault partitionaretractable.

Theorem 6.13 a) Givena literal-Horn conditionalknowledge base ����U�m]xT[zy!o and an integer 5¤b d ,
decidingwhether��� is 5 -ff-Horn is possiblein ãåmj·�x�·@ö\·�y}·Êo time, that is, in timelinear in theinputsize.

b) Givena 5 -ff-Horn conditionalknowledge base����U¬m]x�[zy"o , computingtheactivationset S�& Ã andthe
defaultpartition V%S�&�Y�[\^\^\^>[zST&6_a` is possiblein ã0mj·�x�·´öº·�y�·Êo time, that is, in timelinear in theinput size.

Proof. Let ST&8Õ bethesetof all atoms{¥�¢ST& thatoccurin x , andlet ST&MÖ bethesetof all atoms{t�±S�& that
occurin consequentsof definiteliteral-Horndefaults ,��¢y . If S�&8ÕU×vST&MÖc�U¦| , then ��� doesnothave any
activation set,andthus ��� is not 5 -ff-Horn. Otherwise,define ST& Ã U�S�&�õ{ST& Ö and V%S�& Y [\^\^\^>[zST& _ ` as
thegreatestpartitionof S�&§õ
ST&8Ã suchthateach,T�±y is definedoversomeST&8Ã�hvST& ý . If thecardinalityof
eachST& ý with 3@�ÞV.dP[\^\^\^%[X8 ` is atmost 5 , then ��� is 5 -ff-Horn. Otherwise,��� is not 5 -ff-Horn.

ComputingthesetsST&8Õ , S�&MÖ , and ST&8Ã , computingthepartition V%S�&�Y�[\^\^\^>[zST&6_a` (thatis, theconnected
componentsof thehypergraph Ø²U®m%Ù�[�Ú�o�U®m]S�&´õÿS�&�Ã.[GV%ST&\m],7o�õ S�&�ÃÞ�P,!��y�`Oo ), anddecidingwhether
S�& Õ ×
S�& Ö U�| andwhethereach S�&6ý hasa cardinalityof at most 5 canobviously be donein linear time
usingstandardmethodsanddatastructures.Theresultsfollow from this. -

Thenext resultshows thatalsorecognizing5 -ff-Horn default reasoningproblemsis tractable.

Theorem 6.14 a) Givena literal-Horn defaultreasoningproblem m9���Þ[z,�o with ����U�m]xT[zy!o , andan inte-
ger 5!b�d , decidingwhether m9���0[z,7o is 5 -ff-Horn canbedonein timelinear in theinputsize.

b) Givena 5 -ff-Horn defaultreasoningproblem m9���0[z,7o with ���¯U�m]x�[zy"o , computingtheset Ïy of active
defaultsin y w.r.t. ��� and , canbedonein timelinear in theinput size.

Proof. Since x � h�y � h�S�&Gm],�o is Horn, theset ST&MÛ
U²V�{t�±S�&��Px � h�y � h�ST&\m],7o�� Uh{%` canbecomputed
in lineartime. When S�&8Û is given,theset Ïy of all defaultsthatareactive w.r.t. ��� and , canbecomputed
in linear time. By Theorem6.13 b), the activation set ST&8Ã and the default partition V%ST&BY�[\^\^\^�[zS�&)_+` of
m]x�[ Ïy�håV%,a`Oo canbecomputedin lineartime. Clearly, determining3@�ÞV.dP[\^\^\^>[X8 ` suchthat , is definedover
S�& Ã h�ST&6ý , andcheckingwhether � ST&6ýz�Ò��5 canbedonein lineartime. -
6.4.4 Maximum entropy semantics:RANKING

In the sequel,let ���{U�m]xT[zy!o be an � -consistent5 -ff-Horn conditional knowledge basewith positive
strengthassignment� . Let ST&8Ã denotethe activation set of ��� , and let V%S�&�Y�[\^\^\^>[zST&6_a` be the default
partitionof ��� . Let MONQ bearankingthatmapseach,T�¢y to apositive integer, andlet  7NQ bedefinedby m%Ü-o .

In orderto computethedefault ranking M NQ , wehave to computeranksof theform   N Q m¸kÞj�lto , wherek is
either g or a conjunctionof atomsfrom S�&�Ã , and l is either g or a conjunctionof literalsover ST&�õ¯S�&�Ã .
Thefollowing lemmashows thatsuch   N Q m¸k"jslto coincidewith   N Q m¸k N jsl o .
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Lemma 6.15 Let k beeither g or a conjunctionof atomsfrom ST&8Ã . Let l beeither g or a conjunctionof
literals over S�&´õ
ST&8Ã . Then,  N Q m¸k"jsl o�U¦  NQ m¸k N jslto .

In thesequel,for each3@�ÞV.dP[\^\^\^>[X8 ` , let y ý bethesetof all defaultsin y thataredefinedover S�&�Ã�hpST& ý .
Let thefunction  7NQ t ý on worlds � over ST& bedefinedasfollows:

  N Q t ý m]��o�U
����� ���	 £ if ���� U½x
� if �s� U½x�h!y ý�
���� J ������ � 
 MONQ m],�o otherwise.

(8)

As y canbedecomposedinto thesetsof defaults y ý over ST&8Ã	h!S�& ý , also  7NQ canbedecomposed:

Lemma 6.16 Let k beeither g or a conjunctionof atomsfrom S�&�Ã . Let l�UclZYtj°B�B�BPjsl@_ , whereeach l ý
is either g or a conjunctionof literals over S�& ý . Then,  N Q m¸k N jslto´U � ý �¥Ý Y t`Þ`Þ`Þ t _�ß   N Q t ý m¸k N jvl ý o .

Thefollowing lemmawill beusefulto characterizetherobustnessof  7NQ .
Lemma 6.17 For each 3@�ÞV.dP[QN'` , let k§ý beeither g or a conjunctionof atomsfrom S�& Ã . Let l Y and l L be
conjunctionsof literalsoversomeST&X� and S�&6ü , respectively, with �-[�5��ÞV.dP[\^\^\^>[X8 ` . Then,x�h�V>k�Y%jrl�YG` and
x�h�V>k L j	l L ` havea commonminimalmodelw.r.t.  7NQ iff  7NQ m¸k�Y%jpl�YBo�U¦ 7NQ m¸k�Y>jrk L j	lZY%jpl L o´U¦ 7NQ m¸k L j	l L o
andboth x�h�V>k�Y j!k L ` and l�Ytjsl L aresatisfiable.

The following result shows that computingthe default ranking M NQ is tractablein the 5 -ff-Horn case.
Since MONQ is a propergeneralizationof MON , this resultshows also that computingthe default ranking MON is
tractablein the 5 -ff-Horn case.

Theorem 6.18 Let 5q(�� a fixed integer. Given an � -consistent5 -ff-Horn conditional knowledge base
����U�m]xT[zy!o with positivestrengthassignment� , computingthe default ranking M NQ for ��� , if ��� is
robust,andreturningnil otherwise, canbedonein timepolynomialin theinput size.

Proof. We now show that algorithm KR�� -ranking (seeFigure6) canbe donein polynomial time. Step1
in KR�� -ranking runs in ã0mz� y
� o . Steps3–6 areperformedãåmz� y�� o times. In particular, in Step3, we first
evaluate ãåmz� y�� o expressionsof the form ��m],�opö}¨å©«ª4��m],7o , determinethe minimum of thesevalues,and
selectonedefault , at which this minimum is attained. In Steps5 and6, we alsoevaluate ¨0©«ª��\m],7o . In
Step8, we have to checkthat   N Q satisfies(6) for all ��������y , that M NQ is positive, andthat   N Q is robust.
For theformer, we verify ã0mz� y
� o expressionsof thekind ¨0©«ª:�\m],�orU²��m],7otö�¨0©Éª4��m],7o , while for thelatter,
we applyLemma6.17asfollows. For every two distinct » Y �½¼ Y [8» L �½¼ L �±y , we verify that it is not the
casethat (a)   N Q mv»+Yîj0id¼>YBosU   N Q mv»@YîjU» L j0id¼>Y+j0id¼ L o!U   N Q mv» L j0i¶¼ L o , and(b) both x¬h{V�»+YîjU» L ` and
id¼>YîjÞid¼ L aresatisfiable. Thus,to prove thatalgorithm KR�� -ranking canbe donein polynomialtime, it is
now sufficient to show thatthefollowing taskscanbedonein polynomialtime:

(i) computing̈0©«ªr�;m],�o�U¦  NQ mv»0jC¼Po for ,ÞU*»±�½¼	�±y ,

(ii) computing̈0©«ª��\m],7o�U¦ 7NQ mv»åj�id¼Po for ,ÞU*»��u¼��¢y ,

(iii) computing 7NQ mv»+Yîj5» L j0id¼>Y+j0i¶¼ L o for distinct »@Yî�u¼>Y�[8» L �½¼ L ��y ,

(iv) decidingwhetherx
hqV�»+Yîj5» L ` and id¼>YîjÞid¼ L aresatisfiablefor distinct »+Y+�u¼>Y\[8» L �¿¼ L ��y .

Clearly, (iv) can be donein polynomial time, sincedecidingwhether x¤h¬V�»@YîjU» L ` and id¼>Y+j0id¼ L are
satisfiablecanbe donein linear time. To prove that (i)–(iii) can be donein polynomial time, it is now
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sufficient to show that every  7NQ m¸kÿj
l�Ypj
l L o , where k is either g or a conjunctionof atomsfrom S�&�Ã ,
and l�Y and l L areeither g or conjunctionsof literals from ST&X� and S�&8� , respectively, with �=�U+� , canbe
computedin polynomialtime. If x�h�V>ksj0lZY§jål L ` is unsatisfiable,whichcanbecheckedin lineartimeas
x
h
V>k!j!l�Ytjsl L ` is Horn, then   N Q m¸k�jvl�Ytjsl L o�U�£ . Otherwise,by Lemmata6.15and6.16,it follows:

  N Q m¸k"jsl�Ytj!l L o�U�  NQ t � m¸k N jvl�YÊo§ö�  NQ t � m¸k N jsl L o�ö � ý �WÝ Y t`Þ`Þ`Þ t _�ß b Ý � t � ß   N Q t ý m¸k N o+^
Sincex�h�V>k´` is Horn, k�N canbecomputedin lineartime. Moreover, since � ST& ý �Ò�q5 for all 3+��V.dP[\^\^\^>[X8 ` ,
also  7NQ t � m¸k�Nrjsl Y o ,  7NQ t � m¸k;N�jsl L o , andevery  �NQ t ý m¸k�NPo with 3@�0V.dP[\^\^\^%[X8 `�õ�Vj�-[��)` canbecomputedin poly-
nomial time by simpleexhaustive search:For 3¢U�� (resp., 3±U¿� ), we generateall worlds � over the set
of atoms S�&�Ã�h�ST& ý with �¬� Uwk;N andcomputethe minimum of  7NQ t ý m]�7o subjectto all suchworlds � with
�s� U�k N j�l�Y (resp.,�s� U¦k N j�l L ). Moreover, for every 3@�ÞV.dP[\^\^\^>[X8 `¥õ�Vj�-[��)` , wegenerateall worlds � over
thesetof atomsST&8Ãrh"S�& ý with �q� U�k�N andcomputetheminimumof  �NQ t ý m]�7o subjectto all suchworlds � .
Thus,  �NQ m¸k"jsl Y jsl L o canbecomputedin polynomialtime. -
6.4.5 Maximum entropy semantics:ENTAILMENT and RANK-ENTAILMENT

In the sequel,let m9���0[z,�o4U¬mXm]xT[zy!oB[B���³�po be a 5 -ff-Horn default reasoningproblemwith � -consistent
androbust ��� . Let � bea positive strengthassignmenton ��� . Let Ïy bethesetof all defaultsin y that
areactive w.r.t. ��� and , , let ÐS�&�Ã be the activation set of m]xT[:Ïy½hsV%,4`Oo , and let V%S�&BY�[\^\^\^�[zST&6_+` be the
default partitionof m]xT[ Ïy½hvV%,a`Oo . Let MONQ [� 7NQ , where MONQ is positive, betheuniquesolutionof (6) and(7) for
all ,�U��"� �¤��y and �v�Þ� �@� . Let thefunction Ï   NQ onworlds � over S�& bedefinedasfollows:

Ï   NQ m]��o2U
������ ����	 £ if �q�� U½x
� if �!� U½x
h Ïy�
��)à�������� � 
 M NQ m],7o otherwise.

(9)

The following lemmashows that  ´NQ coincideswith Ï  ´NQ on all active classicalformulas. That is, when
we computetherankof anactive classicalformula,we canrestrictourattentionto all active defaultsin y .

Lemma 6.19 Let » bea classicalformulathat is activew.r.t. ��� and , . Then, ´NQ mv»Zo�U Ï  �NQ mv»�o .
For every 3@�ÞV.dP[\^\^\^>[X8 ` , let Ïy ý denotethesetof all defaultsin Ïy thataredefinedover ÐS�&�Ã�h"S�& ý , and

let Ï � ý be therestrictionof � to Ïy ý . Let Ï MTNQ t ý bea default rankingthatmapseachdefault in Ïy ý to a positive
integer, andlet thefunction Ï   NQ t ý onworlds � over S�& bedefinedasfollows:

Ï   NQ t ý m]��o�U
������ ����	 £ if ���� U¦x
� if �s� U¦x
háÏy ý�
�� à� J ������ � 
 Ï M NQ t ý m],7o otherwise.

(10)

To decidewhether m9���0[z�§o�MONQ -entails , at given strength��("� , we will needall MONQ mX¼Po with ¼	� Ïy � ,
where�T�ÞV.dP[\^\^\^%[X8 ` suchthat ¼ is definedover ÐST&8ÃuhåST&X� . Thefollowing lemmashows thattherestriction
of M NQ to Ïy�� coincideswith thedefault rankingfor m]x�[:Ïy��>o understrengthassignmentÏ �¤� .
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Lemma 6.20 Let Ï MTNQ t � m],7o4U MZNQ m],�o for all ,�� Ïy�� , andlet Ï  �NQ t � bedefinedby (10) for all �T�r� �+� (with 3´U\� ).
Then,Ï   NQ t � is robust,and Ï M NQ t � [ Ï   NQ t � is theuniquesolutionto thefollowingsystemof equations:Ï   NQ t � mv»0j"i¶¼Oo�U Ï �r�.mv»��i¼PoZö Ï   NQ t � mv»åjC¼Po for all »¢�½¼	�+Ïy�� , and(10) for all ���r� �+� (with 3tU\� ) . (11)

Wefinally show thatdecidingMPNQ -entailmentis tractablein the 5 -ff-Horn case.Again,since MONQ properly
generalizesM N , thisresultshowsalsothatdecidingM N -entailmentis tractablein the 5 -ff-Horn case.Trivially,
thesetractabilityresultsremaintruewhen MONQ and MON , respectively, arepartof theinput.

Theorem 6.21 Let 5q(�� befixed.Givena 5 -ff-Horn defaultreasoningproblem m9���Þ[z,�o4U¬mXm]x�[zy"oB[B���W�ro ,
where ��� is � -consistentand robust, and a positivestrength assignment� on ��� , decidingwhether
m9���0[z�§o§MONQ -entails , at givenstrength��(�� canbedonein timepolynomialin theinput size.

Proof. Recall that m9���0[z�§o	MPNQ -entails , at strength� if f  7NQ m9�;oÞU £ or  �NQ m9�"j��pouöh�a�W �NQ m9�"jÿit�po .
Thatis, iff either(i) x hÿVO�Z[Bi ��` is unsatisfiable,or (ii) both x h
VO�§[X�T` and x hÿVO�§[Bit��` aresatisfiable,
and  7NQ m9�Þjv�roZö����  �NQ m9�Þj�it�po ( ­¤£ ).

Sinceboth xshvVO�§[X��` and xshvVO�§[Bit�T` areHorn,theirsatisfiabilitycanbetestedin lineartime. Hence,
it is now sufficient to show that   N Q m9�Þjs�po§ö��C�   N Q m9��j�i �po canbeverifiedin polynomialtime.

The classicalformulas �!j�� and �"jÿit� areof the form k
j
lZY and kÿj
l L , respectively, where k
is either g or a conjunctionof atomsfrom ÐS�&�Ã , andboth lZY and l L areconjunctionsof literalsover some
S�&Ñ� with �T��V.dP[\^\^\^O[X8 ` . Clearly, thedefault ����� is active. Thus,also k�j!lZY and k�j"l L areactive. By
Lemmata6.15,6.16,and6.19,it thusfollows for �t�
V.dP[QN'` :

 �NQ m¸k!j!l��¡o�U Ï  �NQ m¸k"jsl��Ûo
U Ï   NQ m¸k N jsl��]o
U Ï   NQ t � m¸k N j!l��¡oZö �

ý ��Ý Y t`Þ`Þ`Þ t _�ß b Ý ��ß Ï   NQ t ý m¸k N o+[
whereÏ   NQ t � is definedby (10) for all ���r� �@� , with 3�U*� and Ï M NQ t � m],7o4U
M NQ m],7o for all ,T��Ïy�� . This shows that
 7NQ m9�Þjv�roZö����¤ 7NQ m9�Þj�it�ro is equivalentto Ï  �NQ t � m9�4Npjs�roZö��C� Ï  �NQ t � m9��Npj�it�po .

Sincexrh	VO�Z` isHorn, �4N canbecomputedin lineartime. By Lemma6.20,thedefaultrankingÏ MTNQ t � canbe

computedby running KR�� -ranking ontheconditionalknowledgebasem]x�[ Ïy��Oo understrengthassignmentÏ �r� .
By Lemma6.15, this canbe donein polynomialtime. Moreover, since � ST&X�'�Ò�q5 , both Ï   NQ t � m9� N jq�ro andÏ  �NQ t � m9�4Npj�it�ro canbecomputedin polynomialtimeby simpleexhaustive search.-
Example6.9(Redbirds continued) Let the 2-ff-Horn default reasoningproblem m9���å[z,�o be given by
����U m]xT[zy!o of Examples3.1 and 6.4, and ,�U red j bird � fly. Let ��mX¼PoqU d for all ¼	�±y . Re-
call from Examples3.1and6.8 that xsU¯V penguinn bird ` , Ïy¦U�V bird � fly [ bird � wings[ fly � mobilè ,ÐS�&�Ã U�V penguin[ bird [ red[ arctic ` , ST&BYîU�V fly [ mobilè , and S�& L U V wings̀ .

Thedefault , is MONQ -entailedby m9���0[z�§o atstrength� if f either(i) x�h"V red j bird [Bi fly ` is unsatisfiable,
or (ii) both x�hqV red j bird [ fly ` and x
h
V red j bird [Bi fly ` aresatisfiable,and

  N Q m red j bird j flyo�ö��¸��  NQ m red j bird j�i flyo+^
Here,(ii) applies,andby Lemmata6.15,6.16,and6.19,thelatterinequalityis equivalenttoÏ   NQ t Y mXm red j birdo N j flyoZö��¸� Ï   NQ t Y mXm red j birdo N j�i flyo+[
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which is equivalenttoÏ  �NQ t Y m9i penguinj bird j red j�i arctic j flyo�ö��â� Ï  �NQ t Y m9i penguinj bird j red j�i arctic j"i flyo+[
whereÏ  �NQ t Y is giventhroughtherankingÏ MTNQ t Y for m]x�[ ÏysYGo´U�m]xT[GV bird � fly [ fly � mobilèOo underÏ ��Y�U½�u� à� ó .

It is now easyto verify that Ï MTNQ t Y m],aYÊo4U{d for all ,4Y§� ÏysY , thatboth x
h
V red j bird [ fly ` and x
hqV red j
bird [îi flỳ aresatisfiable,that Ï   NQ t Y m9i penguinj bird j red j
i arctic j flyo4U�� , andthat Ï   NQ t Y m9i penguinj
bird j red j�i arctic j"i flyo4U{d . Thisshows that m9���0[z�§o¥MONQ -entailsred j bird � fly atstrength1.

6.4.6 Lexicographic entailment

We now focuson lexicographicentailment.In whatfollows, let m9���Þ[z,�o4U¬mXm]xT[zy!oB[B���³�po bea 5 -ff-Horn
default reasoningproblem.Let � beapriority assignmenton ��� . Let Ïy bethesetof all defaultsin y that
areactive w.r.t. ��� and , , andlet ÐS�&8Ã (resp.,V%S�&BY�[\^\^\^%[zS�&)_@` ) betheactivationset(resp.,default partition)
of m]xT[ Ïy�hvV%,4`Oo . Let Ï � betheuniquepriority assignmenton m]x�[ Ïy"o thatis consistentwith � on ��� (thatis,Ï ��mX¼Poî­ Ï ��mX¼ ÷ o if f ��mX¼Ooî­q��mX¼ ÷ o , for all ¼�[Q¼ ÷ ��Ïy ).

To decidewhether m9���å[z�§o lexR -entails , , we mustcheckwhetherevery � -preferredmodelof x!hvVO�Z`
satisfies� . Thefollowing lemmashows thatwecanequivalentlycheckwhetherevery Ï � -preferredmodelof
xshsVO��` satisfies� . Thatis, we canrestrictourattentionto all active defaultsin y .

Lemma 6.22 Let » bea classicalformulathat is activew.r.t. ��� and , . Then,

a) For every Ï � -preferredmodel� of xshåVO��` , there is a � -preferredmodel�PN of xvhåVO�Z` with �-N'mv»�o�U½�îmv»�o .
b) Every � -preferredmodelof x�hqVO�Z` is alsoa Ï � -preferredmodelof x�hqVO�Z` .

Thenext lemmashows thatevery Ï � -preferredmodelof x!hvVO�Z` satisfies� if f every Ï � -preferredmodel
of xÿh
VO� N ` satisfies� . That is, we canassumethatevery atomin ÐST&8Ã that is logically entailed(resp.,not
logically entailed)by x
h
VO��` is assignedthetruthvalue

ÄÆÅ�Ç¥È
(resp.,ÉVÊ�ÌZÍ È ).

Lemma 6.23 a) For every Ï � -preferredmodel� of xqh�VO�Z` , there existsa Ï � -preferredmodel   of x
h�VO� N `
such that  �� �+� bRã�@�oä U½�;� �@� bRã�+�åä .
b) Every Ï � -preferredmodelof x�hqVO� N ` is alsoa Ï � -preferredmodelof x
h
VO��` .

In thesequel,for every 3@�0V.dP[\^\^\^%[X8 ` , let Ïy ý bethesetof all defaultsin Ïy thataredefinedover ÐST&8ÃOh�ST& ý .
Let Ï �aý betheuniquepriority assignmenton m]x�[ Ïy�ýºo that is consistentwith Ï � on ��� (that is, Ï �@ý mX¼Poî­ Ï �@ý mX¼ ÷ o
if f Ï ��mX¼Poî­ Ï ��mX¼ ÷ o , for all ¼�[Q¼ ÷ � Ïy ý ). Let �T��V.dP[\^\^\^O[X8 ` besuchthat , is definedover ÐS�&�Ãph!ST&X� .

Thefollowing lemmashows thatevery Ï � -preferredmodelof x�h�VO�4NC` satisfies� if f every Ï � � -preferred
modelof x�h�VO� N ` satisfies� . Thatis, we canrestrictourattentionto all defaultsin thecluster Ïy�� .
Lemma 6.24 a) For every Ï �r� -preferredmodel��� of x±h�VO��N-` , thereexistsa Ï � -preferredmodel  of x±h�VO�4N-`
such that  �� �+� s U¦���.� �@� s .
b) Every Ï � -preferredmodelof x�hqVO�4NC` is a Ï �r� -preferredmodelof x
hqVO�4NC` .

Thefollowing resultshows thatdecidinglexR -entailmentis tractablein the 5 -ff-Horn case.Moreover,
sincecomputingthe M -partition for � -consistentconditionalknowledgebases��� is tractablein theHorn
case[49], this resultshows alsothatdecidinglex-entailmentis tractablein the 5 -ff-Horn case.

Theorem 6.25 Let 5q(�� befixed.Givena 5 -ff-Horn defaultreasoningproblem m9���Þ[z,�o4U¬mXm]x�[zy"oB[B���W�ro
anda priority assignment� on ��� , decidingwhether m9���0[z�§o lexR -entails , canbedonein timelinear in
theinputsize.

39



Proof. By Lemmata6.22–6.24,m9���Þ[z�§o lexR -entails, if f either x"hsVO�Z` is unsatisfiable,or all Ï �r� -preferred
modelsof x¯h VO� N ` satisfy � . Since x{h VO��` is Horn, decidingwhether x�h VO�Z` is unsatisfiablecanbe
donein lineartime. If x�h"VO��` is satisfiable,thenwehave to compute�4N , whichcanbedonein lineartime.
Moreover, as 5 is fixed,computingall worlds � over thesetof atomsÐST&8Ãîh�ST&X� suchthat �!� U}� N canalsobe
donein linear time. Finally, computingall such Ï �r� -preferredworldsandverifying whetherthey all satisfy
� canbedonein lineartime. -
Example6.10(Red birds continued) Let the 2-ff-Horn default reasoningproblem m9���0[z,7o be given by
��� U�m]x�[zy"o of Examples3.1 and6.4, and ,	U red j bird � fly. Let � mapthe defaults in V bird � fly,
bird � wings[ fly � mobilè and V penguin� i fly [ penguin� arctic ` to 0 and1, respectively.

By Lemmata6.22–6.24,m9���Þ[z�§o lexR -entailsred j bird � fly if f either xshåV red j bird ` is unsatisfiable,
or all Ï ��Y -preferredmodelsof x�h�V'm redj birdo9NC`tU�x�h�VOi penguinj bird j redjTi arctic ` satisfyfly, whereÏ ��Y
is thepriority assignmenton m]x�[:ÏysYÊo4U m]x�[GV bird � fly [ fly � mobilèOo thatmapseachelementof ÏysY to � .
It is now easyto verify thatthis is indeedthecase.Thatis, m9���å[z�§o lexR -entailsred j bird � fly.

Thus, we have establishedthat # -entailment,where #���V%MON.[zMONQ [ lex [ lexR7` , is tractablein the ff-Horn
case.Thequestionis now whethera similar resultalsoholdsfor Geffner’s conditionalentailment,which is
theremainingintractablenotionof entailmentin the1-literalHorncase.It appearsthatthetechniquethatwe
have successfullyappliedfor theotherapproachesis not applicableto establishtractability for conditional
entailment.There,theworld rankingswith respectto the full set y of defaultsareequivalentto thesums
of theworld rankingswith respectto theclusters Ïy Y [\^\^\^>[ Ïy _ . In caseof conditionalentailment,however,
a similar equivalencedoesnot hold for preferenceorderingson worlds,sincethey are,in general,not total
orderings.This requiresthedevelopmentof morecomplex techniques,whichwe leave for futurework.

7 RelatedWork

In this section,weconsidersomework on complexity issuesfor relatedsubjects.

7.1 Conditional Modal Logics

A streamof semanticsfor conditionalknowledgebases,which we have not consideredin this paper, is
inheritedfrom conditionalmodallogics,cf. [26, 27,14, 15, 59, 36]. Roughlyspeaking,in theseapproaches
aconditionalstatement����� is trueataworld O in asetof possibleworlds æ , if � is truein aset ð´mZO¢[B�;o
of selectedworlds in which � is true. Theworlds ð´mZO=[B�îo maybe the leastexceptional,mostnormal,etc
worlds from the view of O . To capturethesenotions, the possibleworlds are relatedby a Lewis-style
accessibilityrelation,which in generaldependson theworld O from which it is considered.An important
noteis thatsomeconditionalmodallogics treat � asa first classconnective, andthusallow, in particular,
nesteduseof � , as well as Booleancombinationsof defaults, which is not possiblein our conditional
knowledgebases.Thus, our complexity resultsfor default reasoningfrom conditionalknowledgebases
have to be comparedto complexity resultsfor “flat” fragmentsof conditionalmodal logics, in which no
nestingof � is allowed,andno � connective occursinsidethescopeof anotherconnective.

Thework of Boutilier givesa deepstudyof modalconditionallogicsof normality [14, 16, 15], which
goesbeyondDelgrande’s earlywork on formalizingdefault reasoningthroughthisapproach[26]. Boutilier
presentedin [14] aconditionallogic CT4D,which is equivalentto themodallogic S4.3andwhoseflat frag-
mentcorrespondsto aslightextensionof rationalconsequencein [61]. In his laterwork [16], heintroduced
conditionallogicsCT4OandCO andshowedthat, in our terminology, entailmentof a default ����� from
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a default knowledgebase��� underLehmann’s preferentialentailment(resp.,rationalentailment)[61] is
equivalentto provability of ����� from ��� underlogic CT4O(resp.,CO). Thus,for default reasoningin
oursetting,thesetwo give thesamesemantics.Furthermore,Boutilier showedthat � -entailmentof adefault
����� from an � -consistentdefault knowledgebase ��� is equivalent to provability of ����� from ���
in logic CT4O.This andfurtherobservationson correspondencesbetweendifferentnotionsof consistency
led Boutilier to suggestCT4OandCO asnaturalextensionsof � -semanticsto thecaseof knowledgebases
which containnestingsandBooleancombinationsof defaults. Complexity resultsin [14, 15] show that
underCT4D andCT4O semantics,entailmentof a default ����� from a knowledgebase��� , given by
formulasfrom theflat fragmentof CT4DandCT4O,respectively, is co-NP-complete.Thesamecomplexity
appliesto ourmorerestrictive conditionalknowledgebases.

An extensive analysisof thecomplexity of Lewis-styleconditionalmodallogicshasbeencarriedoutby
FriedmanandHalpern[36]. In their paper, they have analyzedtheeffect of semanticrestrictionsgivenby
conditionsonthesetof worlds æ°ç which is consideredpossibleataworld O suchasNormality( æ°ç¤�U¦| ),
Reflexivity ( O��èæ ç ), and Centering( O is a minimal elementin æ ç with respectto O ’s accessibility
relation é�ç ). HalpernandFriedmangave axiomatizationsof theseconditions,and they determinedthe
complexity of the logicsemerging from (combinationsof) theseconditions,wherethey paidspecialatten-
tion to syntacticalfragmentsof the full language.In particular, their resultson boundednestingsof the
conditionalconnective � imply thatentailmentof adefaultstatement�!� � from aconditionalknowledge
base,which is givenby a setof formulas ��� in theflat fragment(i.e., no nestingof � is allowed) of the
language,is co-NP-completefor awide rangeof conditionalmodallogics.

7.2 Belief Revision

In beliefrevision,oneis concernedwith theproblemof incorporatinganew belief,giventhroughasentence,
into a currentstateof belief, givenby a setof sentences.Thenew belief might contradictthecurrentstate
of belief, though,andit is not immediatelyclearhow this shouldbehandled.Alchourrón, Gärdenfors,and
Makinson(AGM) presentedin thefamouspaper[2] severalequivalentmodelsfor revision, which remove
beliefs from the currentstatein order to reconcileit with the new pieceof information, in a way such
thata setof meaningfulpostulatesis satisfied.As a salientfeature,thesepostulatesrespectminimality of
change.Sincethen,a numberof differentmethodsandoperatorsfor belief revision have beenproposed,
seee.g.[55, 39, 73]. Intuitively, default reasoningfrom conditionalknowledgebasesandbelief revisionare
somehow related,sincethederivation of plausibleconclusionsinvolvestheretractionof statementswhich
would lead to contradiction. The relationshiphasbeenconsideredmore in detail in [16, 49]. Boutilier
arguesthatdefault reasoningcanbeviewedasa specialcaseof belief revision,andclaimsthat“ . . . default
reasoningcan be thoughtof as the revision of a theory of expectationsin order to incorporate what is
known” [16, p. 67]. In thesameline, GoldszmidtandPearl[16, 49] have shown that implementationand
characterizationissuesin belief revisioncanberealizedthroughdefault knowledge.Wereferto [16, 49] for
moredetails.

On the complexity side,a numberof different revision approacheshave beencharacterized,seee.g.
[71, 76, 72, 64, 73]. In particular, the following reasoningproblemhasbeenconsideredthere: Given a
knowledgebase,consistingof a set x of classicalformulas,andclassicalformulas � and � , is it thecase
that � is true in x after revision by � ? This is alsoknown astheRamsey Testfor conditionalstatements
of the form “ if � weretrue, then � would be true.” It appearedthat thecomputationalcomplexity of this
problemcoversawholerangeof complexity classesatthelow endof thepolynomialhierarchyupto its third
level. In particular, it is J K L -completefor avastnumberof approaches,andthushasthesamecomplexity as
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Geffner’s conditionalentailment.This impliesthatpolynomialtime translationsbetweentheRamsey Test
in theseapproachesandGeffner’s conditionalentailmentexist, which meansthatsemanticrelationshipsin
termsof efficient (polynomial-timecomputable)embeddingsamongthe formalisms(see[52] for various
notionsof embeddings)mayexist.

Analogouscomplexity correspondencescanbenotedbetweenotherrevisionmethodsandthesemantics
for conditionalknowledgebasesthatwehavestudiedin thispaper. Thecomprehensivesurvey [73] listssev-
eralrevision approacheswhich are I ¾+K -complete(in particular, linearrevision andlexicographicrevision)
or I�¾@Kì -complete(in particular, Dalal’soperator[24], cardinalitymaximalrevision,andcutrevision). Many
of thesecorrespondencesseemto bemoreof acomputationalnature,asno immediatesemanticrelationship
is apparent.However, for lexicographicrevision, theRamsey Testfor � , � onaclassicalknowledgebasex
amountsjust to lexR -entailmentof ����� from anaturallycorrespondingdefault knowledgebase;theproof
in [73], showing I ¾@K -hardnessof the Ramsey Test for the Horn case,thusestablishesthat the problem
ENTAILMENT is I�¾@K -hardin theHorncase.A slightadaptationsharpensthis to aproof for theliteral-Horn
casedifferentfrom ours.However, thisproofrequestsaHorndefaultof form ����� whereboth � and � are
atoms,while ourshas �
U®g (cf. Theorem5.18). Furthermore,by a suitableextensionof thereductionin
theproof of Theorem6.11b), whichaddssomemoredefaults(wedo not carrythis out here),we canshow
that I ¾+K -hardnessholdsalsofor the1-literal Horn case.A similar resultcannotbeconcludedfrom [73].

7.3 NonmonotonicLogics

Anotherarearelatedto conditionalknowledgebases—whichis also relatedto belief revision—arenon-
monotoniclogics.A numberof nonmonotoniclogicsandformalismshavebeenproposedin thepastdecades
for capturingcommonsensereasoning,includingmajorformalismssuchascircumscription[67, 65], default
logic [82], Doyle andMcDermott’s nonmonotoniclogics [69, 68], andMoore’s autoepistemiclogic [70];
see[66]. The computationalcomplexity of nonmonotoniclogics hasbeenstudiedin many papers,e.g.,
[56, 87, 50, 74, 33, 21,77] to mentiona few comprehensive studies,andis quitewell-understood.As in the
caseof belief revision, thecomplexity of mostof theselogicsresidesat thesecondlevel of thepolynomial
hierarchy. Moreprecisely, theproblemof decidingwhetheragivenclassicalformula k is aconsequenceof
a givenknowledgebasex undersocalledcautiousreasoning,is a J K L -completeproblem.Entailmentof a
conditional ����� from a conditionalknowledgebase��� canbeviewedasdecidinglogical consequence
of � from x{hqVO�Z` , wherex is a theoryin theunderlyinglogic thatis augmentedby � .

Themostfamousandinfluentialamongthenonmonotonicformalismsis perhapsReiter’s default logic
[82], in whichasetof classicalformulasis augmentedby default rulesof theform

@ ��ê p ó t`Þ`Þ`Þ t ê p�ëì whichread
“if k is provableandeachof l�Y�[\^\^\^%[Xla_ canbeconsistentlyassumed(i.e., doesnot leadto contradiction),
thenconcludethat » is provable.” Many variantsandrefinementsof this approachhave beendeveloped,
seee.g.[66]. In [56, 87], a rich taxonomyof classesof default rules

@ ��ê pì hasbeendefined,by imposing
syntacticconditionsontheirconstituentsk , l , and» andonthestructureof thesetof defaults.Syntactically,
our classof literal-Horn defaults correspondsto the classof Horn defaults in [56], and our classof 1-
literal Horndefaultscorrespondsto theclassof normalunaryandprerequisite-freenormalunarydefaultsin
[56, 87]. However, our classof ff-Horn defaultshasno correspondingclassin [56, 87].

Semantically, Reiter’s default rulesandour conditionalrulesarequitedifferent.For example,from the
conditionalrules $r�½{ and i $r�½{ we canconcludethat gÿ�½{ (that is, { ) is trueunderall thesemantics
for conditionalknowledgebasesconsideredin this paper, while from the correspondingdefaults Ã ��ê²íí ,î Ã ��ê²íí neither { nor id{ canbe concluded.Furthermore,asarguedin [43], a rule Ã ��ê²íí may be seenas
a soft constraintfor believing { when $ is known, while a conditionalrule $p�¿{ canbeviewed asa hard
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constraintto believe { in a limited context definedby $ andpossiblysomebackgroundknowledge;see[43]
for furtherdiscussion.Thus,becauseof theseapparentdifferences,a comparisonof complexity resultsfor
thesyntacticallycorrespondingclassesof default knowledgebasesanddefault theoriesasin [56, 87] is not
muchmeaningfulin general.

Furthermore,the resultsin [56, 87] arequitedifferentfrom ours. As shown in [56], decidingwhether
� is a consequenceof a default theory xch�VO�Z` , wherethe classicalknowledgein x is Horn andboth �
and � areatoms,is EGF - H�I -completein thecaseof Horn defaults in x , while it is polynomial in the case
of normalunarydefaults(with or without prerequisites)in x . On theotherhand,for every semanticsfor
conditionalknowledgebasesthatwe have consideredin this paper, thecorrespondingentailmentproblem
����� is eithertractableor intractable( EGF - H�I -hard)in bothcases(seeFigure9 andSection6.3).

In [43], Geffner’s approachto conditionalentailmenthasbeenconsideredoutsidetheconditionalcamp
asclosestto prioritizedcircumscription[65], whichis arefinementof circumscriptionby introducinggroups
of priorities á Y ­�á L ­ïB�B�Bå­�á _ for the different predicatesá U þ ý á¥ý that shouldbe minimized.
Informally, circumscriptionselects“preferred” modelsof a set of classicalformulas x , which are those
having a smallestextensionpossibleon thepredicatesin á ; a moresophisticatednotionof circumscription
allowsfor floatingextensionsof someof theremainingpredicates,whichis neededfor deriving new positive
conclusions.As notedin [43], in thepropositionalcase,thedifferencebetweenprioritizedcircumscription
andconditionalentailmentis that in the latter approachthe priorities areentrenchedin the theory, while
in the former, they are explicitly assigned.Furthermore,in conditionalentailmentstrict and defeasible
knowledgeis separated,while thereis no suchdistinctionin circumscription;this canbeaccomplishedby
theuseof appropriateabnormalitypredicates,though.For furtherdiscussion,we refer to [41, 43]. To our
knowledge,no thoroughformal studyof the semanticalrelationshipbetweenconditionalentailmentand
circumscriptionhasbeencarriedout sofar.

Our resultson thecomplexity of conditionalentailmentgive someusefulinsightsinto this relationship.
In fact, both Geffner’s conditionalentailmentof � � � from a conditionalknowledgebaseandcircum-
scriptive inference(with or without prioritization) 3±�4253åmvx h VO�Z`Oo0� U�� are JTKL -completeproblems(cf.
[33]). Thus,polynomialtime mappingsbetweentheseinferenceproblemsexist, which meansthatefficient
(polynomial-timecomputable)semanticalembeddingsamongthetwo formalismsmightexist. On theother
hand,the J�KL -hardnessof conditionalentailmentalsoappliesto theHorncase,for whichcircumscriptive in-
ferencehascomplexity loweredto EGF - H�I (see[21]; for thecasewith priorities,thiseasilyfollows from [21]
andresultsin [18]). Thus,no polynomialtime translationof conditionalentailmentinto circumscriptionis
feasiblein this case(unlessthepolynomialtime hierarchycollapses),andthusalsono efficient embedding
is possible.Even in thecaseof 1-literal Horn theories,which correspondsto Horn-Kromtheoriesconsid-
eredin [21], conditionalentailmentis intractable,while circumscriptionwithout prioritiesis tractableif no
propositionalatomsarefixedor vary [21]. Thus,polynomialtime translationsfrom conditionalentailment
to circumscriptionon this fragmentmustusefixedaswell asvaryingatoms.

8 Conclusion

In thispaper, wehaveestablishedacomprehensive pictureof thecomplexity of majorapproachesto default
reasoningfrom conditionalknowledgebases,namely ð -semantics[1, 80], systemsñ and ñóò [81, 47, 49],
maximumentropy semantics[45, 13], lexicographicentailment[62, 6], andconditionalentailment[41, 43].
For mostof theseapproaches,merelyboundsfor thecomplexity wereknown, but theprecisecomplexity
wasunclear.
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Ourwork contributesontwo importantissues.Firstly, it providesacompleteandsharpcharacterization
of thecomplexitiesof theseapproaches.As wehaveshown, they rangefrom thefirst level ( ô�õ - ö'÷ ) upto the
secondlevel ( ø'ùú ) of thepolynomialhierarchy, andpopulateseveralwell-known complexity classesin be-
tween.Our analysisalsocoverstherestrictionof conditionalknowledgebasesto theHorn andliteral-Horn
case,which areimportantfrom a knowledgerepresentationperspective. Our resultsmayhelp in choosing
for aparticularapplicationthe“suitable”semantics,giventhecomputationalcostit hasattached,if compu-
tationalcostis anissue.Furthermore,theresultsgiveananswerto theissueof possibleefficient translations
of default reasoningin theapproachesto otherapproaches.Moreover, they unveil thecomputationalnature
of the singleproblemsandgive asa clue aboutthe feasibility of certainalgorithms. This may be impor-
tant for developingimplementationsof thevarioussemanticsfor conditionalknowledgebases,which are
lacking to date. To our knowledge,only prototypeimplementationshandlingsmall exampleshave been
developedsofar, see[12]. Notice that in relatedareassuchasnonmonotonicreasoning,knowledgeabout
complexity resultsprovedextremelyusefulfor developingefficient implementationsof reasoningsystems
suchasDeReS[23], smodels[75], andDLV [78].

Secondly, ourwork contributesonarefinementof thetractability/intractabilit y frontierof defaultreason-
ing from conditionalknowledgebases,by establishingnew tractablecases.In particular, wehaveintroducedû -Horn (resp.,ff-Horn) conditionalknowledgebases,which aremeaningfulextensions(resp.,restrictions)
of Horn conditionalknowledgebases.We have shown thatprevious tractability resultscanbeextendedto
the û -Horn case,andthat,on theotherhand,intractableapproachesbecometractablefor theff-Horn case.
Our resultssupplypolynomialalgorithmsfor thesecases,or canbeeasilyturnedinto such.

Severalissuesremainsfor furtherwork. Oneissueis amorefine-grainedpictureof thecomplexity of the
approaches.In thepresentpaper, we did notpayattentionto possiblepreprocessingor fixing parametersin
theinput. In theliterature,two importantapproacheshavebeenproposedin this respect.Oneapproachis to
measurethecompilability of aknowledgerepresentationformalism,accordingto theframeworksproposed
in [19, 44], which roughlyaddressestheissuewhethertheoriesin oneformalismcanbemappedoff-line to
theoriesin anotherformalismsuchthaton-linereasoningfor varyingqueriesbecomesmoreefficient. The
otherapproachis theconceptof fixed-parametertractability, whichdealswith theeffectof fixing parameters
in theprobleminput [28, 51]. Studyingtheamenabilityof thevarioussemanticsfor conditionalknowledge
basesto thesetwo approachesis anintriguing issue.

Anotherissueis to identify furthertractablecasesfor thevariousapproaches.For thispurpose,it would
be worthwhile to investigatenew classesof conditionalknowledgebases;someof themmay be defined
in the spirit of classesfor nonmonotonicformalismsasin [87, 21]. Finally, further approachesto default
reasoning(for example,therecentbelief functionapproachby Benferhatetal. [9]) maybeanalyzedfrom a
complexity point of view.
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A Appendix: Proofsfor Section3

Proof of Lemma 3.2. Since üÀý is minimal-coreand þ¶ÿ�������� for all �	��
 , equation(6) reducesto
equation(4). Thatis, thesystemof equationsgivenby (6) and(7) for all ��
�����
 andall ��������� hasa
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uniquesolution ������! � � with positive ���� , which is givenby therankings�"� �! � for üÀý .
We now show that  � is robust. Supposeit werenot. Then,therewould exist distinct �$# � � ú �%
 that

have a commonminimal falsifying model � . By equation(5), it thenfollows  �¤ÿ�����&'���¤ÿ��(#)�+*	���¤ÿ�� ú � .
By equation(4), we get � � ÿ�� ú �,&-� . Since ü'ý is minimal-core,thereexists a world �/. that satisfies021 ÿ�
43657�(#78�� andthat falsifies �(# . Hence, �¤ÿ�� . �9�:���¤ÿ��$#)�<;����¤ÿ��$#)�=*6���¤ÿ�� ú �?>  �¤ÿ��@� . But then � is
notaminimal falsifyingmodelof � # under

0
, which is acontradiction.It follows that  � is robust. A

Proof of Theorem 3.3 (continued). Let BDC . �EBFC 1 B 1HGI1 57J$8 be the setof atomsfor ü'ý . , whereBI�K57JMLON PRQ/�S�T
 ��U >WVX>ZY¶ÿ����!8 and
G �K5[C\LON PRQ]�S�H
 �$U >6VX;^Y¶ÿ��@�!8 . For each�_�a`2
cbd�e
 andVR�H5 U@�gfgfgf�� Y¶ÿ����!8 , let 
�LON P containthefollowing defaults:

JMLgN P(h�`i
�b if Vj��Y¶ÿ���� (12)JMLgN Pk
mlnCoLgN P if VR;6Y¶ÿ���� (13)JMLgN Pk
pJMLON Prq # � J�LON P�
�CoLgN Psq # if VRt U . (14)

Informally, thedefault (12) correspondsto thedefault `^
ub from 
 . By theauxiliary defaults(13) and
(14), it is pulledto thelevel Y¶ÿ��@� in the � -partitionof theaugmentedsetof defaults.Thedefaults(14) imply
that verifying the default J�LON Pvh2`K
 b for the � -partition (which requeststhat � hasa verifying world)
violatesall defaults(13),which resideat levels U@� � �gfgfgf�� Vv3W� .

Definenow ü'ý . �¸ÿ 0 . � 
 . � , where0 . � wZ5x`SyeljJ<Q\`,� 0 8

�.z� w 57
�LON P{Qo����
 � VR�i5 U@�gfgfgf7� Y¶ÿ����!8]8 f

Theatom J servesin
0 . to maskthebackgroundknowledge

0
for therankingprocess.

It is easyto seethat üÀý . is | -consistent,andthat the � -partition ÿ�
�.} �gfgfgf[� 
�.~ � of 
�. is givenby 
�.P �w 57
�LON P+Q�����
^��Y¶ÿ�����>�V�8 , for all Vj� U@�gfgfgf7�!� . Hence,eachdefault J LON �M��L!� h�`�
�b with ����`�
�b��
 is assignedthevalue Y¶ÿ��@� underthedefault ranking � for üÀý . .
As for entailmentof defaults,let now � . bedefinedby

� . ��J?h/ÿ���"� ���]��� � f
Satisfactionof J unmasksthebackgroundknowledge

0
, andsatisfactionof B 1SG impliesthatall defaults

(13)arefalsewhileall defaults(14)aretrue.Furthermore,eachmodelof � . satisfiesthedefault J LON �M��L!� h�`�
b in (12) iff it satisfies̀�
�b .
Thus,it is easilyseenthatfor any formula � over BFC , aworld ���_� ����� is a � -preferredmodelof ��he� .

w.r.t. üÀý . if f the restrictionof � to BFC is a Y -preferredmodelof � w.r.t. üÀý . This implies that for any
default ��
�� over BFC , it holdsthat ÿ%üÀý � Y=� lex� -entails �S
�� if f üÀý . lex-entails ��he� . 
�� . A
Proof of Lemma 3.4.Assumefirst that üÀý,�\ÿ 0 � 
�� is | -consistent.By Lemma5.1,thereexistsanordered
partition ÿ�
 } �gfgfgfx� 
 ~ � of 
 suchthat eachdefault in 
 P is toleratedunder

0
by w ~��� P 
 � . Let � be any

totalorderon 
 suchthat �D��
 P , � . �?
 � , and � �W� . implies VR>�¡ . Clearly, � is irreflexive andtransitive,
andthusa priority orderingon 
 . Moreover, each �D�¢
 is toleratedunder

0
by 
£3Z57�¤.]��
�Qo�¤.��¥�(8 .

Thus,by Lemma5.20, � is admissiblewith ü'ý . Thatis, üÀý is conditionallyconsistent.
Conversely, assumethat üÀýK�èÿ 0 � 
�� is conditionallyconsistent.Thatis, thereexistsa priority order-

ing � on 
 that is admissiblewith ü'ý . Hence,thereexists some �D�¢
 that is minimal w.r.t. � . More-
over, as � restrictedto ÿ�
¦3657�(8��F§\ÿ�
¦3657�(8�� is a priority orderingon 
43^57�(8 that is admissiblewith
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ÿ 0 � 
Z3�57�$8�� , theconditionalknowledgebaseÿ 0 � 
Z3�57�$8�� is conditionallyconsistent.Thus,wecandefine
a sequenceof defaults �(# � � ú �gfgfgf[� �/¨ suchthat 57�$# � � ú �gfgfgf[� �¤¨{8��	
 andthateach� P is a minimal element
in 57� P � � Pª© # �gfgfgfx� �/¨�8 w.r.t. to a priority ordering � P admissiblewith ÿ 0 � 57� P � � Pª© # �gfgfgf[� �¤¨{8�� . It follows that
each� P is toleratedunder

0
by 57� P � � P�© # �gfgfgf7� �/¨�8 . Hence,by Lemma5.1, üÀý is | -consistent.A

B Appendix: Proofsfor Section5

Proof of Theorem 5.2 (continued). b) We give a log-spacereductionfrom theP-completeproblemof de-
cidingwhetheragivenset «a�a5���#�¬­�®# �gfgfgf , �{¨�¬­�j¨$8 of definiteHornclauseslogically impliesagiven
atom B (seee.g. [25]). Let 
 denotethe setof literal-Horn defaults 5���#�
­�®# �gfgfgf7� �{¨9
­�j¨ ��¯ 
°ljB�8 .
Wenow show that « logically entails B if f theliteral-Horndefault knowledgebaseÿ²± � 
�� is | -inconsistent.
Assumefirst that ÿ²± � 
�� is | -consistent.Hence,by Lemma5.1, 
 containsat leastonedefault � that is
toleratedby 
 . Thus,thereexistsaninterpretation� thatverifies � andthatsatisfies
 . Hence,� is amodel
of « 1 5�ljB¢8 . That is, « doesnot logically entail B . Conversely, assumethat « doesnot logically entailB . Let usconsidertheorderedpartition ÿ�
�# � 
 ú �F�uÿ³5 ¯ 
°ljB�8 � 5���#�
­�®# �gfgfgf[� �{¨9
­�j¨{8�� of 
 . Then,
thedefault ¯ 
°ljB is toleratedby 
�# 1 
 ú , sincethereexistsmodelof « 1 5�ljB¢8 . Moreover, eachdefault�d�6
 ú is toleratedby 
 ú , sincethe interpretation� that mapseachgroundatomto the truth value true
alwaysverifieseach����
 ú . Thatis, by Lemma5.1, ÿ²± � 
S� is | -consistent.A
Proof of Theorem 5.3. Wegive a log-spacereductionfrom theP-completeproblemof decidingwhethera
givenset «���5�� # ¬'� # �gfgfgf , � ¨ ¬­� ¨ 8 of definiteHorn clauseslogically impliesagivenatom B (see,for
example,[25]). Let 
 bethesetof literal-Horndefaults 5���#�
­�®# �gfgfgf7� �{¨X
'�n¨�8 . By Theorem3.1andthe
proof of Theorem5.2 b), « logically entails B if f theliteral-Horndefault knowledgebaseÿ²± � 
��´| -entails
theliteral-Horndefault ¯ 
�B . A
Proof of Theorem 5.4 (continued). a) We show µ ù -hardnessby a polynomial transformationfrom theµÀù -completeproblemSAT-UNSAT [79]: Given two propositionalformulas ` and b , decidewhether̀ is
satisfiableand b is unsatisfiable.Without lossof generality, we canassumethat ` and b aredefinedover
disjointsetsof atoms.Wenow show that ` is satisfiableand b is unsatisfiableiff thedefault knowledgebaseÿ²± � ±/� properly | -entails̀i
pljb . Assumefirst that ` is satisfiableand b is unsatisfiable.By Lemma5.1,it
follows that ÿ²± � 5x`�
�b´8�� is | -inconsistentandthat ÿ²± � 5x`%
 ¯ 8�� is | -consistent.Hence,by Theorem3.1,
thedefault knowledgebase ÿ²± � ±/� properly | -entails `�
 lnb . Conversely, assumethat ÿ²± � ±/� properly | -
entails̀i
pljb . Thus,by Theorem3.1,it follows that ÿ²± � 5x`_
­b´8�� is | -inconsistentandthat ÿ²± � 5x`_
 ¯ 8��
is | -consistent.Hence,by Lemma5.1, it is immediatethat ` is satisfiable.Moreover, since ` and b are
definedover disjointbasicpropositions,it alsofollows that b is unsatisfiable.

b) We give a log-spacereductionfrom the following P-completeproblem(see,e.g.,[25]): Givena set«%�%5���#�¬­�®# �gfgfgf , �$¨9¬­�j¨{8 of definiteHornclausesandanatom B , decidewhether« entails B .
Let 
¦��5���#�
­�®# �gfgfgf[� �{¨�
­�j¨$8 . We now show that « logically entails B if f theliteral-Horndefault

knowledgebaseÿ²± � 
�� properly | -entailstheliteral-Horndefault ¯ 
cB . By Theorem3.1andtheproofof
Theorem5.3, it is sufficient to show that ÿ²± � 
 1 5 ¯ 
 ¯ 8�� is | -consistent. By Lemma5.1, this is indeed
thecase,astheworld � thatmapseachgroundatomto true alwaysverifieseach�D��
 1 5 ¯ ¬ ¯ 8 . A
Proof of Lemma 5.5. Let ¶·� ÿ�
 } �gfgfgf7� 
 ~ � be the � -partition of 
 and let ¶�.�� ÿ�
�.} �gfgfgf[� 
�.¸ � be
an orderedpartition of 
 that is admissiblewith üÀý andthat hasthe leastweight ¹ . We now show by
inductionon V that 
 P ��
 .P for all V´� U@�gfgfgf7�!� .

Basis: Let V�� U . Let us first assumethat thereis some �	��
 } 3^
 .} . Hence, ¶ . . ��ÿ�
 .} 1 57�(8 ,
�.# 3	57�$8 �gfgfgfx� 
�.¸ 3	57�(8�� is an orderedpartition of 
 that is admissiblewith ü'ý andthat hasa weight
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smallerthan ¹ . But this contradictstheassumptionthat ¶ . hasthe leastweight. Let us next assumethat
thereis some����
�.} 3�
 } . Hence,� is toleratedunder

0
by 
 andnotcontainedin 
 } . But thiscontradicts

theassumptionthat ¶ is the � -partitionof 
 . Hence,it holds 
 } ��
 .} .
Induction: Let V+t U . By theinductionhypothesis,weget 
 � �Z
 .� for all ¡�� U@�gfgfgfx� Vk3%� . Let usfirst

assumethatthereis some����
 P 3�
 .P . Thus, ¶ . . �¸ÿ�
 .} �gfgfgf7� 
 .Prq # � 
 .P 1 57�$8 � 
 .P�© # 3i57�(8 , fgfgf7� 
 .¸ 3�57�$8��
is an orderedpartition of 
 that is admissiblewith üÀý and that hasa weight smallerthan ¹ . But this
contradictstheassumptionthat ¶�. hastheleastweight.Let usnext assumethatthereis some� �e
 .P 3�
 P .
Hence,� is toleratedunder

0
by w ~��� P 
 � andnot containedin 
 P . But this contradictstheassumptionthat¶ is the � -partitionof 
 . Hence,it holds 
 P �	
�.P .

Thatis, weget 
 P �	
 .P for all V´� U@�gfgfgf7�!� andthusalso � �	º . A
Proof of Theorem5.6(continued). a)It remainsto show ÷+» ù¼ -hardness.Wegiveapolynomialtransforma-

tion from thefollowing ÷R» ù¼ -completeproblem[90]. Giventhepropositionalformulasin CNF `´# �gfgfgf[� `=½ ,
we areaskedwhetherthenumberof tautologiesamong̀�# �gfgfgf7� `=½ is even. Without lossof generality, we
canassumethat `�# �gfgfgfx� `�½ aredefinedonpairwisedisjointsetsof variables,that `�# and ` ú aretautologies,
that `=½ is notatautology, that ¾ is odd,andthat ` Pª© # is notatautologyiff ` P is notatautology, cf. [90]. Let

�(#u� ¿7#R
pljÀx# �� P � ¿ P 
c¿ Prq #nh�À Prq #nh�l´À P � for Vj��Á �gfgfgf7� ¾ �
andlet 
¦�I57�(# �gfgfgf[� �/½�8 . Informally, verifying thedefault � P , VRt�� , for determiningits rankrequeststhat
thedefault � Prq # is falsified,whichmeansthat � Psq # musthave beenalreadyranked.

It is thuseasyto seethatthedefault ranking � for thedefaultknowledgebaseÿ²± � 
�� is givenby �óÿ�� P �´�Vv3�� for all Vj�:� �gfgfgfx� ¾ . Let � and � bedefinedas

� � ÿ²` # ¬p¿ # ��hTÂgÂgÂ]h+ÿ²` ½ ¬c¿ ½ �khSÀ # hHÂgÂgÂ"hSÀ ½ �� � ÿ²¿ ú h�l�¿�Ã[��y+ÿ²¿�ÄRh�l�¿�Å[��y�ÂgÂgÂ�y/ÿ²¿�½ q #nh�l�¿!½<� �
respectively. We now show that the numberof tautologiesamong ` # �gfgfgf7� ` ½ is even iff ÿ²± � 
S�®� -entails�S
�� . Let � beany interpretationthatsatisfies� andthatsatisfies¿ P if f ` P is atautology. Hence,thenumber
of tautologiesamong̀�# �gfgfgfx� `�½ is even iff � satisfies� . Moreover, for any interpretation� . thatsatisfies� andthatsatisfiessome¿ P with ` P not beinga tautology, it holds  {Æ ÿ����D;  {Æ ÿ��/.Ç� . Let usnow first assume
that ��Q �Z� . Hence,��Q ��¿ ú P hSl´¿ ú Pª© # , andwe get  Æ ÿ��@���  Æ ÿÈ��h �X�X;  Æ ÿÈ��h�lj�X� ; thus, ÿ²± � 
���� -entails�S
�� . Let usnext assumethat �TÉQ �Z� . Hence,��Q ���Dh�ln� , andweget  Æ ÿ����+�  Æ ÿÈ��h�ln�9�X;  Æ ÿÈ��h?�9� ;
thus, ÿ²± � 
�� doesnot � -entail �S
�� .

b) We give a log-spacereductionfrom the P-completeproblemof decidingwhethera given set «Ê�5���#�¬­�®# �gfgfgf , �$¨9¬­�j¨$8 of definiteHorn clauseslogically implies a given atom B (seee.g. [25]). Let
 denotethesetof literal-Horndefaults 5��k#k
­�®# �gfgfgfx� �{¨9
­�j¨{8 . We now show that « logically entailsB if f the literal-Horn default knowledgebase ÿ²± � 
S�®� -entailsthe literal-Horn default ¯ 
ËB . Sincethe
interpretation� that mapseachgroundatomto the truth value true alwaysverifieseach �6�^
 , it holds�óÿ����?� U for all �2��
 . Moreover, since � alsosatisfiesB , we get  Æ ÿ�B?�?� U . Let us now first assume
that « doesnot logically entail B . Thus,thereexistsa modelof « 1 5�l´B�8 . That is, thereexistsa model
of 
 1 5�ljB¢8 . Hence,we get  Æ ÿÈljB<�D� U andthus ÿ²± � 
�� doesnot � -entail ¯ 
ÌB . Let usnext assume
that « logically entails B . Thus,all modelsof ljB falsify at leastonedefault from �H��
 . Hence,we get Æ ÿÈl´B<���K� andthus ÿ²± � 
S�v� -entails ¯ 
�B . A
Proof of Theorem 5.7 (continued). a) It remainsto show ÍF÷ » ù¼ -hardness.We give a polynomialtrans-

formation from the following problem,which is easily seento be ÍE÷ » ù¼ -complete. Given propositional

47



CNF formulas `´# �gfgfgf7� `=½ on disjoint setsof variables,¾-&Î� , computethetruth valuesJ$# �gfgfgf7� JM½ such
that J P � true if f ` P is satisfiable.Let

� � ¯ 
pl´À �� P � À P 
c` P ySÀ � for all V´�:� �gfgfgf7� ¾ �
anddefine
'�a57� � �(# �gfgfgfx� �/½¢8 . Considerthedefault ranking � for thedefault knowledgebaseÿ²± � 
�� . We
now show that �óÿ�� P ��� U if f ` P is satisfiable.Assumefirst that �óÿ�� P �?� U . Hence,� P is toleratedby 
 .
Thatis, thereexistsaninterpretation� thatverifies � P andthatsatisfies
 . Hence,� satisfies̀ P andthus ` P
is satisfiable.Assumenext that �óÿ�� P �Xt U . Supposethat ` P is satisfiable.Thenthereexistsaninterpretation� thatsatisfiesÀ P h�` P h_ljÀ andall ljÀ � with ¡TÉ�ZV . Thus, � verifies � P andsatisfies
 . Thatis, � P is tolerated
by 
 . But this contradictsthe assumption�óÿ�� P �_t U . Hence, ` P mustbe unsatisfiable.This provestheÍF÷ » ù¼ -hardnesspart.

Weremarkthatit is unknown whetherthe � -rankingis computablewith Ï�ÿ�Ð õ]ÑRÒv� many callsto anNP-
oracle,whereÒ is theinputsize.In fact,sinceÍF÷ » ùjÓ Ï�ÿ�Ð õ]ÑRÒv�ÕÔ=ÖWÍF÷ » ù¼ holdsandtheinclusionis believed

to bestrict [53], the ÍF÷ » ù¼ -hardnessresultssuggeststhatcomputingthe � -rankingis not in ÍF÷ » ùnÓ Ï�ÿ�Ð õ]Ñ+Òv�ÕÔ .
b) Wegive a log-spacereductionfrom thefollowing problem.

Lemma B.1 Givena set «E�×5���# ¬ �R# �gfgfgfx� �{½£¬ �n½�8 of definiteHorn clauseson the atoms BFC��5[Ø�# �gfgfgf7� Ø{¨�8 , computingÙ2�a57B:��BFC�Q"«ÎQ �	B¢8 is FP-complete.

Proof (sketch). Obviously, theproblemis in FP.Hardnessfor ÍF÷ followse.g.from theproofof ÷ -hardness
of decidingwhether«zQ ��B holdsfor a givenset « of definiteHorn clausesandatom B in [25]. The log-
spacereductionthereencodesthecomputationof a genericpolynomial-timedeterministicTuring machineÚ

into this problem,suchthat Ù¦�m57BÌQ®«·Q��B¢8 contains(amongothers)atomsreflectingthe tape
contentsof

Ú
whenit halts.From Ù , theoutputof

Ú
is easilyextractedin log-space.Û

Let 
 be the setof literal-Horn defaults 5���#Ü
­�®# �gfgfgf7� �{½�
'�n½ � Àx#�
¦lnØ�# �gfgfgfx� À�¨�
¦lnØ�¨(8 , whereÀx# �gfgfgf[� À)¨ arepairwisedistinctnew variables.Wenow show that Ø P is logically entailedby « if f thedefault
ranking � for the literal-Horn default knowledgebase ÿ²± � 
S� assignsÀ P 
¦ljØ P the value1. Let the world� be definedby ��ÿrØ P ��� true and �Rÿ�À P ��� false for all V¢�×� �gfgfgfx� Ò . It is easyto seethat � satisfies

andverifiesall � P 
­� P with VR�­� �gfgfgf7� Ò . Hence,� mapsall � P 
­� P with VX�¥� �gfgfgfx� Ò to thevalue U . To
determinethe valueof the otherdefaultsunder � , let us now first assumethat Ø P is not logically entailed
by « . That is, thereis a modelof « 1 5�ljØ P 8 . This modelcanbeextendedto a model � of 
 thatverifiesÀ P 
¦lnØ P by defining ��ÿ�À P �D� true and ��ÿ�À � �D� false for all VD�°� �gfgfgf7� Ò with V�É�I¡ . Hence,À P 
¦ljØ P is
toleratedby 
 andthusassignedthevalue0 under � . Assumenext that Ø P is logically entailedby « . That
is, thereis no modelof « 1 5�lnØ P 8 . Hence,À P 
¦lnØ P is not toleratedby 
 . Let theworld � bedefinedby��ÿrØ P �9� falseand �Rÿ�À P �9� true for all V®�'� �gfgfgfx� Ò . It is now easyto seethat � verifiesall À � 
¦lnØ � with¡��:� �gfgfgf7� Ò . Thus,all À P 
¦lnØ P suchthat Ø P is logically entailedby « areassigned1 under� . A
Proof of Theorem5.8.a)Theresultfollowsfrom theproofof Theorem5.6a). In detail,thereductiongiven
in Theorem5.6a) alsoappliesto thecasewhere � is givenin advance,astheranking � for theconstructed
default knowledgebaseÿ²± � 
S� is actuallygivenin advanceby �óÿ�� P �´�ZVn3W� for all Vj�K� �gfgfgf7� ¾ .

b) Similar to a), referringto theproofof Theorem5.6b) in placeof Theorem5.6a). A
Proof of Theorem 5.9 (continued). Let J denotetheinteger thathasthecomplementof �OÝßÞ � ÿÈ��� asbinary
representation.For example,J �¥� U �IÁ Ã *WÁ # for �OÝßÞ � ÿÈ�Ü�®� U � U � . We first show thatthedefault ranking
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� © is givenasfollows. For all Vn�:� �gfgfgfx� Ò :

� © ÿ�� ©P �´��Á ~ © ¨ q$Pª© # Ârÿ�JRà{á�âXÁ ¨ q$Pª© # �k*,Vv36�� © ÿ�� qP �´��Á ~ © ¨ q$Pª© # Ârÿ�JRà{á�âXÁ ¨ q$Pª© # �k*,Vv36�+*�Á ~ © ¨ q$P . (15)

Thatis, thebinaryrepresentationof � © ÿ�� ©P � hasthefirst VÜ3�� bitsof �OÝßÞ � ÿÈ�Ü� , paddedwith 0’s to Ò bits,and� trailing bits addedthataccountfor cumulative extra costsV´3^� . Thebinaryrepresentationof � © ÿ�� qP � is
similar, but hasthebit for Ø P ( V -th from left) setto 1.

Let usthusassumethat � © ÿ�� ©P � and � © ÿ�� qP � for all V´�:� �gfgfgf7� Ò aregivenby (15). For eachworld � , let © ÿ��@� bedefinedby (3). To show that (15) actuallydefinesthesolutions,we mustshow that (2) holdsfor
all defaults �����<
­�	��
 .

Let V{&2� andlet � bean interpretationthatsatisfiesljÀx#´h�ÂgÂgÂ+hHl´À Prq #+h�À P hH� andthatcoincideson
thevariablesØ=# �gfgfgfx� Ø Prq # with �OÝßÞ � ÿÈ�Ü� . Hence,� verifies � ©P and � qP . Moreover, � satisfiesall defaults � ©�
and � q� with ¡StWV . Finally, for all ¡��ã� �gfgfgfx� Vv3^� , exactly onedefault among� ©� and � q� is falsifiedby � .
More precisely, if ��Q ��Ø � , then � ©� is falsifiedby � . Otherwise,� q� is falsifiedby � . Thatis, therankof the

falsifieddefault � � among� ©� and � q� is givenasfollows:

� © ÿ�� � �m�
ä Á ~ © ¨ q � © # Â4ÿ�JRà$áªâ9Á ¨ q � © # �k*2¡¢3W� if �SQ �ZØ �Á ~ © ¨ q � © # Â4ÿ�JRà$áªâ9Á ¨ q � © # �k*2¡¢3W�®*�Á ~ © ¨ q � if �TÉQ �ZØ � .

For all ¡��:� �gfgfgf7� V�3d� , wehave �SQ �	Ø � if f �OÝßÞ � ÿÈ�Ü��Q �ZØ � . Thelatteris equivalentto J ’s bit for Ø � (the ¡ -th
bit from left), denotedJ Ó ¡"Ô , being U . Hence,we obtainthefollowing:

� © ÿ�� � �m�
ä Á ~ © ¨ q � © # Â4ÿ�JRà$áªâ9Á ¨ q � © # �k*2¡¢3W�®*dJ Ó ¡]Ô/Â�Á ~ © ¨ q � if �OÝßÞ � ÿÈ���DQ �ZØ �Á ~ © ¨ q � © # Â4ÿ�JRà$áªâ9Á ¨ q � © # �k*2¡¢3W�®*dJ Ó ¡]Ô/Â�Á ~ © ¨ q � if �OÝßÞ � ÿÈ���?ÉQ �ZØ �

� Á ~ © ¨ q � Ârÿ�J®à$á�â�Á ¨ q � ��*i¡�3�� f
Since � © ÿ�� � � is maximalfor ¡��ZVv3W� , we get:

 © ÿ��@�H�u�R* å æ�çL �"è�éOêxëì � L � © ÿ��@�H�·�R* å æ�ç� �/í # Nßîßîßî N Prq #oï � © ÿ�� � �H�mÁ ~ © ¨ q$Pª© # Â4ÿ�J®à$á�â�Á ¨ q$Pª© # �k*,Vv3W� .

Hence,for every � P ��� P 
'� P ��57� ©P � � qP 8 , weget:

 © ÿÈ� P h�� P �H� å_áÇðñ �Oò�ó/ôOé ñ ì ��õ L÷ö  © ÿ³øv�%>  © ÿ������-Á ~ © ¨ q$Pª© # Â4ÿ�JRà$áªâ9Á ¨ q$Pª© # ��*,V=3W� .

Let �/. be any other interpretationthat satisfiesljÀx#Xh�ÂgÂgÂDh,ljÀ Prq #9h,� . Thus, for all ¡6�m� �gfgfgf7� V93a� ,
exactly onedefault among� ©� and � q� is falsifiedby � . . Assumethat � . doesnot coincideon thevariablesØ # �gfgfgfx� Ø Prq # with �OÝßÞ � ÿÈ�Ü� . Hence,theremustbe some¡2>ãV�3�� suchthat Ø � is true in � but falsein � . ,
whichmeans�eÉQ ��� ©� and ��Q �	� q� while �/.�Q �	� ©� and �/.´ÉQ �	� q� . Hence,we get:

 © ÿ��/.Ç�ù& Á ~ © ¨ q � © # Ârÿ�J®à$á�â9Á ¨ q � © # ��*i¡ú*�Á ~ © ¨ q � .
Moreover, as ¡�;�V , weget:

Á ~ © ¨ q � © # Ârÿ�J®à$á�â�Á ¨ q � © # �d&-Á ~ © ¨ q$Pª© # Â4ÿ�JRà$áªâ9Á ¨ q$Pª© # � .
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SinceV=3W�D3e¡ ;WÒ�>^Á ~ , it holds ¡<*�Á ~ © ¨ q � tWV=3W� . Hence,it follows:

Á ~ © ¨ q � © # Ârÿ�J®à$á�â�Á ¨ q � © # ��*i¡<*�Á ~ © ¨ q � tûÁ ~ © ¨ q$Pª© # Â4ÿ�J®à$á�â�Á ¨ q$P�© # ��*dV=3W� .

Thatis, we get  © ÿ����X;  © ÿ�� . � for any othersuch� . . For all � P �I� P 
­� P ��57� ©P � � qP 8 , it thusfollows:

 © ÿÈ� P h�� P �H� å_áÇðñ �Oò�ó/ôOé ñ ì ��õ L÷ö  © ÿ³øv���mÁ ~ © ¨ q$Pª© # Â4ÿ�J®à$á�â�Á ¨ q$Pª© # �k*,V=3W� .

But this shows that(2) holdsfor all �����<
'�^�e
 . Thus,(15)describestheactual � © -rankingof ÿ²± � 
S� .
Let � beaninterpretationthatsatisfiesljÀx#¤h�ÂgÂgÂ¤h?ljÀ)¨nh?� andthatcoincidesonthevariablesØ�# �gfgfgf7� Ø�¨

with �OÝßÞ � ÿÈ�Ü� . Let � . beany otherinterpretationthatsatisfiesljÀx#Üh�ÂgÂgÂÜh�ljÀ)¨�h�� andthatdoesnotcoincide
on thevariablesØ=# �gfgfgf7� Ø{¨ with �OÝßÞ � ÿÈ�Ü� . By a line of argumentationsimilar to theonejust pursued,it is
easyto seethat  © ÿ��@�X;  © ÿ�� . � .

Let usnow assumethat Ø{¨ is truein �OÝßÞ � ÿÈ��� . It thenfollows that

 © ÿÈljÀx#nhHÂgÂgÂnh�ljÀ)¨?h���h�Ø{¨(�d;  © ÿÈl´À7#nh�ÂgÂgÂnh�ljÀ)¨<he��helnØ{¨�� f
Thatis, ÿ%üÀý � þ=�v� © -entails� at strength0. Let usnext assumethat Ø�¨ is falsein �OÝßÞ � ÿÈ�Ü� . It thenfollows:

 © ÿÈljÀx#vhHÂgÂgÂjh�l´À�¨?h���h�lnØ�¨��X;  © ÿÈl´À7#nh�ÂgÂgÂnh�ljÀ)¨<he��hSØ{¨@� f
Thatis, ÿ%üÀý � þ=� doesnot � © -entail � at strength0. A
Proof of Theorem 5.11(continued). (i) We first show that üÀý is | -consistent.Let theorderedpartitionÿ�
 } �gfgfgf7� 
 ~ � of 
 bedefinedby � �¥å_æ�çÁÿ�Àx# �gfgfgfx� À�½?� and 
 P �457� PrN � Q$� PsN � �,
�8 for all V��°� �gfgfgf7�!� .
Considerany default � PrN � �6
 P . Let � PrN � be a world suchthat � PsN � Q �4` � ¬üb � , � PrN � Q �¦J ¸ N � , for all º?>KV ,� PrN � Q �:¿ PsN � , � PrN � Q �IC ¸ N � , for all ºR>	Vj36� , and � PrN � doesnot satisfyall remainingatomsJMP � N � � , ¿�P � N � � , and CoP � N � � .
Clearly sucha world � PrN � exists. It is now easyto seethat � PsN � verifies � PrN � andthat � PrN � Q � 0d1 w ~¸ � P 
 ¸ .
Hence,thedefault � PsN � is toleratedunder

0
by w ~¸ � P 
 ¸ . Thus,by Lemma5.1, üÀý is | -consistent.

(ii) It is easyto seethat ü'ý is minimal-core.Indeed,theworld � suchthat ��Q ��J PsN � and �HÉQ ��B for any
otheratomicpropositionB , falsifiesthedefault � PrN � while it satisfies

0�1 ÿ�
­3d57� PrN � 8�� .
(iii) Wenow show by inductionon Vj� U@�gfgfgf7�!� thatthedefault ranking � � is givenby � � ÿ�� PrN � ����Á P for

all � PrN � ��
 . Hence,in particular, �"�¤ÿ��¤ýÇþ N � �´��Á ýÇþ for all ¡��K� �gfgfgf7� ¾ .
Basis:Let Vj� U . Since ÿ�
 } �gfgfgf7� 
 ~ � is apartitionof 
 thatis admissiblewith üÀý , weget � � ÿ�� PrN � ���:�

for all � PrN � ��
 } . Induction: Let V{t U . Let us considerany � PrN � ��
 P . Recall that theworld � PrN � described
above satisfies

0�1 w ~¸ � P 
 ¸ and,moreover, verifies � PrN � ; furthermore,� PrN � falsifiesevery � ¸ N � suchthat º�>V�3%� . By theinductionhypothesis,���¤ÿ�� ¸ N � ����Á ¸ for every º´>dVÜ3�� , andthus  �¤ÿ�� PrN � ����ÿ Psq #¸ � } Á ¸ ��Á P 3�� .
Hence,it follows � � ÿ�� PsN � �X>^Á P . On theotherhand,every default � ¸ N � where ºj;WV is falsifiedin every world� thatsatisfies

0
andverifies � PrN � . Hence,it follows ���rÿ�� PrN � ����Á P , whichconcludestheinduction.

(iv) We finally show that �,Q �4`���¬­b�� holdsin every � with maximumweight ÿ ê ì ��� ö����[ö ¹ P if f ü'ý� � -entails� . Weneedsomepreparationasfollows.
Let � be any world suchthat: (a) �6Q � 0d1 5���8 , (b) � is a maximumweight world under 	 , and(c)�HQ �:¿)ýÇþ N � if f �TQ �:` � ¬mb � . Let �¤. beany world suchthat(a) holdsbut either(b) or (c) doesnot hold. We

now show that  �¤ÿ����¢;  �¤ÿ�� . � . It is easyto seethatboth � and � . falsify all defaults � PrN � , for ¡i>I¾ andVD>	À � 3^� . Let �/. . resultfrom �¤. by redefining¿)ýÇþ N � to �/. .�Q �:¿)ýÇþ N � if f �/.�Q �:` � ¬mb � , for all ¡�>	¾ . Then,
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� . . Q � 0 , andno default � PrN � that is satisfiedby � . . is violatedby � PrN � . Hence,it follows  �rÿ�� . . ��>  �¤ÿ�� . � .
Furthermore,� and �/. . satisfy �MýÇþ N � if f they satisfy ` � ¬�b � , for all ¡�>�¾ . Hence,weget:

 � ÿ��@�-� ÿ L �"è � � ÿ����´3 ÿ L �]è N ê ì � L � � ÿ����
� ÿ L �"è ���¤ÿ����´3 ÿ � �]í # Nßîßîßî N ½Xï N ê ì ��� þ ��� þ Á ýÇþ
> ÿ L �"è ���¤ÿ����´3 ÿ � �]í # Nßîßîßî N ½Xï N ê � � ì ��� þ ��� þ Á ýÇþ
� ÿ L �"è � � ÿ����´3%ÿ L �]è N ê � � ì � L � � ÿ����
�  � ÿ��/. .Ç�

It follows  �¤ÿ�����>  �rÿ�� . . ��>  �¤ÿ�� . � . Moreover, since(b) and(c) hold for � , while either(b) or (c) doesnot
hold for �/. , either  � ÿ�����;  � ÿ��¤. .Ç� or  � ÿ��/. .ª�X;  � ÿ��/.Ç� , andthus  � ÿ����X;  � ÿ��/.Ç� .

Let usnow first assumethat ��Q ��` � ¬�b � holdsfor everymaximumweightworld � under	 . Consider
any such � . Hence,thereexistsa world �¤. suchthat �/.RQ �ãØ P if f �iQ �KØ P , �/.RQ �¥¿�ýsþ N � if f �iQ �Î` � ¬�b � , and� . Q � 0S1 5��<h���8 . Moreover, thereis nomaximumweightworld � . . under	 suchthat � . . Q � 0�1 5��?h�ln�D8
and � . . Q ��¿ ýÇþ N � if f � . . Q ��` � ¬�b � . It follows  �¤ÿÈ��h��9�X;  �4ÿÈ��heln�X� , andthus üÀý	��� -entails� .

Let usnext assumethat �,ÉQ �ã` � ¬�b � for somemaximumweightworld under 	 . Hence,thereexists
a world � . suchthat � . Q �:Ø P if f �iQ ��Ø P , � . Q �ã¿ ýÇþ N � if f �iQ �K` � ¬-b � , and � . Q � 0i1 5�� hHln�D8 . It follows � ÿÈ��h��9�X&  � ÿÈ��h�ln�X� , andthus üÀý doesnot � � -entail � . A
Proof of Theorem 5.12. We give a polynomialtransformationfrom a suitablevariantof theproblemused
in the reductionin the proof of Theorem5.11, which is ÍF÷ » ù -complete:Given a setof weightedHorn
clauses	K�¥5x`�#F¬mbk# �gfgfgf7� `=½�¬mb$½¢8 on Ò variablesØ�# �gfgfgf7� Ø�¨ , whereeach̀ P ¬mb P is satisfiableand
hasweight ¹ P �ÎÁ ý ö , where À P & U is a nonnegative integer, computetheweight ¹ of a maximumweight
world � under 	 , that is, ¹���å_æ�ç êO�Oò�ó/ô ÿ ê ì ��� ö����[ö ¹ P . ÍF÷ » ù -hardnessof this problemcanbeestablished
by asuitableadaptationof proofsin [58].

We slightly extend ü'ý in the proof of Theorem5.11asfollows. We introducenew atoms J � and ¿ � ,
andthefollowing setof literal-Hornclauses

0 � andtheliteral-Horndefault �"� :
0 � � 5x¿ � ¬cJ PrN � Q)��>%¡ >�¾ ��U >�VR>WÀ � 8 1 5x¿ � ¬�C PrN � Q)��>�¡�>�¾ �{U >WVR;WÀ � 8
� � � J � 
c¿ � f

By a line of argumentationsimilar to the onein the proof of Theorem5.11, it is easyto seethat the
extendedconditionalknowledgebaseÿ 0�1e0 � � 
 1 57�]�/8�� is | -consistentandminimal-core.Moreover, its
ranking � � assignsall defaults � PrN � the value Á P andthe default � � the value ÿ ½�)� # ÿ ýÇþP � } Á P 3W¹ . Conse-
quently, theweight ¹ of a maximumweightworld under 	 is givenby ¹¥�ãÁ�Â ÿ ½�)� # Á ýÇþ 3%¾z3,���¤ÿ��"�"� ,
whichcanbeeasilycomputedfrom � � . Thisprovestheresult. A
Proof of Lemma 5.14.Theclaim is provedby inductionon Vj�K� �gfgfgf7� º asfollows.

Basis:For V��d� , we get �"�� ÿ��(#)�(�+þ¶ÿ��$#)��>�
 . Induction: Let V{t�� . By theinductionhypothesis,it holds
that Q � �� ÿ�� � �gQ@>�
DÂ7Á � q # for all ¡��:� �gfgfgf7� Vn3W� . Hence,we get:

Q � �� ÿ�� P �gQ@>zþ¶ÿ�� P �k*�Q å_áªðMâ)ÿ�� P �n32å_áªð�
�ÿ�� P �gQ(>�
®* Prq #��)� # 
�Â�Á � q # ��
X*�
DÂ4ÿ²Á Psq # 36�7���+��
�ÂxÁ Prq # f A
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Proof of Theorem 5.18(continued). Define BDC+�a57J � ¿ , À , �]8 1 5�
 P , Ø P , � P Q@�?>�VR>WÒj8 and

� P � 57J�
�Ø P � ¿9
�� P � À+hSØ P 
pl�� P � Ø P h�� P 
ml�
 P �®¯ 
�
 P 8 for ��>WVR>�Ò f
It is now easyto verify that �RÿrØ P �9�:�RÿÈl�� P � holdsfor every world � thatsatisfiesJ¢he¿+heÀ anda maximal
numberof defaultsin

� P . Thatis, wecanuse
� P to expresstherelationshipsØ P h�� P ¬�� and ¯ ¬�Ø P y�� P .

Let ` �� be the Horn clausethat is obtainedfrom ` � by replacingeachpositive literal Ø P by the new

negative literal l�� P . Define 
'� w ¨ © úP � } 
 P , wherethe 
 P areasfollows:


 P � 5��ú
�Ø{¨ q$P 8 for all Vj� U@�gfgfgf7� Ò�3W�
�¨ � 5x` � # �gfgfgfx� ` � ½ 8
�¨ © # � w 5 � P Q³V´�:� �gfgfgf7� Òj8
 ¨ © ú � 5 ¯ 
�J ��¯ 
c¿ ��¯ 
cÀ ��¯ 
��j8 f
Thepriority assignmentY on 
 is givenby Y¶ÿ��@���ZV for all V´� U@�gfgfgf7� Ò¢*�Á and � ��
 P . Finally, wedefine

�:� ¯ 
�Ø{¨ f
Observe that ü'ý:�¸ÿ²± � 
�� and � areliteral-Horn.

Wenow show that �OÝßÞ � ÿ²`j��Q �ZØ�¨ if f ÿ%ü'ý � Y=� lex� -entails� . It is sufficient to show that,for any preferred
world � , its restrictionto � �°5[Ø�# �gfgfgfx� Ø{¨$8 , denotedby ��Q � , coincideswith �OÝßÞ � , andthat,on theother
hand,�OÝßÞ � ÿ²`n� canbeextendedto suchan � .

Assumefirst that � is apreferredworld. Hence,�SQ ��
�¨ © ú . Furthermore,� satisfiesamaximalnumber
of defaultsin 
 ¨ © # ; this impliesthat ��ÿrØ P ������ÿÈl�� P � , for all Vj�ã� �gfgfgf7� Ò . Since ` is satisfiable,preferred-
nessof � thenimpliesthat ��Q ��
�¨ and ��Q �ûQ�I` . Thesetsof defaults 
 } �gfgfgfx� 
�¨ q # thenensurethat ��Q �
indeedcoincideswith �OÝßÞ � ÿ²`j� .

Conversely, let �/. betheworld suchthat �¤.ÑÿrØ P ���K�OÝßÞ � ÿrØ P � , and �/.%ÿ�� P �D�K�/.XÿÈlnØ P � for all V��'� �gfgfgf7� Ò ,
and � . ÿ � ��� true, for any otheratom� . It is now easyto seethat � . is apreferredworld. A
Proof of Theorem 5.19.a)By Theorem5.7a),computingthedefault ranking � for ü'ý is in ÍF÷ » ù¼ . Recall

now that ü'ý lex-entails � if f ÿ%üÀý � ��� lex� -entails � . As decidingthelatter is in ÷+» ù (seethediscussionat
thebeginningof Section5.4),decidingwhetherü'ý lex-entails � is alsoin ÷ » ù .

b) We show that the ÷R» ù -hardproblemin Theorem5.18,which is moregeneral,is reducibleto this
problem.Fromtheproof of Theorem5.18,we mayassumethatevery default ���T
 of üÀý:�âÿ²± � 
�� there
hasaverifying world. Thus,by Theorem3.3andObservation3.1,we obtainsucha reduction. A
Proof of Lemma 5.20. Assumefirst that � is admissiblewith üÀý , andconsider�H�2
 . Admissibility of� impliesthat 
�L is under

0
not in conflict with � ; thatis, � is toleratedunder

0
by 
�L .

Conversely, assumethatevery ����
 is toleratedunder
0

by 
�L . Supposethat � is notadmissiblewithüÀý . That is, some
�.9Öã
 is under
0

in conflict with some �,�W
 , and 
�. containsno default �/. with� . �a� . Hence,
 . ÖI
�L . Since 
�L tolerates� under
0

, also 
 . tolerates� under
0

. But this contradicts
thefactthat 
 . is under

0
in conflictwith � . Hence,� is admissiblewith ü'ý . A

Therestof theproof of Theorem5.22will make useof thefollowing lemmashown by Geffner [41].

Lemma B.2 (Geffner [41]) Let üÀýÌ� ÿ 0 � 
�� be a conditional knowledge base. A default �Î
 � is
conditionallyentailedby üÀý iff � is satisfiedin every � -preferred modelof

061 5��k8 of every minimal
priority ordering � admissiblewith ü'ý .
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Here,minimality is in termsof setinclusion,where � is viewedassetof pairs 5rÿ�� � øv�DQ"���	øj8 .
Wearenow readyto completetheproof thatconditionalentailmentis ø ù ú -hardfor theliteral-Horncase.

Proof of Theorem 5.22(continued). Let BDC®�IB! 1 B#" 1 57J$8 , where B! ��:57J P , ¿ P , � P , �M.P Q{��>^V�>6¾�8 ,B!"���57À � , � � , � � , $ � , Ø � , Ø .� Q���>�¡�>�Òj8 . Wedefine üÀý:�¸ÿ 0 � 
�� asfollows:

0 � 0 # 1�0 ú 1S0 Ã 1S0 Ä �

 � ½wP � # 
�# N P 1

¨w��� # 
 ú N � �
wherethesetsof Horn clauses

0 P , V´�:� � Á �&%��(' andthedefault sets
 # N P , 
 ú N � aredefinedasfollows:

0 #Ì� 5x` � # y�l´J �gfgfgf[� ` � ¸ y�l´J$8 �0 ú � 5�l�� P y�l)�M.P y�l´JSQxV´�:� �gfgfgf7� ¾�8 �0 Ãü� 5�lnØ � yelnØ{.� yeljJSQ[¡���� �gfgfgf�� Òj8 �0 ÄË� 5[Ø � ¬ûl�$ ~ � Ø�.� ¬pl�$ ~ Q�¡ �!� �:� �gfgfgf7� Òj8 �
where `k� # �gfgfgf[� `k� ¸ is obtainedfrom ` # �gfgfgfx� ` ¸ by replacingthe positive literals � P and Ø � by the negative
literals l���.P and lnØ�.� , respectively; and


�# N P � 57J P 
�� P � ¿ P 
*�M.P 8 �
 ú N � � 57À � hS� � 
�Ø � � À � h+� � 
�Ø�.� � À � 
�$ � 8 f
Finally, thedefault �����S
�� is definedby

� � J?h/ÿ ½�P � # ÿ�J P hS¿ P ����h+ÿ ¨��)� # ÿ�À � h�� � h,� � ���
� � l-$M# f

Thesetof all defaultsthatareconditionallyentailedby üÀý is definedwith respectto all priority orderings
on 
 that areadmissiblewith üÀý . By LemmaB.2, we canrestrictour attentionto all minimal priority
orderingson 
 thatareadmissiblewith ü'ý .

Wenotethatevery priority ordering � on 
 admissiblewith üÀý containsthefollowing pairs:

À � 
�$ � � À � hS� � 
�Ø � � (16)À � 
�$ � � À � h+� � 
�Ø .� � for all ¡��:� �gfgfgfx� Ò f (17)

This is immediatefrom theobservationthateachset 57À � 
�$ � 8 toleratesunder
0

neitherÀ � h�� � 
�Ø � norÀ � h+� � 
�Ø .� .
Let � � bethepriority orderingon 
 that is givenby exactly all pairsin (16) and(17). It is easyto see

thateach�e�2
 is toleratedunder
0

by 
43�57� . �i
cQ�� . �®�¢�(8 ; thus,by Lemma5.20, �®� is admissible
with ü'ý . This meansthat �®� is the least(that is, uniqueminimal) priority orderingon 
 admissiblewithüÀý . Applying LemmaB.2, the default �2� �W
 � is conditionallyentailedby üÀý if f � is satisfiedin
every �®� -preferredmodelof

0�1 5���8 .
Wearenow readyto show that . evaluatesto trueiff üÀý conditionallyentails � .
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( / ) Let usfirst assumethat . evaluatesto false.Hence,thereexistsamapping$e�$50�@# �gfgfgfx� �]½?8<
m51� ��¯ 8
suchthat the formula `6�¿ÿ²`�#´h�ÂgÂgÂ+hH` ¸ � Ó �@#324$dÿ��@#!� �gfgfgfx� �]½524$dÿ��]½<�ÕÔ is unsatisfiable.Let � betheworld
suchthat (i) ��ÿ�� P �<�ã�RÿÈl�� .P �ú� true if f $dÿ�� P �<� ¯ , for all VD�£� �gfgfgf7� ¾ ; (ii) ��ÿrØ � �ú�Î��ÿrØ .� �<� false, for
all ¡��'� �gfgfgfx� Ò ; and(iii) ��ÿ � �D�76984:<; for any otheratom � . Sinceeach̀ � P containsat leastonenegative
literal from lnØ=# �gfgfgfx� lnØ{¨ � lnØ . # �gfgfgfx� lnØ .¨ , wehave �SQ � 0 # . Clearly, ��Q � 0 ú 1�0 Ã , andalso ��Q � 0 Ä , ��Q �I� ,
and �TQ �:ln� . Hence,�TQ � 0i1 5�� � ln�D8 . Supposethat ø6Q � 0�1 5���8 suchthat ø��®��� . We now show that
no such ø exists,which provesthat � is a � � -preferredmodelof

0%1 5��k8 . Since ø is a modelof
0 ú and� , it follows that ø cannotsatisfyboth � P and � .P , for V9�°� �gfgfgf7� ¾ . As �®� doesnot defineany preference

betweenthedefaultsin 
�# N P , for Vn�:� �gfgfgf7� ¾ , it follows that ø cannotfalsify any default in 
�# N P thatis not
falsifiedby � . Hence,ø and � falsify exactly thesamedefaultsin 
�# N P , for V9�¦� �gfgfgf7� ¾ . That is, ø must
coincideon � P and � .P with � , for VF�£� �gfgfgf7� ¾ . Further, since � and ø aredifferent, ø musteithersatisfy
someØ � or Ø{.� , or falsify some$ � . Theclausesin

0 Ä thenhave in theformercasetheeffect that øZQ �¥l�$ �
for all ¡��:� �gfgfgfx� Ò . Sincein thelattercasethedefault À � 
�$ � from 
 ú N � is violatedby ø but notby � , the
fact that ø6� � � implies thateither À � he� � 
�Ø � or À � h=� � 
 Ø{.� , which arebothviolatedby � , mustbe
satisfiedby ø . Thus,either ø6Q �aØ � or øWQ �aØ .� holds.Theclausesin

0 Ã imply thatonly onecanhold, and
thus, øPÿrØ � �®�ãøPÿÈlnØ{.� � holds,for all ¡_�Î� �gfgfgfx� Ò . Clearly, ø is a modelof ` � # h fgfgf h�` � ¸ , asit satisfies

0 #
and � . Since øPÿ�� P ����ø¶ÿÈl)� .P �´� true if f $dÿ�� P �´� ¯ , for all V´�:� �gfgfgf7� ¾ , it thusfollows that ø restrictedto5[Ø # �gfgfgf7� Ø ¨ 8 is a modelof ` . Thatis, ` is satisfiable,which is a contradiction.Thus, ø doesnotexist, and� is a � � -preferredmodelof

0�1 5���8 . Thisshows that üÀý doesnot conditionallyentail � .
( ¬ ) Conversely, let usassumethat ü'ý doesnot conditionallyentail � . Thatis, thereexistsa �®� -preferred
model � of

0�1 5��k8 suchthat �HÉQ �	� , whichmeans�SQ �>$ # . Theclausesin
0 Ä imply that ��ÿrØ � �����RÿrØ .� ���

false, for all ¡2�ù� �gfgfgf7� Ò ; preferrednessof � implies that ��ÿ?$ � ��� true (asthe default À � 
 $ � will be
satisfied),for all ¡��¦� �gfgfgfx� Ò . Let themapping$ú��50�@# �gfgfgf7� �]½�8_
Ë51� ��¯ 8 bedefinedby $dÿ�� P �F� ¯ if f��Q ��J P 
�� P . We now show that `2�èÿ²`´#´hHÂgÂgÂjhe` ¸ � Ó �@#324$dÿ��@#�� �gfgfgfx� �]½524$dÿ��]½<�ÕÔ is unsatisfiable.Towards
a contradiction,supposethereexists a truth assignment� . to Ø�# �gfgfgf[� Ø�¨ that satisfies̀ . Let � . . be the
world thatcoincideson all � P � �M.P with � , sets�/. .%ÿrØ � �D�:�/. .%ÿÈlnØ{.� ���:�/.%ÿrØ � � , andsets�/. .%ÿ?$ � ��� false, for all¡e�£� �gfgfgf7� Ò , andsets� . . ÿ � �<�@6981:A; for every otheratom � . Then � . . Q � 0,1 5���8 . Theworlds � . . and �
falsify exactly thesamedefaultsin 
 # N P , for all VD�°� �gfgfgfx� ¾ . Moreover, � satisfiesÀ � 
B$ � andfalsifies
both À � h�� � 
 Ø � and À � hC� � 
 Ø{.� , while �¤. . falsifies À � 
 $ � andsatisfieseither À � hi� � 
 Ø � orÀ � hD� � 
�Ø .� , for all ¡��K� �gfgfgf7� Ò . This shows � . . �®�ú� . Hence,� is nota �X� -preferredmodelof

0�1 5���8 ,
which is acontradiction.It follows that ` is unsatisfiable,andthus . evaluatesto false. A

C Appendix: Proofsfor Section6

Proof of Theorem6.9.Wegiveapolynomialtransformationfrom thecomplementof theNP-completeone-
in-three3satproblemfor positive literals [40]: Given a setof variables�K�%5[Ø=# �gfgfgf[� Ø ~ 8 anda set 	 of
clausesØ=# N #{y�Ø�# N ú y�Ø�# N Ã �gfgfgf7� Ø{¨ N #�y�Ø{¨ N ú y�Ø{¨ N Ã suchthat Ø PrN � �E� for all V���5¤� �gfgfgf7� Òj8 and ¡D��5¤� � Á �&% 8 ,
decidewhetherthereexistsa truthassignment�GF(H I over � thatsatisfiesexactlyonevariablein eachclause.

We constructüÀý and � asin thestatementof thetheoremsuchthat üÀý doesnot ��� -entail � if f sucha
truthassignment�GF(H I exists.Let thesetof atomsbedefinedasBFC+�a57J � ¿ � Ø=# �gfgfgf7� Ø ~ 8 1 57J PrN � Q³V{�_5¤� �gfgfgf7� Òj8 ,

54



¡F��5¤� �gfgfgf7�(' 8]8 . Let ü'ý,�\ÿ 0 � 
�� and � bedefinedby:0 �m57J_¬�J PrN � Q[V{��5¤� �gfgfgf7� Òj8 � ¡D��5¤� �gfgfgf��(' 8]8 1
5[Ø PrN � ¬ûlnØ{PrN ~ QgV���5¤� �gfgfgf7� Òj8 � ¡ �!� ��5¤� �gfgfgf��&% 8 � ¡�; � 8 1
5[Ø PrN � ¬ûl´¿DQ[V{��5¤� �gfgfgf�� Òj8 � ¡D��5¤� �gfgfgf7�&% 8]8 �


Ë�m57J PrN � 
�Ø PrN � QgV���5¤� �gfgfgfx� Òj8 � ¡���5¤� �gfgfgf��&% 8]8 1
57J PrN ÄF
c¿úQgV���5¤� �gfgfgf7� Òj8]8 �

�Ë��J�
p¿ f
It is easyto verify that üÀý is | -consistentandminimal-core. Furthermore,it is easyto seethat the� -partitionof 
 is givenby ÿ�
S� . Hence,it follows ���¤ÿ������K� for all �D�¢
 .
We next show thatevery � � -preferredmodel � of

021 57J$8 falsifiesexactly % Ò defaultsin 
 . For everyV{��5¤� �gfgfgf�� Òj8 , theatomsØ PsN # � Ø PsN ú � Ø PsN Ã � ¿ aremutuallyexclusive under
0

. Hence,� falsifiesat leastthree
defaultsamongJ PsN # 
­Ø PrN # � J PrN ú 
­Ø PrN ú � J PsN Ã 
'Ø PrN Ã � J PrN Ä 
4¿ , andthusat least % Ò defaultsin 
 . Moreover, a
model ø of

021 57J$8 that falsifiesexactly % Ò defaultsin 
 is alwaysgivenby øPÿrØÜ���KJMLON�P0; for all Ø��Q� ,øPÿ�J@�+�R6984:<; , øPÿ²¿O�+�R6984:<; , and øPÿ�J PrN � ���S6981:A; for all V{��5¤� �gfgfgf7� Òj8 and ¡���5¤� �gfgfgfx�(' 8 .
Wefinally show that ü'ý doesnot � � -entail � if f thereexistsatruthassignment�GF(H I over � thatsatisfies

exactlyonevariablein eachclausefrom 	 . Assumefirst thatsucha truthassignment�GF(H I exists.Hence,the
world � thatis definedby ��Q T��	�GF(H I , �Rÿ�J@�+�R6984:<; , �Rÿ²¿g�+�RJULVNWP9; , and ��ÿ�J PsN � �´�R6984:<; for all V{��5¤� �gfgfgf�� Òj8
and ¡F��5¤� �gfgfgf7�(' 8 is a modelof

0i1 57J{8 thatfalsifiesexactly % Ò defaultsin 
 . Thatis, � is a ��� -preferred
modelof

0�1 57J$8 with ��ÿ²¿g�9�7JULVNWP9; . Moreover, theworld ø , asdefinedabove, is a ��� -preferredmodelof0H1 57J$8 with ��ÿ²¿g���R6�81:A; . Thisshows that ü'ý doesnot � � -entail � .
Conversely, assumethat ü'ý doesnot ��� -entail � . Thatis, thereexistsa ��� -preferredmodel � of

0_1 57J{8
suchthat �Rÿ²¿g���SJULVNWP9; . Hence,� falsifiesexactly % Ò defaultsin 
 . Moreprecisely, for every V���5¤� �gfgfgfx� Òj8 ,
it falsifiesexactly two defaultsamong J PrN #�
­Ø PsN # � J PrN ú 
­Ø PrN ú � J PrN Ã�
­Ø PsN Ã . This shows that �ÜQ T is a truth
assignmentover � thatsatisfiesexactlyonevariablein eachclausefrom 	 . A
Proof of Theorem 6.11.Theclaimsfollow immediatelyfrom theproof of Theorem6.9. Considerü'ý and� constructedin its proof. For theproof of b), let thepriority assignmentY on ü'ý bedefinedby Y¶ÿ����X�Î�
for all �F�¢
 . For theproof of c), notethat ± is theleastpriority orderingon 
 admissiblewith üÀý . It now
follows that üÀý doesnot lex-entail � (resp., ÿ%üÀý � Y=� doesnot lex� -entail � , and ü'ý doesnotconditionally
entail � ) iff thereis atruthassignment�GF(H I over � thatsatisfiesexactlyonevariablein eachclausefrom 	 . A
Proof of Lemma 6.12. Let the world �"� be definedby �"�¤ÿ²¿g�¢�¦��ÿ²¿g� for all active atoms ¿S�^BDC andby�"�¤ÿ²¿g���RJMLON�P0; for all inactive atoms¿<��BFC .

We first show that � � is a modelof
0

. Supposenot. That is, thereexistssomeHorn clausè�¬'bW� 0
suchthat �"��ÉQ ��`�¬­b . Thatis, �]�4ÿ²`j�+�S6981:A; and �]�4ÿrbj���SJULVNWP9; . Hence,��ÿ²`j���R6984:<; . Since��Q ��`�¬­b ,
we get �Rÿrbn�X�X6�81:A; . Thus,all atomsin ` areactive,and b is anatomthatis inactive. Since b is anatom,
it holdsthat `�¬­b%� 0 © . But this contradictsb beinginactive. This shows that �]� is amodelof

0
.

Clearly, as �]� coincideswith � onall activeatoms¿ú��BDC , it follows �"�rÿWYk������ÿWYk� for all activeclassical
formulasY , and � � Q ��Z if f �SQ ��Z for all active defaults Z���
 . Thisshows (i) and(iii).

Wefinally show (ii). Towardsacontradiction,supposethat �"� falsifiessomeinactive literal-Horndefault`�
­b��d
 . That is, � � ÿ²`j�<�@6981:A; and � � ÿrbn�<�[JULON�P0; . Thus,all atomsin ` areactive. Since `�
­b is
inactive, theliteral b is inactive. Since �"�¤ÿrbn�®�\JULON�P0; , it follows that b is anatom,andthus `�
'bd�H
 © .
But this contradictsb beinginactive. Hence,� � satisfiesall inactive defaultsin 
 . A
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Proof of Lemma 6.15.As
0�1 5x`�8 (resp.,

0�1 5x`k�/8 ) and b aredefinedoverdisjointsetsof atoms,it follows
that

0�1 5x`�h�b´8 is satisfiable,iff both
0S1 5x`´8 and b aresatisfiable,iff both

0�1 5x` � 8 and b aresatisfiable,
iff
0�1 5x`Ü��h�b´8 is satisfiable.Thisshows that  � � ÿ²`�h�bn����] if f  � � ÿ²`Ü�9h�bj���X] .
Supposenow that

021 5x`Hh�b�8 is satisfiable.Sinceeachmodel � of `Ü�Dh�b is alsoa modelof `Hh�b ,
we get  � � ÿ²`�h�bn�X>  � � ÿ²` � h�bn� . Let � beany minimal modelof

0H1 5x`�h�b´8 w.r.t.  � � . Let theworld ø be
definedas �"�� 1 ��Q ��� q �{�_^ . Clearly, ø is amodelof `k�®h_b . Since��ÿ²¿g���SJMLON�P0; implies øPÿ²¿g���SJULVNWP9; , for all¿n��BFCa` , it follows 57�D�¢
KQo�HÉQ �	�(8cb�57�F�¢
KQ!ø6ÉQ �	�(8 . As ø is amodelof

0e1 5x`Sh_b�8 , and � is aminimal
modelof

0H1 5x`�h�b�8 w.r.t.  � � , we get 57�D��
KQo��ÉQ �i�(8<�a57�F�¢
KQ!ø6ÉQ �	�(8 . Hence,we get  � � ÿ��@���  � � ÿ³øv� .
It thusfollows  � � ÿ²`Sh�bj���  � � ÿ²`k�Xh�bn� . A
Proof of Lemma 6.16.Obviously,  � � ÿ²`k�9h�bn���>] if f ÿ P �ví # Nßîßîßî N ¨]ï  � � N P ÿ²`Ü�9h�b P �+�X] .

Now, let
0H1 5x` � h�b´8 besatisfiable.As  � � ÿ������ ÿ P �ví # Nßîßîßî N ¨]ï  � � N P ÿ���� for all worlds � over BFC , weget:

 � � ÿ²` � h�bn�i& ÿ P �=í # Nßîßîßî N ¨]ï  � � N P ÿ²` � hSbn� f (18)

For each V���5¤� �gfgfgf7� Òj8 , let � P be a minimal modelof `k��hib w.r.t.  � � N P . Sinceeach 
 P is definedoverBFC ` 1 BDC P , we candefineamodel � of ` � h�b by ���	� �� 1 ��#�Q ���ed 1 ÂgÂgÂ 1 �O¨kQ �{� ë . Thus,it follows:

 � � ÿ²`k�9h�bn�e� ÿ P �=í # Nßîßîßî N ¨]ï  � � N P ÿ²`Ü�9hSbn� f (19)

Sinceb # �gfgfgf[� b ¨ aredefinedover thepairwisedisjoint setsof atomsBFC # �gfgfgfx� BDC ¨ , it follows:

 � � N P ÿ²` � h�bj���  � � N P ÿ²` � h�b P � for all V{��5¤� �gfgfgf�� Òj8 . (20)

Theclaim now follows from (19) and(20). A
Proof of Lemma 6.17.Assumefirst that

0�1 5x`�#kh�bk#g8 and
0�1 5x` ú h�b ú 8 have acommonminimalmodel� w.r.t.  � � . Hence,both

0�1 5x`�#{h�` ú 8 and bk#�h�b ú aresatisfiable.Moreover, it alwaysholds  � � ÿ²`�#�h�bk#)�®> � � ÿ²` # hF` ú h9b # h�b ú � and  � � ÿ²` ú h�b ú �X>  � � ÿ²` # hF` ú h9b # h9b ú � . Since� is amodelof
0?1 5x` # hD` ú h9b # h9b ú 8 ,

it thusfollows  � � ÿ²`´#nh�bk#)�+�  � � ÿ²`�#nh�` ú hSbk#nh�b ú � and  � � ÿ²` ú h�b ú �´�  � � ÿ²`´#nh�` ú h�bk#nhSb ú � .
Conversely, asboth

0_1 5x`´#@h�` ú 8 and bk#(h�b ú aresatisfiable,also
0_1 5x`´#@h�` ú h?b�#�h?b ú 8 is satisfiable.

Let � be any minimal modelof
061 5x`´#Fh%` ú h�bk#�h�b ú 8 w.r.t.  � � . Clearly, � is a commonmodelof0�1 5x`´#Üh�bk#g8 and

0S1 5x` ú h�b ú 8 . Moreover,  � � ÿ²`�#Üh�bk#)�´�  � � ÿ²`�#�h_` ú h�bk#�h�b ú �´�  � � ÿ²` ú h�b ú � implies
that � is evenacommonminimalmodelof

0�1 5x`´#nhSbk#g8 and
0�1 5x` ú hSb ú 8 w.r.t.  � � . A

Proof of Lemma 6.19.Clearly,  �� ÿWYk���X] if f
0�1 5fY=8 is unsatisfiableiff g  �� ÿWY����X] .

Assumenow that
0�1 5fYv8 is satisfiable.Since �� ÿ��@�X&hg  �� ÿ���� for all worlds � , it follows  �� ÿWY��X&hg  �� ÿWYk� .

Let � beany modelof
0%1 5fY=8 suchthat g  �� ÿWY��?�ig  �� ÿ��@� . By Lemma6.12,thereexists a model � � of

0
suchthat �]�rÿWYk�<�ã�RÿWYk�<�@6984:<; , and �]� satisfies
¦3 g
 andthesamedefaultsin g
 as � . Hence,we get �� ÿ�� � �X&  �� ÿWY�� and  �� ÿ�� � �´��g  �� ÿ��@� . It thusfollows g  �� ÿWYk�X&  �� ÿWY�� . Hence, �� ÿWY����jg  �� ÿWYk� . A
Proof of Lemma 6.20. We first show that g � �� N � � g  �� N � is a solutionof (11). Considerany default Y¢
kZ®� g
 � .
TheclassicalformulasY�hlZ and Y�h_l�Z areof theform `�h�bk# and `�h�b ú , respectively, wherè is either ¯
or a conjunctionof atomsfrom mBFC ` , andboth b�# and b ú areconjunctionsof literalsover BDC � . As Y�
kZ is
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active,also `ShSbk# and `�h�b ú areactive. By Lemmata6.15,6.16,and6.19,it thusfollows for ºn�i5¤� � ÁM8 :
 �� ÿ²`ShSb ¸ ���ng  �� ÿ²`�h�b ¸ �

�ng  �� ÿ²` � h�b ¸ �
�ng  �� N � ÿ²` � hSb ¸ ��* ÿP �/í # Nßîßîßî N ¨/ï q í � ï g  �� N P ÿ²` � ��ng  �� N � ÿ²`�h�b ¸ ��* ÿP �/í # Nßîßîßî N ¨/ï q í � ï g  �� N P ÿ²`j� f

(21)

Hence, � � ÿWY�h�l�Z��ú�¸þ¶ÿWY,
BZ"�n*  � � ÿWY�h�Z"� if f g  �� N � ÿWYShHl�Z"�F�Kg þ � ÿWY,
oZ��(*Sg  �� N � ÿWY�h�Z"� . This shows
that g � �� N � � g  �� N � is asolutionof (11). Its uniquenessfollows from therobustnessof g  �� N � , whichwe prove next.

Supposethat g  �� N � is notrobust.Then,by Lemma6.17,therearetwo distinct Y{#�
pZx# � Y ú 
pZ ú � g
 � such
that g  �� N � ÿWY{#�h�l-Zx#)�F�Kg  �� N � ÿWY�#�hqY ú h_l-Zx#{h l�Z ú �F�Kg  �� N � ÿWY ú h�l�Z ú � , andboth

0�1 5fY{#�hrY ú 8 and l�Zx#�h_l�Z ú
aresatisfiable.We next show that for all atoms Àj� mBFCs` , it holdsthat

0,1 5fY # 8iQ �°À if f
0,1 5fY ú 8iQ �°À .

Supposethe contrary. Without lossof generality, assumethat Y ú containssomeatom À�� mBDC ` suchthat021 5fY # 8eÉQ �:À . Let � bea minimal modelof
021 5fY # hrY ú h_l�Z # h�l�Z ú 8 , andthusalsoof

021 5fY # h�l�Z # 8 .
Let theworld �¤. bedefinedby �/.v�ã� �ì d 1 ��Q ��� qut��� ^ . Then, �/. is a modelof

0i1 5fY{#�h l�Zx#g8 , it satisfiesall

the defaults in g
 � that aresatisfiedby � , andit satisfiesY ú 
kZ ú , which is falsifiedby � . It thusfollows
g  �� N � ÿ�� . ��;\g  �� N � ÿ���� . But this contradicts� beinga minimal modelof

0%1 5fY{#Üh�l�Zx#g8 . This shows that for

all atoms ÀT� mBDC ` , it holdsthat
0d1 5fY{#g8�Q �£À if f

0d1 5fY ú 8�Q �£À . Hence,we canassumethat Y{#�h_l-Zx# ,
Y{#�hqY ú h_l�Zx#�h_l�Z ú , and Y ú h_l�Z ú areof theform `Th�bk# , `�h�bk#´h�b ú , and `ThSb ú , respectively, where `
is either ¯ or a conjunctionof atomsfrom mBDCs` , andboth b # and b ú areconjunctionsof literalsover BFC � .
By (21), it thenfollows  � � ÿWY{#�h l�Zx#��¢�  � � ÿWY{#�hvY ú h_l�Zx#�h�l�Z ú ���  � � ÿWY ú h�l�Z ú � . But, by Lemma6.17,
this contradicts � � beingrobust. It thusfollows that g  �� N � is robust. A
Proof of Lemma 6.22. We first show thatevery Y -preferredmodelof

021 5��k8 satisfies
¦3 g
 . Suppose
thecontrary. That is, thereexistsa Y -preferredmodel � of

021 5���8 suchthat �iÉQ �a� for some����
­3 g
 .
Clearly, � is active. Thus,by Lemma6.12,thereexistsa model �]� of

0
suchthat �"�¤ÿÈ�Ü�ú�K�RÿÈ���ú�w6981:A; ,

and � � satisfies
£3 g
 andthe samedefaults in g
 as � . This shows that � � is a modelof
0d1 5���8 that

is Y -preferableto � . But this contradicts� beinga Y -preferredmodelof
0%1 5���8 . This shows that everyY -preferredmodelof

0H1 5���8 satisfies
­3 g
 .
a) Let � bea g Y -preferredmodelof

0�1 5��k8 . Clearly, � is active. Thus,by Lemma6.12,thereexistsa
model � � of

0
suchthat � � ÿÈ�Ü���	�RÿÈ���+�R6984:<; , � � ÿWYk������ÿWYk� , and � � satisfies
�3 g
 andthesamedefaults

in g
 as � . We now prove that �"� is a Y -preferredmodelof
0%1 5��k8 . Supposethecontrary. That is, there

existsa Y -preferredmodel ø of
0�1 5���8 that is Y -preferableto �]� . By theargumentationabove, ø satisfies
¦3 g
 . But then ø is g Y -preferableto � , which contradicts� beinga g Y -preferredmodelof

0�1 5���8 . This
shows that �]� is a Y -preferredmodelof

0�1 5���8 .
b) Let ø bea Y -preferredmodelof

0i1 5���8 . By theargumentationabove, ø satisfies
'3 g
 . Suppose
that ø is not a g Y -preferredmodelof

0�1 5��k8 . That is, thereis a model � of
0i1 5���8 that is g Y -preferabletoø . Clearly, � is active. Thus,by Lemma6.12,thereexistsamodel �"� of

0
suchthat �]�rÿÈ���+�	��ÿÈ�Ü�+�S6981:A; ,

and � � satisfies
W3 g
 andthesamedefaultsin g
 as � . But then � � is Y -preferableto ø , whichcontradictsø
beinga Y -preferredmodelof

0i1 5���8 . This shows that ø is a g Y -preferredmodelof
0H1 5��k8 . A

Proof of Lemma 6.23. a) Let � be a g Y -preferredmodelof
0%1 5���8 . Let theworld ø be definedas �"�x 1��Q ��� qut��� ^ . Clearly, ø is a modelof

0�1 5�� � 8 suchthat øRQ �{� qut��� ^ �¥��Q ��� qVt�{� ^ . Since �ÜQ t�{� ^ is a supersetof
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øRQ t�{��^ , it follows 57�F��
KQo�TÉQ �	�$8cbi57�F��
:Q!ø6ÉQ ���(8 . Since ø is amodelof
0H1 5���8 , and � is a g Y -preferred

modelof
0�1 5���8 , we get 57�F�¢
KQo��ÉQ �Î�(8n�,57�F��
KQ!ø:ÉQ �Î�(8 . Supposenow that thereexistsa model ø .

of
0�1 5��(�/8 that is g Y -preferableto ø . Hence, ø . is a modelof

0�1 5���8 that is g Y -preferableto � . But this
contradicts� beinga g Y -preferredmodelof

0H1 5���8 . Thus, ø is a g Y -preferredmodelof
0H1 5�� � 8 f

b) Let � bea g Y -preferredmodelof
0�1 5�� � 8 . In particular, � is amodelof

0�1 5���8 . Supposenow that �
is not a g Y -preferredmodelof

0i1 5���8 . Thatis, thereexistsa model � . of
0i1 5���8 that is g Y -preferableto � .

Let theworld ø bedefinedas �"�x 1 � . Q ��� q t�{�y^ . Clearly, ø is a modelof
0i1 5��(�/8 . Moreover, since � . Q t��� ^ is

a supersetof ø+Q t��� ^ , it follows 57�F��
KQo� . ÉQ �¥�(8+bã57�F��
KQ!ø�ÉQ �¥�(8 . Thus, ø is a modelof
0�1 5��@�/8 that

is g Y -preferableto � . But this contradicts� beingan g Y -preferredmodelof
021 5��(�/8 . This shows that � is a

g Y -preferredmodelof
0H1 5���8 . A

Proof of Lemma 6.24. a) For eachV���5¤� �gfgfgf7� Òj8 with V�É��¡ , let � P bea g Y P -preferredmodelof
0�1 5��@�/8 .

Definetheworld ø as � �x 1 ��#xQ ���ed 1 ÂgÂgÂ 1 �O¨kQ �{� ë . Clearly, ø is a modelof
0�1 5�� � 8 with øRQ �{� þ_�Î� � Q ��� þ .

Assumenow that ø is not a g Y -preferredmodelof
0�1 5��(�/8 . That is, thereexistsa model ø . of

0%1 5��(�¤8
thatis g Y -preferableto ø . Thus,thereis someV{�_5¤� �gfgfgf7� Òj8 suchthat øÜ. is g Y P -preferableto ø . Thatis, øk. is
g Y P -preferableto � P . But this contradicts� P beinga g Y P -preferredmodelof

0S1 5��(�/8 . Thus, ø is a g Y -preferred
modelof

0�1 5�� � 8 .
b) Let � be a g Y -preferredmodel of

0^1 5��(�/8 . Supposenow that � is not a g Y � -preferredmodel of0e1 5�� � 8 . Thatis, thereexistsamodel �/. of
0T1 5�� � 8 thatis g Y � -preferableto � . Let theworld ø bedefined

as �]�x 1 � . Q �{� þ 1 ��Q ��� qk�_t���y^O�¤�{� þ � . Clearly, ø is a modelof
021 5��@�/8 . Moreover, ø is g Y -preferableto � . But

this contradicts� beinga g Y -preferredmodelof
0H1 5�� � 8 . Thus, � is a g Y � -preferredmodelof

0H1 5�� � 8 . A
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