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Abstract

Partially definedBooleanfunctions(pdBf) �����
	�� , where���	�������������� aredisjoint setsof true
and falsevectors,generalizetotal Booleanfunctionsby allowing that the function valueson some
input vectorsareunknown. Themain issuewith pdBfs is theextensionproblem,which is deciding,
givena pdBf, whetherit is interpolatedby a function � from a givenclassof totalBooleanfunctions,
and computinga formula for � . In this paper, we considerextensionsof bidual Horn functions,
which are the Booleanfunctions � suchthat both � and its dual function ��� are Horn. They are
intuitively appealingfor consideringextensionsbecausethey give a symmetricrole to positive and
negative information(i.e., trueandfalsevectors)of a pdBf, which is not possiblewith arbitraryHorn
functions. Bidual Horn functionsturn out to constitutean intermediateclassbetweenpositive and
Horn functionswhich retainsseveral benignpropertiesof positive functions. Besidesthe extension
problem,we study recognitionof bidual Horn functionsfrom Booleanformulasandpropertiesof
normalform expressions.We show thatfinding a bidualHorn extensionandcheckingbiduality of a
HornDNF is feasiblein polynomialtime,andthatthelatteris intractablefrom arbitraryformulas.We
alsogivecharacterizationsof shortestDNF expressionsof a bidualHorn function � andshow how to
computesuchanexpressionfrom aHornDNF for � in polynomialtime; for arbitraryHorn functions,
this is NP-hard.Furthermore,we show thata polynomialtotal algorithmfor dualizinga bidualHorn
functionexistsif andonly if thereis suchanalgorithmfor dualizinga positive function.

Keywords: Booleanfunctions,Horn formulas,satisfiability, partiallydefinedBooleanfunctions,charac-
teristicmodels,polynomialalgorithms

1 Intr oduction

Theconceptof apartiallydefinedBooleanfunction(pdBf) [5, 8] is anaturalgeneralizationof thefamiliar
conceptof a Booleanfunction,by allowing that thefunctionvalueson someinput vectorsareunknown.
ThosepdBfshave many applications,in particularin computerscienceandknowledgeengineering.�
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For example,aclassicalapplicationof pdBfsis in thedesignof switchingcircuits.A customarymethod
in thatfield is to specifytheinputsonwhichthecircuit mustoutput1 andtheinputsonwhich it mustout-
put 0; theoutputon theremaininginputsremainsunspecifiedandis consideredas“don’t care”.Another
applicationof pdBfsis with therepresentationof incompleteinformationaboutcause-effect relationships
[8]. E.g., theeffect of a numberof facts(e.g.,a patientis male,is a smoker etc.) on a specificdisease
(e.g.,cancer)canbemodeledasaBooleanfunction "$#&%('*)+%-,.)*/*/*/�)+%-0�1 , wherethearguments%32 represent
presenceof the facts,and the valueof " tells whetherthe diseaseis presentor not. Sincein general
the resultsof all combinationsof the factson thediseasewill hardlybe known, the relationshipcanbe
properlymodeledby a pdBf. Furthermore,pdBfshave applicationsin machinelearning.E.g.,consider
conceptlearning[1, 2, 32] in the following setting: Given a languageof 4 Booleanvaluedattributes,
find a hypothesisfor their correlation,i.e., a function 5 from a fixed classof Booleanfunctions 6 , that
accuratelyapproximatestheactualcorrelation,whichis an " in 6 , afterseeingareasonablysmallnumber
of examples,i.e., valuesof " on particularvectorsselectedby the learningalgorithm. In our terms,the
algorithmgraduallyrefinesa pdBf until finally a total Booleanfunction is output. In this context, it is
interestingto know whetherthepdBf givenby theconsideredexamplesimplicitly definesafunctionfrom
6 ; if this is recognized,thealgorithmcanstopandoutput 5 whichdescribestheexactcorrelation.

More formally, apdBf is apair #879);:<1 of sets7 and : of trueandfalsevectorsin =?>@)�ACB 0 , respectively,
where 7�DE:GFIH . Clearly, eachpdBf canbecompletedto sometotal Booleanfunction " . In general,
however, oneis interestedto know whetherthisis possiblefor some" from aparticularclass6 of Boolean
functions,i.e.,whetheranextension" in 6 existssuchthat 7KJL7<#M"N1 and :OJP:Q#M"N1 , where7<#M"N1 (resp.,
:Q#M"N1 ) denotesthe setof true (resp.,false)vectorsof " . This is known asthe extensionproblem, and
correspondsin a senseto thesatisfiabilityproblemof Booleanformulas.

Theextensionproblemandvariantsthereofhave beeninvestigatedfor a numberof classesof Boolean
functions[8, 6, 5, 28]. Among theseclassesareHorn functions,which areof centralinterestin many
domains.A functionis Horn if it canberepresentedby a DNF (disjunctive normalform) in which each
termcontainsat mostonenegative literal. It is well-known thattheHorn functions " arethosewhoseset
:Q#M"N1 of falsevectorsis closedunderintersection(seeSection2); they playanimportantrole in artificial
intelligence,logicaldatabases,andlogic in computerscience,cf. [16, 7, 21]. As shown in [28, 6], aHorn
extensionof apdBf canbefoundin polynomialtime. In fact,aHornextensionfor #87R);:S1 existsprecisely
if thetruevectors7 aredisjoint from theclosureof thefalsevectors: underintersection.However, this
characterizationshows that theHorn extensionproblemis, in a sense,asymmetricin theinput 7 and : .
Froma conceptualpoint, we couldaskfor a morebalancedrole of 7 and : in theconditionfor a Horn
extension.Thus,we might searchfor suitableadditionalconstraintsto reachthisgoal.

A naturalandsuggestivepossibilityathandis to requireadualbehavior between7 and : , since0 and1
aredualvalues.This leadsto theconceptof bidualHorn functions:A function " is bidualHorn, if :Q#M"N1
is closedunderintersectionand,dually, 7T#M"N1 is closedunderunion (i.e., underdisjunctionof vectors);
thatis, both " andits dual "VU areHorn.

Observe thatbesidesbidualHorn functions,otherpossibilitiesfor balancingtherole of 7 and : exist.
E.g., in [14] theclassof submodularfunctionshasbeeninvestigated,wherea function " is submodular
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if " andits contra-dualareHorn, andin [13] theclassof doubleHorn functions,wherea function " is
doubleHorn if " andis complementareHorn.

It turnsout thatBidualHorn functionshave interestingproperties.Firstly, from thelogicalperspective,
thebidualHorn functionsarethosefunctions " suchthat :Q#M"N1 is describedby logical implications

%-28WYXZ%-2\[]XE^*^*^_X`%32\acbd%32feC) (1.1)

and,dually, 7<#M"N1 by
% 2&WYX % 2\[$Xg^*^*^CX % 2\ahb % 2fe (1.2)

whereboth the antecedentandthe consequentmay be empty. Thus, if the true vectorsareseenasle-
gal statedescriptions,thenthey arefully characterizedby dependenciesof literals from falsefacts,and
the illegal statesarecharacterizedby similar dependenciesof literals from true facts. This propertyis
preservedif truthandfalsity areinterchanged.

Secondly, the bidual Horn functionsconstitutean intermediateclassbetweenthe classesof positive
functionsandHorn functions,which retainsmany of thebenignpropertiesof positive functions.In par-
ticular, apartfrom syntacticalandsemanticalproperties,certainimportantcomputationalproblemswhich
areintractablefor Horn functionsarefor bidualHorn functions,like for positive functions,polynomial
(seebelow). Most importantly, any irredundantprimeDNF of a bidualHorn functioncontainsthesame
numberof term,andthecomputationof a shortestDNF expressionfrom anarbitraryHorn DNF, which
is NP-hardfor arbitraryHorn functions,is provedto bepolynomial.Observe thatfew similar subclasses
of Horn functionsareknown; e.g.,theclassof quasi-acyclic Horn functions[20], which is incomparable
to theclassof bidualHorn functions.SincebidualHorn functionsarepolynomial-timerecognizable,this
meansthatouralgorithmscanbeaddedto a tool-boxfor tractablerecognitionandhandlingof important
problemson Horn functions.

Themaincontributionsof thispapercanbeshortlysummarizedasfollows.

i Weintroducetheclassof bidualHornfunctions,6kjNl , andinvestigatetheirproperties.In particular, we
presentcharacterizationsof bidualHorn functionsin termsof theirprimeimplicants,andwecharacterize
the shortestDNF expressionsof a bidual Horn function " , measuredon the onehandby the smallest
numberof terms(term-shortestDNF) in a DNF for " , or, on theotherhand,by thesmallestnumberof
literals (literal-shortestDNF), which correspondsto the lengthof the DNF. Basedon this, we develop
polynomialtime algorithmsfor recognizinga bidualHorn function from a given Horn DNF, aswell as
for computinga term-shortestor literal-shortestDNF. Thesearepositive results,sincecomputinga term-
shortestor aliteral-shortestDNF of anarbitraryHornDNF arewell-known NP-hardproblems[3, 27, 18].

i We presentanalgorithmthatdecidestheexistenceof a bidualHorn extension" for a givenpartially
definedBooleanfunction #879);:S1 in mQ#&4on 7Tnfn :`np1 time, where 4 is thedimensionof theBooleanvectors.
anddescribehow a Horn DNF for suchan " canbeoutputin mQ#&4on 7Tnq#;n 7Tn_rsn :`np1+1 time. Moreover, we
show thatfinding term-shortestor literal-shortestbidualHornextensionsin DNFsareNP-hardproblems.

i We addressthe problemof computingall bidual Horn extensionsof #879);:S1 , andgive evidencethat
a procedurefor enumeratingthe bidual Horn extensionst�'�)�tY,.)*/*/*/ of #879);:S1 with polynomial delay
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betweensubsequentoutputsis hard to find. In fact, we show that given a bidual Horn extension t of
#879);:S1 , decidingwhetheranotherbidualHorn extensionuwvx t exists is at leastashardasthepositive
duality problem[4], i.e., given two positive DNFs t�)+u , decidewhether u representsthe dual of the
function representedby t . Thepositive duality problemandequivalentproblemshave beentackledby
many researchers,but no polynomialalgorithmis known [23, 4, 15, 11, 24]. This stronglysupportsthat
apolynomialtimealgorithmfor theuniquebidualHornextensionproblem,i.e.,decidingwhetherapdBf
#879);:S1 implicitly definesa total bidualHorn functionis difficult to find.

i Westudytransformationproblemsbetweendifferentrepresentationsfor bidualHorn functions,in par-
ticular (Horn) DNF formulasandcharacteristicset[25, 24, 26] (or bases[10]), which area vector-based
representationof arbitraryHorn functionsthat hasreceived much interestin the context of knowledge
representationandreasoning(seeSection6 for details).Weshow thatthetransformationbetweenaHorn
DNF of " andits (unique)characteristicsetcanbedonein polynomialtime, i.e.,givenaHornDNF of " ,
thecharacteristicsetof " is constructiblein polynomialtime andvice versa.Furthermore,we show that
several transformationsbetweenrepresentationsof " andits dual "VU arepolynomial-timeequivalent to
thewell-known problemof dualizingapositive function[4, 11, 15]. Namely, thetransformationbetween
#&y1 thecharacteristicsetof " anda Horn DNF of " U ; #&yzy1 thecharacteristicsetof " andthecharacteristic
setof " U , and #&yzy{y1 a Horn DNF of " anda Horn DNF of " U , i.e., dualizationof a bidualHorn function.
Thiscanbeseenasapositive result,becauseit is believedthatfor anarbitraryHorn function " , thetrans-
formationbetweenthecharacteristicsetof "VU andanHorn DNF of " is strictly harderthantheproblem
of dualizingapositive function[24].

Theremainderof thispaperis structuredasfollows. In thenext section,werecallsomebasicconcepts,
fix notations,andformulatemajorcomputationalproblemson Booleanfunctions.In Section3, we intro-
ducebidualHorn functionsandstudyrecognitionfrom a formula. Issueson bidualHorn extensionsare
consideredin Section4. In Section5, we turn our attentionto shortestDNF expressionsof bidualHorn
functionsandshortestbidualHornextensions.In Section6, weconsiderthetransformationproblemsfor
bidual Horn functions. In the final Section7, we addressfurther issuesandconcludethe paper. Some
proofsareomitted;they canbefoundin [12].

2 Preliminaries

We use letters |3)~}�);� and �()+�3)+� to denotevectorsin =?>@)�ACB 0 , and use �GF #�>@);>@)*/*/*/C);>�1 and �IF
#�A.)�A.)*/*/*/C)�A?1 . In general,we alsoallow 4�Fd> ; the set =?>@)�ACB?� containsa singlevector, which is the
emptyvector #z1 . As usual, �SX�� (resp.,�<��� ) denotesthe intersection(resp.,union) (i.e., thecompo-
nentwiseconjunction(resp.,disjunction))of vectors� and � ; e.g.,if ��F�#�A_A*>_>�1 and ��F�#�A*>�A*>�1 , then
��X`��F�#�A*>_>_>�1 and ���Z��FO#�A_A_A*>�1 .

For each��F�#&��'�)+�_,.)*/*/*/�)+�.0�1 we define m���#&��1�Fw=�y�n��.2�F�ACB and m�:�:Q#&��1�F�=�y�n��.29F�>�B , and
denote��Fs# �-'�) � ,.)*/*/*/?) � 0�1 , where� 2¡F�A£¢��.2 , y]FsA.)~¤�)*/*/*/C)+4 . Moreover, for every ¥`J�=�A.)*/*/*/�)+4]B , we
denoteby %-¦ its characteristicvector, implicitly definedby m���#&%�¦?1§F¨¥ ; e.g.,if 4©Fsª and ¥`F�=�A.)~« B ,
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then %-¦9F�#�A*>�A*>_>�1 .
Let ¬J®=?>@)�ACB 0 bea setof vectors.Then, ¯°¬�Fs¯9±*².³�� and ´°¬LFs´�±�².³µ� denotethesimultaneous

intersectionandunion, respectively of all vectorsin ¬ ; in particular, ¯gH�F�� and ´gH�F¶� . Moreover,·�¸&¹ #z¬�1 (resp.
·�¸8º #z¬£1 ) denotestheclosureof ¬ underintersection��X`� (resp.,union ��»Z� ) of vectors

� and � , calledthe intersection # resp.,union1 closure of ¬ . For a subset¥ZJ®=�A.)~¤�)*/*/*/C)+4]B , ¬½¼ ¥�¾ denotes
theprojectionof ¬ to ¥ .
Example2.1 Let ¬�F¿= #�>�A*>�A?1�)?#�A*>_>�A?1�)?#�A�>_>�>�1~B . Then ¯À¬¶F¿= #�>_>_>_>�1~B , ´À¬�FÁ= #�A_A*>�A?1~B , ·�¸&¹ #z¬�1
FO= #�>�A*>�A?1�)?#�A*>_>�A?1�)�#�A�>_>�>�1�)C#�>�>_>�A�1�)�#�>_>�>_>�1~B , and

·�¸8º #z¬�1½FO= #�>�A*>�A?1�)?#�A*>_>�A?1�)?#+A*>�>_> 1�)?#+A_A?>�A�1~B . For ¥`F
=�A.)~« B , wehave ¬½¼ ¥�¾VFK= #�>_>�1�)?#�A*>�1~B . Â

Recall that a Booleanfunction, or a function in short, is a mapping "®Ãµ=?>@)�ACB 0 b =?>@)�ACB . The sets
7<#M"N1�F¿=��Onµ"$#&�@1�FÄACB and :Q#M"N1�FÅ=��snµ"$#&�@1ÆFd>�B are the true vectorsand falsevectorsof " ,
respectively. Noticethatfor 4°F�> , therearepreciselytwo Booleanfunctions,"EF®Ç and "ÆF®È , which
correspondto truth andfalsity, respectively. For any function " , we denoteby " and "VU its negation (or
complement) anddual respectively, which aredefinedby 7<# "¡19F�:Q#M"N1 and 7<#M"VU?19F�=?|Én |ÀÊÉ:Q#M"N1~B .
Notethat "VU9F 5 , where7<#85�1£FK=?|�n |ZÊË7<#M"N1~B .

A partially definedBooleanfunction(pdBf) is a mappingÌÃN7�»g:ÎÍb =?>@)�ACB definedby ÌÏ#&��1SFÐA
if �sÊO7 ; > if ��Ê�: , where 7ÅJÑ=?>@)�ACB 0 denotesa set of true vectors(or positive examples)and
:¶J�=?>@)�ACB 0 denotesa setof falsevectors(or negative examples)suchthat 7�D�:¨FKH . For simplicity, a
pdBf is denotedby apairof sets #87R);:S1 . A pdBf is calledtotal if 7�»Ë:sF®=?>@)�ACB 0 .

Notice that #879);:S1 canbe seenasa representationfor all Booleanfunctions " suchthat 7<#M"N1�ÒÓ7
and :Q#M"N1EÒÎ: ; any such " is calledan extensionof #879);:<1 . The main issuein the context of pdBf
concernsexistenceandpropertiesof extensions,subjectto theconditionthatthey arefrom acertainclass
of Booleanfunctions[6, 28].

Thereis a vastliteratureon classesof Booleanfunctionsandtheir properties,in particularon compu-
tationalaspects[33], amongwhich theclasses6�Ô of positive functionsand 6�loÕÖ 0 of Horn functionsare
mostwell-known. A function " is positive(alsocalledmonotone) if ��×P� implies "$#&�@1½×�"$#&�c1 , where
× is componentwiseand >�×ØA . A Horn function " hasthewell-known algebraiccharacterization

"$#&��X`��1½×P"$#&�@1(��"$#&�c1�)
which is equivalentto :Q#M"N1$F ·�¸8¹ #�:Q#M"N1+1 .

Equivalentdefinitionsof positive andHorn functionscanbegivenin termsof disjunctivenormalform
(DNF). We assumethat Booleanvariablesarefrom %('�)+%�,.)*/*/*/�)+%30 . A literal Ù is eithera variable %32
or its complement%32 , which arerespectively referredto aspositiveandnegative literals. A term Ú is a
conjunction ¯ 2 ²CÛÏÜÞÝ�ß_%-2¡X°¯§à*²_á½ÜÞÝ�ß % à of literalssuchthat âQ#&Ú;1]Dg��#&Ú;1�F�H . We oftenomit conjunction
symbolsif no confusionarises.Theemptyterm(representingtruth) with â`#&Ú+1cFI��#&Ú;1hFIH is denoted
by È . Let ã`#&Ú+1<FGâQ#&Ú+1$»À��#&Ú;1 denotethe variableindicesin Ú . A DNF t is a disjunction ´hä2\åY' Ú
2 of
terms;theemptyDNF (representingfalsity) is denotedby Ç . Thelengthof aDNF (or arbitraryformula)
t , denotedby nptµn , is thenumberof symbolsin t . A term Ú is positiveif ��#&Ú+1½FsH , Horn if n ��#&Ú+1*n�×�A ,
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andpure Horn if n ��#&Ú;1*n3F�A . A DNF tLF ´ 2 Ú2 is calledpositiveif all Ú2 arepositive, Horn if all Ú2 are
Horn,andpure Horn if all Ú 2 arepureHorn.

Example2.2 For example, Ú�'ÀFÑ%N'+%�,�%-æ , Ú,�FÁ%(';%3æ %-ç�%�è and Ú�é�FÑ%-, %�é %-ç are terms,while Úæ�F
%-,�%-æ %-, is not; Ú�' is positive # andhenceHorn1 andhas âQ#&Ú�'�1�F�=�A.)~¤�)+ê@B and ��#&Ú�'~1�F¶H , Ú, is # pure1
Horn and has â`#&Ú,?1ZF¿=�A.)+ê�)~ë B and ��#&Ú�,?1`F¿=�ª B , and Úé is neitherpositiveand Horn. TheDNFs
t Ü ' ß FK%-,o��%N';%-é§�Ë%N';%-æ , t Ü , ß F %-,o� %N'+%�éo��%�é %3æ and t Ü é ß F®%-, %-é§�Ë%N';%�éo� %�,�%-é , respectively, are
positive, pure Horn andHorn. Â

We call a function positive(resp., # pure1 Horn) if andonly if it canbe representedby somepositive
(resp.,(pure)Horn)DNF. It is known thatthesedefinitionsusingDNFscoincidewith theabovesemantic
definitionsof positive andHorn functions.

A term Ú is an implicantof a formula t (resp.,function " ) if Úc×st (resp.,Ú�×¨"N1 holds;here Ú and t
areregardedasfunctionsthey represent,and " 'S×s"., denotes7<#M" '�1�JØ7<#M".,�1 . An implicant Ú is prime
if no propersubtermof Ú is animplicant. A DNF t�Fs´ 2 Ú2 is calledprime if all terms Ú2 in t areprime
implicants,andirredundantif no DNF, which is obtainedby droppingsometermsÚ2 in t , representsthe
samefunction. A prime implicant Ú of a function " is calledessentialif all primeDNFsrepresenting"
contain Ú . For example,a DNF t�F¶%N' %-,½�E%N' %�é½�Æ%�, %-é½�E%3æ is prime becauseall terms %N' %�, , %N' %�é ,
% , % é and % æ areprimeimplicants,but it is not irredundantbecauset(ìkF�% ' % , ��% , % é �T% æ representsthe
samefunctionas t . In this case,it canbeshown that % æ is essential.

Let Ú�' and Ú�, betermssuchthat â`#&Ú~'�1¡DË��#&Ú�,*1£FK= ¸ B and ��#&Ú~'�1¡DZâQ#&Ú�,?1�F�H . Thena term Ú�é is called
theconsensusof theorderedpair Ú ' ,Ú , if

âQ#&Úé�1�FO#�âQ#&Ú~'�1(í9= ¸ BC1Y»ZâQ#&Ú�,?1 and ��#&Úé�1�F���#&Ú�'�1N»À#���#&Ú,?1¡íR= ¸ BC1�/ (2.1)

E.g., %-, %�é�%-æ %-ç�%-è is theconsensusof %N' %-é�%-æ %-ç and %N';%�, %�é�%3æ*%-è . Notethat,in thisdefinition,therolesof
Ú�' andÚ�, areasymmetric;Ú�' (resp.,Ú, ) is calledtheleft-parent(resp.,right-parent) of Ú�é , andÚé is thechild
of Ú�' aswell asbeingthechild of Ú�, . Let t�F¨´ 2 Ú2 beanarbitraryDNF expressionof a function " . It is
known [30] thatevery primeimplicant Ú of " canbederivedfrom thetermsin t by applyingaconsensus
procedure.In otherwords,thereis asequenceÚ Ü ' ß )+Ú Ü , ß )*/*/*/�)+Ú ÜÞî§ß F�Ú of termssuchthateachÚ Ü ä ß is either
in t (i.e., Ú Ü ä ß FKÚ 2 for somey ) or theconsensusof two terms Ú Ü ä W ß and Ú Ü ä [ ß suchthat ï ' )~ï ,�ð ï . Since
theconsensusof (pure)Horn terms Ú ' and Ú , is (pure)Horn, theabove statementimplies thatall prime
implicantsof a (pure)Horn functionare(pure)Horn [19].

On thecomputationalside,thefollowing problemshave beenextensively studiedfor many classes6 of
Booleanfunctions:

(Recognition) : Givena formula t , doesthefunctionrepresentedby t belongto 6 ?

(Extension) : GivenapdBf #87R);:S1 , doesthereexist anextension" of #879);:<1 suchthat "°ÊË6 ?

In caseof theextensionproblem,oneis usuallyalsointerestedin arepresentationof " , e.g.,by a formula
t . Variantsof this problemconcerninquiring the uniquenessof an extension,and generationof all
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extensions(i.e., representationsthereof).We shall studytheabove two problemsfor theclassof bidual
Horn functions,which is introducedin thenext section.

3 Bidual Horn Functions

Westartwith a formaldefinitionof bidualHorn functions.

Definition 3.1 Let " beBooleanfunction.Then," is bidualHorn, if andonly if :Q#M"N1$F ·�¸&¹ #�:Q#M"N1+1 and
7<#M"N1$F ·�¸ º #87T#M"N1+1 . Theclassof all bidualHorn functionsis denotedby 6�jNl .

As aconsequence,biduality is algebraicallycharacterizedby thetwo conjoinedinequalities

"$#&%�X`ñ�1ò× "$#&%V1N�Ë"$#&ñk1
"$#&%¡1¡X�"$#&ñ�1ó× "$#&%T�Zñk1�/

Equivalently, a functionis bidualHorn if andonly if both " and "VU areHorn. For example,

" F % ' % , % é �`% ' % é % æ �Z% , % é % æ
is bidualHorn,because

" U F # %Y'(�Ë%-,£�Z%�é*1�#&%('Ï� %-é£�`%-æ�1�#&%-,£�Z%�é£�`%3æ�1
F %N';%-æ£�Z%N';%�,$�Ë%-, %-é£�Z%�,�%3æo�Z%('�%�é£�`%-é�%-æC/

It is well-known that thedual " U of any positive function " is positive aswell. As a consequence,if "
is positive, thenboth " and " U areHorn; thus,

Proposition 3.1 6 ÔÀô 6 jNl , i.e., thebidualHorn functionsproperlygeneralizepositivefunctions.

The first problemwe addressis recognitionof bidual Horn functionsfrom a given formula t repre-
sentinga function " . Thedefinitionof biduality impliesa naive exponentialalgorithmwhich checksthe
intersectionandunionconditionon :Q#M"N1 and 7<#M"N1 , respectively. Thisalgorithmis notmuchsatisfactory,
however, asit usesexponentialspacein theworstcase.Algorithmsin polynomialspacearefeasible,but
apolynomialtimealgorithmis unlikely to exist, which is aconsequenceof thefollowing result.

Theorem 3.2 Let t be a formula. Thendecidingwhether t representsa bidual function is co-NP-
complete, evenif t is a DNF.

Proof. Theproblemis in co-NP,sinceaguessfor vectors� Ü ' ß and � Ü , ß suchthateither #zt§#&� Ü ' ß X�� Ü , ß 1�FsA
and t§#&� Ü ' ß 1$FØt§#&� Ü , ß 1$F�>�1 or #{t§#&� Ü ' ß �R� Ü , ß 1$F�> , t§#&� Ü ' ß 1£FØt§#&� Ü , ß 1�FsA?1 canbeverifiedin polynomial
time. To show the hardness,we usethe reductionfrom the problemof decidingwhethera DNF u on
variables%('�)+%�,.)*/*/*/?)+%-0 is a tautology(i.e., u�F�È ), which is well-known co-NP-complete[17]. Define
t�F�u�°% 0.õY' % 0.õV, � % 0_õY' % 0_õV, . Obviously, t is Horn if andonly if u is a tautology. This is also
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equivalentto theconditionthat t is a tautology, thatis t°FØÈsÊË6 jNl . Thus, t is bidualHorn if andonly
if u is a tautology. Â

However, the recognitionproblemis polynomialif the input formulas t arerestrictedto Horn DNFs.
Weobtainthis resultfrom ausefulcharacterizationof bidualHorn functionspresentednext.

We introducesomeadditionalnotations.For a pair of terms Ú2 and Ú à , let usdenoteby Ú õ2&ö à thepositive
termsuchthat âQ#&Ú õ2&ö à 1µF®âQ#&Ú2z1Y»�âQ#&Ú à 1 , andby Ú+÷28ö à thepositive termsuchthat âQ#&Ú+÷28ö à 1§Fsã`#&Ú
2z1(»EãQ#&Ú à 1 .
For example,if Ú�'µFØ%N' %�,�%�é and Ú�,hF %N';%-æ , then Ú õ '+ö , FØ%N'+%-é�%-æ and Ú ÷ '+ö , FØ%N';%-,�%�é�%3æ . Notethata term
Ú is aHorn implicantof " if Ú½×ø" and n ��#&Ú;1*n@×ØA .
Lemma 3.3 Let " bea Horn function.Thenthefollowing statementsare equivalent:

#&y�1 " is bidual.

#&yzy�1 For everypair of Horn implicantsÚ2 and Ú à of " thathavedifferentnegativeliterals, i.e., n ��#&Ú2{1�»
��#&Ú à 1*n�F�¤ , it holdsthat

Ú õ2&ö à ×P"�/ (3.1)

#&yzy{y1 For everypair of Horn implicantsÚ2 and Ú à of " such that n ��#&Ú
2z1N»Ë��#&Ú à 1*n�F�¤ , it holdsthat

Ú�÷2&ö à ×P"�/ (3.2)

Proof. # i 1µFNùú# ii 1 : Assumethereis a vector } suchthat Ú õ2&ö à #M}*1½FIA and "$#M}*1µFK> for someimplicants
Ú 2 , Ú à of " suchthat n ��#&Ú 2 1½»���#&Ú à 1*n�FÄ¤ . Clearly, m���#M}*1�ÒÁâQ#&Ú 2 1½»�âQ#&Ú à 1 holds. Furthermore,
��#&Ú
2z1£»���#&Ú à 1�Jwm���#M}*1 holds,becauseotherwise��#&Ú ä 1�Jwm�:�:Q#M}*1 implies Ú ä #M}*1`FÑA , andhence
"$#M}*1$FsA , which is acontradiction.Now let ��#&Ú2M1$F¨=�ûVB and ��#&Ú à 1$FK= ¸ B , andtake threevectors} , } ÜÞü�ß
and } ÜÞýþß , where } Ü ä ß denotesthevectorsuchthat m���#M} Ü ä ß 1�F®m���#M}�1(í9=�ï-B . Then,

}½F�#M} Üqü?ß 1N�°#M} Üqýþß 1�/
Since Ú
2+#M} ÜÞü?ß 1RFOÚ à #M} ÜÞýÞß 1hFGA , "$#M} Üqü?ß 1hF¶"$#M} Üqýþß 1hF�A holds,and "$#M}*1RF�> holdsby assumption.Hence
7<#M"N1 is not closedunderunion;i.e., " is notbidualHorn.

# ii 1�FNùÄ# iii 1 : Immediatefrom Ú ÷28ö à ×LÚ õ2&ö à .
# iii 1�FNùÿ# i 1 : Assumethat " is notbidual.Since" is Horn,therearethreevectors� , � Ü 2 ß and � Üpà�ß such

that �ÆF�� Ü 2 ß ��� Üpà�ß , "$#&�V1oF�> and "$#&� Ü 2 ß 1£FK"$#&� Üpà�ß 1§F�A . For ï`FØy;)�� , "$#&� Ü ä ß 1£F�A impliesthatthereis
aHorn implicant Ú ä F ¯�� ²CÛÏÜÞÝ a ß�% � ¯�� ²_á½ÜÞÝ a ß % � of " suchthat Ú ä #&�

Ü ä ß 1�F�A . Then

m���#&�V1�FÐm���#&� Ü 2 ß 1¡»�m���#&� Üpà�ß 1ËÒÓâQ#&Ú2z1N»ËâQ#&Ú à 1�/ (3.3)

Furthermore,��#&Ú
2z1 and ��#&Ú à 1 satisfythefollowing conditions.

#�|@1 ��#&Ú 2 1�);��#&Ú à 1�vFKH holds.Assumethat ��#&Ú 2 1§F®H . Then(3.3) implies Ú 2 #&�¡1oF�A , i.e., "$#&�V1oFOA ,
which is acontradiction.Thecase��#&Ú à 1�F�H is analogous.Thuswe have n ��#&Ú2z1*n�FOn ��#&Ú à 1*n_F�A .
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#M}�1 ��#&Ú
2z1hJ®m���#&� Üpà�ß 1 and ��#&Ú à 1hJ®m���#&� Ü 2 ß 1 hold. Assumethat ��#&Ú2M1hJ®m�:�:Q#&�¡1 holds.Then
(3.3) implies Ú 2 #&�V1�FwA , i.e., "$#&�¡1�FGA , which is a contradiction.Thecase��#&Ú à 1SJ�m�:�:Q#&�V1 is
analogous.

#��*1 ��#&Ú
2z1TvFO��#&Ú à 1 holds. Otherwise,(b) implies ��#&Ú2M1RF���#&Ú à 1�JKm���#&� Ü 2 ß 1 , which is a contra-
diction to Ú2�#&� Ü 2 ß 1$FsA .

By (a) and(c), Ú2 and Ú à areHorn implicantsof " suchthat n ��#&Ú
2z1N»Z��#87 à 1*n�F�¤ . By (3.3)and(b),

m���#&�¡1�FØm���#&� Ü 2 ß 1¡»Æm���#&� Ü à�ß 1§Ò�ã`#&Ú2z1¡»�ãZ#&Ú à 1�/
Thus � satisfies"$#&�V1$F�> and Ú ÷28ö à #&�V1�FsA , which impliesthat(3.2)doesnothold. Â

Exploiting thefollowing lemma,weobtainapolynomialtimealgorithmfor checkingthebidualityof a
Horn DNF.

Lemma 3.4 Let t bea Horn DNF. Then t representsa bidualHorn functionif andonly if

Ú õ2&ö à ×t # equivalently, Ú�÷2&ö à ×�tÏ1 (3.4)

holdsfor all pairs of Horn termsÚ
2 and Ú à in t such that n ��#&Ú2M1N»Z��#&Ú à 1*n�F�¤ . Â

Theorem 3.5 Givena Horn DNF t , decidingwhetherit representsa bidual Horn functioncanbedone
in m�#�� , nptµnp1 time, where � denotesthenumberof termsin t .

Proof. A straightforwardproceduretestswhethercondition(3.4)holdsfor everypairof termsÚ
2 and Ú à in
t with adistinctnegative literal. Eachtest Ú õ2&ö à ×t canbedonein mQ#;npt§np1 time[9, 22]. Totally, it requires
m�#�� î ,
	 nptµnp1�FØmQ#�� , nptµnp1 time. Â

4 Bidual Horn Extensions

In this section,we addresstheproblemof finding bidualHorn extensionsfor partially definedBoolean
functions. Recall that a partially definedBooleanfunction is a pair #879);:S1 , of true vectors7 andfalse
vectors: . Theextensionproblem,decidingwhether #879);:S1 hasa bidualHorn extension,is a relaxation
of the problemof actually finding a bidual extension. Sinceusually a constructive algorithm for the
extensionproblemgivesriseto analgorithmfor thelatter, we first considertheextensionproblem.

Let us look at Horn functionsfor a moment. The existenceof Horn extensionsof a pdBf #879);:S1 is
characterizedby the following simplecriterion, which canbe checked in polynomial time: #879);:<1 has
a Horn extensionif andonly if 7�D ·�¸8¹ #�:<1�FÎH [28, 6]. Thus, the obvious necessarycondition 7�D·�¸&¹ #�:S1�FØH is alsosufficient.

ForbidualHornfunctions,weobtainananalogousnecessaryconditionfor theexistenceof anextension:
#879);:S1 hasabidualHornextensiononly if

·�¸&º #87c1ND ·�¸8¹ #�:<1�F�H .
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It appearsthatcheckingthis conditionis expensive; asshown in [12], thetestis co-NP-complete.For-
tunately, intractabilityof theextensionproblemis not a consequencethereof,asthis necessarycondition
is not sufficient in general,asshown by thefollowing example.

Example4.1 Let #879);:S1 bea pdBf definedby 7�F¨=?| Ü ' ß FO#�A*>�A*>_>�1�);| Ü , ß FO#�>�A*>�A*>�1~B and :sF¨=�} Ü ' ß F
#�A_A_A_A_A?1�)~} Ü , ß FO#�A_A_A*>_>�1~B . It is easilycheckedthat

·�¸8º #87c1*D ·�¸8¹ #�:S1�F�H . However, #87R);:S1 hasnobidual
Hornextension.Indeed,assumethat #879);:S1 hassuchanextension" . Let Ú~' and Ú�, beHorn implicantsof
" suchthat Ú�'�#�| Ü ' ß 1�FsA and Ú,_#�| Ü , ß 1�FsA , respectively. Then Ú�' and Ú�, satisfythefollowing:

#&y�1 ��#&Ú~'�1�);��#&Ú,C1gvFÎH holds,becauseotherwise(i.e., ��#&Ú ä 1�FÎH ), then Ú ä #M}
Ü ' ß 1�F A , andhence

"$#M} Ü ' ß 1�FsA holds,a contradiction.This meansn ��#&Ú~'�1*n�F�n ��#&Ú�,?1*n�FsA .
#&yzy�1 ��#&Ú~'�1�FI��#&Ú,?1 holds,becauseotherwise,Ú õ '+ö , ×O" holdsby Lemma3.3 (ii), but Ú õ '+ö , satisfies
Ú õ '+ö , #M} Ü ' ß 1�FsA , acontradictionto ourassumption.

By (i) and(ii), Ú�' and Ú�, musthave a commonnegative literal, which mustbe %�ç in this case.Thusit
follows Ú~'?#M} Ü , ß 1�FsA ; but } Ü , ß Ê�: . Â

Thus,theattemptto obtaina polynomialtime algorithmfor thebidual Horn extensionproblemfrom
simplecharacterizationsasin thecaseof Horn functionsfails. Nonetheless,wecanfortunatelyshow that
theproblemis polynomial,andthata bidualHorn extensioncanbeoutputin polynomialtime. We need
somefurtherconcepts.

For apdBf #879);:S1 , let usdefine

: õ #&�@1�FK=��sÊ�:n
���L�3B�) ¥�#&�@1£F®m���#��: õ #&�@1+1Yí�m���#&�@1�/ (4.5)

In particular, if no �ÁÊK: õ #&��1 exists, we have ¥�#&�@1ZF m�:�:Q#&�@1 . It is not difficult to verify that for
every ��ÊÆ7 suchthat �©vF�� , every Horn extension" of #879);:S1 musthave anHorn implicant Ú suchthat
âQ#&Ú;1�FØm���#&��1 and ��#&Ú+1µJø¥-#&�@1 .

We denotefor every �ËÊ�7 by ��#&�@1 thesetof all Horn terms Ú ± suchthat #&y1YâQ#&Ú ± 1£F¨m���#&�@1 , and(ii)
HLvF���#&Ú ± 1TJO¥�#&�@1 if ��vFÎ� , and ��#&Ú ± 1�F�H if �©FÎ� (i.e., Ú��ZF¶%N'¡^*^*^~%-0 ); every term Ú ± Ê���#&�@1 is
calledcanonicalfor � (with respectto #879);:<1 ). For a pdBf #879);:S1 , t�F ¯ ±*²���Ú ± , where Ú ± Ê���#&�@1 is
calledcanonicalHorn DNF of #879);:<1 . Sinceany canonicalHorn DNF of #879);:<1 representsanextension
of #879);:<1 , a Booleanfunctionrepresentedby a canonicalHorn DNF is calledcanonicalHorn extension
of #879);:S1 .
Example4.2 ConsiderthepdBf #879);:S1 , where 7�FK= #�>_>�A*>�1�)?#�>�A_A*>�1~B and :¨F®= #�A*>_>�A?1�) #�A*>�A*>�1 , #�A_A*>_>�1 ,
#�A*>�A_A?1 , #�A_A*>�A?1~B . Let � Ü ' ß F�#�>_>�A*>�1½ÊË7 and � Ü , ß FO#�>�A_A*>�1½ÊË7 . Then,

: õ #&� Ü ' ß 1ÅF = #�A*>�A*>�1�)?#�A*>�A_A?1~B
¥�#&� Ü ' ß 1ÅF m���#�A*>�A*>�1Ïí½m���#�>_>�A*>�1§FK=�ACB��#&� Ü ' ß 1ÅF =�%�é %N'�B

: õ #&� Ü , ß 1ÅF H
¥�#&� Ü , ß 1ÅF m���#�A_A_A_A?1Yí½m���#�>�A_A*>�1§FK=�A.)+ê@B��#&� Ü , ß 1ÅF =�%-,�%-é %('�)+%-,�%-é %-æ�B
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TheDNFs t�'§F�%-é %('Ï�Z%-,�%-é %(' and tY,9F�%-é %('Y�Z%-,�%-é %-æ are thecanonicalHorn DNFsof #879);:S1 ; they
are indeedHorn extensionsof #879);:S1 . Â

Thefollowing lemmais thekey to ouralgorithmfor findingabidualHorn extension.

Lemma 4.1 A pdBf #879);:S1 has a bidual Horn extensionif and only if there exists a canonical term
Ú ± Ê���#&��1 for every �ËÊ�7 , such that anyterm Ú õ± ö � definedfroma pair of terms Ú ± and Ú � with n ��#&Ú ± 1N»
��#&Ú��$1*n�F�¤ satisfies7<#&Ú õ± ö � 1NDË:¨F�H . Furthermore, givensuch a choice Ú ± for �ZÊË7 , theDNF

tÀF��±*²�� Ú ± � ���� �! #"%$& ')(+* ��,.- ')(+* �/, & 0 [ Ú
õ± ö � (4.6)

representsa bidualHorn extensionof #879);:S1 .
Proof. For theonly-if-part, let " beabidualHorn extensionof #879);:S1 . Since " is Horn, for every �ËÊ�7 ,
thereis somecanonicalterm Ú ± Ê1��#&�@1 suchthat Ú ± ×�" . Fix a choiceof suchtermsÚ ± . For eachpair of
termsÚ ± and Ú2� with n ��#&Ú~'�1N»���#&Ú�,�1*n F®¤ , Ú õ± ö � ×�" holdsby Lemma3.3(ii). Now considertheDNF t
of (4.6); it representsaHornfunction "43 suchthat "43Ë×ø" . Clearly, 7<#M"43k1½Ò�7 and :Q#M"43k1½ÒP:Q#M"N1§ÒP: .
Therefore,"43 is anextensionof #879);:<1 . Moreover, Lemma3.4 impliesthat "43 is bidual.

Let usthenshow theif-part. By Lemma3.4, theDNF t of (4.6) representsa bidualHorn function "43 .
Fromthedefinitions,we obtainthat 7<#M"43�1YDÆ:¶FOH and 7<#M"43k1�Ò�7 . Thus, t representsa bidualHorn
extensionof #879);:S1 . Â

Fromthislemma,astraightforwardalgorithmfor findingabidualHornfunctionwhichhasmQ#&4on 7Tn , n :`np1
time complexity algorithmcanbe derived. Exploiting duality, however, we canfind a fasteralgorithm.
First,we introducesomeadditionalconcepts.A term Ú is calledco-Hornif n âQ#&Ú;1*n@×ØA . A DNF tÀF ´ 2 Ú
2
is called co-Horn if every term Ú2 is co-Horn; a Booleanfunction is co-Horn if it can be represented
by someco-HornDNF. Notice that " is co-Horn if andonly if ")5�F�"$##6%�1 is Horn, and that co-Horn
functionshave propertiesthataredual to thepropertiesof Horn functions.For example,theset :Q#M"N1 of
a co-Hornfunction " is closedunderunion,opposedto closednessof underintersection.Therefore,for
each�ZÊ�7<#M"N1 , auniquemaximal �¨Ê�:`#M"N1 existssuchthat �s×L� .

NotethatapdBf #879);:S1 hasabidualHornextensionif andonly if apdBf #87R);:S1 hasaHornextension"
andareversepdBf #�:½)�7c1 hasaco-Hornextension5 suchthat "�F5 . Thusin thecontext of pdBfs #�:�)�7c1
insteadof #879);:S1 , we definethecanonicalconceptfor co-Hornfunctionsin a dualway. For ��ÊÉ: , let
usdefine

:87o#&�c1�FK=��ËÊË7�n
�Ë×L��B�) co-¥�#&�c1oFØm�:�:`#���:97o#&��1+1Ní�m�:�:Q#&�c1�) (4.7)

and let co-��#&��1 be the setof canonicalco-Horn termsof � , which areall terms Ú suchthat ��#&Ú+1ZF
m�:�:Q#&�c1 and âQ#&Ú;1�FK=;:CB with :�Ê co-¥-#&��1 for �°vF�� andthenegative term ¯ 02\åY' %-2 for �ØF�� .

Wefirst notesimplerelationsbetweencanonicalHorn termsandco-Hornterms.

Proposition 4.2 Let Ú ± Ê<��#&�@1 and Ú � Ê co-��#&�c1 for ��Ê7 and ��Ê�: . Then 7T#&Ú ± 1$Dg7<#&Ú � 1�vFwH
implies �Ë×L� .
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Proof. If �gv×P� , thenthereis an y§Ê�âQ#&Ú ± 1¡DË��#&Ú��$1 , whichclearlymeans7<#&Ú ± 1¡D`7<#&Ú2�Ï1�F�H . Â

Proposition 4.3 Let Ú ± Ê=��#&�@1 and Ú2�KÊ co-��#&�c1 for ��Ê�7 and �wÊP: with ��×�� . Then 7<#&Ú ± 1]D
7<#&Ú2�]1$F�H implies ��#&Ú ± 1$F�âQ#&Ú2�]1 .
Proof. It is easyto seethat 7T#&Ú ± 1�Dµ7T#&Ú��Ï1$FØH holdsif andonly if #�âQ#&Ú ± 1?D9��#&Ú2�Ï1+1�»�#���#&Ú ± 1?D9âQ#&Ú��]1+1cvF�H
holds.Then �Z×L� implies m���#&��13D�m�:�:Q#&��1�F�H . SinceâQ#&Ú ± 1�FØm���#&��1 and ��#&Ú2�]1$FØm�:�:Q#&��1 , we
have âQ#&Ú ± 1@D<��#&Ú2�]1$FØH , andhence��#&Ú ± 1@D<âQ#&Ú2�]1cvF�H . Thismeans��#&Ú ± 1$F�â`#&Ú��$1 , since n ��#&Ú ± 1*n@×ØA
and n âQ#&Ú2�]1*n@×ØA . Â

Thefollowing lemmadescribestheexistenceof abidualHorn extensionin termsof Horn andco-Horn
functions.

Lemma 4.4 A pdBf #879);:S1 hasa bidual Horn extension" if and only if there exist a Horn function 5�'
anda co-Hornfunction 5., such that 7<#85�'�1µÒ�7 , 7<#85.,?1½ÒP: and 7<#85�'�1ND`7T#85.,?1$F�H .
Proof. Let usfirst show theonly-if-part. Take 5�'�FI" and 5.,TF 5 ' . Then 7T#85 '�1�ÒØ7 , 7T#85.,?1�ÒK: and
7<#85�'�1¡D`7<#85_,?1�F�H all hold. Fromthedefinition,obviously 5 ' is Hornand 5_, is co-Horn.

To prove the if-part, let 5 ' and 5 , be as statedin Lemma4.4, and satisfy that n 7<#85 ' 19»É7<#85 , 1*n is
maximum. We show that 5_,`F 5 ' , which meansthat 5 U' FÐ# 5 ' 1 5 F¶5 5, is Horn, andhenceshows that
"�F5�' is abidualHorn extension.

Towardsa contradiction,assumethat thereis a vector �ÉÊ�=?>@)�ACB 0 í<#87<#85 ' 1$»�7T#85 , 1+1 . Then, ��vFÎ� ,
sinceotherwise5 ì ' F¨5�'$� ¯ 0à åY' % à is a Horn functionsatisfying 7<#85 ì' 1YDË7T#85.,?1�F�H , which contradicts
themaximalityof n 7<#85�'�1N»`7<#85_,?1*n . Similarly, it is shown that �gvF�� .

Since �?>Ê�7T#85 , 1 , no canonicalco-Hornterm Ú�Ê co-��#&��1 is animplicantof 5 , . Consequently, thereis
a vector �sÊ�7<#85 ' 1 suchthat ��×P� , sinceotherwise,Proposition4.2 tells thatany Ú½Ê co-��#&��1 satisfies
7<#&Ú ± 1$DÆ7<#&Ú2�]1SFÓH for all Ú��sÊ���#&��1 with ��ÊL7<#85�'�1 . This implies 7T#&Ú ± 1$DÆ7T#85 '�1SFÓH , which is a
contradictionto themaximalityof n 7<#85�'�1¡»Q7<#85.,?1*n . Since5 ' is Horn,someÚ~'�Ê@��#&��1 is animplicantof
5�' . Sucha term Ú�' satisfiesthat

#&y�1 âQ#&Ú�'�1µJm���#&��1 holds,sinceâQ#&Ú~'�1£FØm���#&�c1 and m���#&�c1½J�m���#&�@1 .
#&yzy�1 ��#&Ú~'�1ZJÓm���#&�@1 holds,sinceotherwise(i.e., ��#&Ú�'�1QJGm�:�:Q#&��1 ) �Ê7<#&Ú�'�1 andhence�øÊ
7T#85 '�1 wouldhold, in contradictionto theassumption.

Thus,by (i) and(ii), we have shown that 5 ' hasanimplicant Ú�' suchthat ã`#&Ú�'�1hJ®m���#&�@1 . Similarly, it
is shown that 5_, hasanimplicant Ú, suchthat ãQ#&Ú�,?1§Jm�:�:Q#&�@1 .

Now 5 ' and 5_, respectively have implicants Ú�' and Ú, suchthat ãZ#&Ú�'�1£D�ã`#&Ú�,?1QF�H . However, this
clearlymeansthat 7<#&Ú�'�1YD�7<#&Ú�,?1�vFOH , andhence7<#85 '�1ÏD�7<#85_,*1�vF�H , which is a desiredcontradiction.
Thisprovestheif-part. Â

Let usnow defineabipartitegraphA ÜB� ö C ß onapairof vertex sets79ì�F�7gí$=��kB and :�ìkF�:Éí�=��VB such
thatanedgeis between�ÆÊg7 ì and �IÊÀ: ì if �E×�� , andattacheachvertex �EÊÆ7 ì (resp.,��ÊÀ: ì ) the
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set ¥-#&��1 (resp.,co-¥�#&�c1 ) aslabel Ùh#&�@1 (resp.,ÙR#&�c1 ). For a connectedcomponent
·

of A ÜB� ö C ß , let Ùh# · 1
betheintersectionof all labelsin

·
, i.e., ÙR# · 1$FED ±*²GF Ùh#&�@1 .

Lemma 4.5 A pdBf #879);:S1 hasa bidual Horn extensionif and only if ÙR# · 1gvF�H for every connected
component

·
of A ÜB� ö C ß .

Proof. Note that 5 ' and 5_, in Lemma4.4 canbe restrictedto canonicalHorn andco-Horn functions,
respectively. ThusLemma4.4 andPropositions4.2 and4.3 imply this lemma(observe that �øv×®� , for
every �sÊ�: , and �°v×ø� for every �ZÊË7 ). Â

Now, we have thefollowing algorithm.

Algorithm BH-EXTENSION

Input : A pdBf #879);:S1 , where7R);:OJ�=?>@)�ACB 0 .
Output : “Yes”, if thereis abidualHorn extensionof #87R);:S1 ; otherwise,“No”.

Step1. Constructthebipartitegraph A ÜB� ö C ß .
Step2. Computeall connectedcomponents

· 2 ( y]F�A.)~¤�)*/*/*/�)~ï ) of A ÜB� ö C ß .
Step3. if ÙR# · 2{1hvF�H holdsfor all y then output“Yes” elseoutput“No” fi;

Halt. Â

Theorem 4.6 Givena pdBf #879);:<1 , theexistenceof a bidualHorn extensionof #879);:S1 canbecheckedin
m�#&4on 7�nfn :`np1 time. Â
Proof. Thecorrectnessof thealgorithmfollows from Lemma4.5. Concerningtheboundon therunning
time, Step1 (i.e., constructinga bipartitegraph A ÜB� ö C ß ) canbe executedin m�#&4on 7Tnfn :`np1 time. Step2
canbe donein m�#;n 7�nfn :`np1 time by using a depth-firstsearch,sincethe numberof verticesandedges,
respectively, areatmost n 7�n;røn :`n and n 7�nfn :`n . Finally, Step3 canbedonein mQ#&4£#;n 7Tn~røn :`np1+1 time,since
ÙR# · 2z1 , yoFIA.)~¤�)*/*/*/�)~ï , canbecomputedin m�#&4£#;n 7�n?r®n :Znp1+1 time. Totally, algorithmBH-EXTENSION
requiresmQ#&4on 7Tnfn :`np1 time. Â

Furthermore,the next lemmasaysthat, if Step3 is changedto the following Step3ì , then we can
computeabidualHornextensionof #87R);:S1 .

Step3ì . if ÙR# · 2z1cvF�H holdsfor all y then

output t°F �±*²�� Ú ± � ���� �! �"%$& ')(+* ��,.- 'H(+* �/, & 0 [ Ú
õ± ö � ) (4.8)

whereÚ ± FØ¯µà�²GI(á½ÜÞ±�ß.% à 6% ý for afixed
¸ Ê�ÙR# · 2z1 with �ËÊ · 2 , and Ú 1 F�%N'+%�,]^*^*^;%30

elseoutput“No” fi;
Halt. Â
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Lemma 4.7 For a pdBf #879);:S1 , let t�'ÆF ´ ÝBJ�².³ Ú à and tY, be Horn and co-Horn DNFs, respectively,
satisfying7<#zt ' 1µÒL7 , 7<#zt , 1µÒP: , and 7<#zt ' 1NDZ7<#zt , 1$F�H . ThentheDNF

tÀF�t$'$� �*.K � * J  �LM$& 'H(+* K ,.- 'H(+* J , & 0 [
Ú õ2&ö à

representsa bidualHorn extensionof #879);:S1 . Â
Note that m�#&4on 7�n , 1 time is needed,in order to output a bidual Horn DNF of (4.8) representingan

extensionof #879);:S1 . Thuswehave thefollowing corollary.

Corollary 4.8 Givena pdBf #87R);:S1 , a bidualHorn extensionof #879);:S1 canbecomputedin mQ#&4on 7Tnq#;n 7Tn�r
n :`np1+1 time(if anyexists). Â

Example4.3 LetusapplyBH-EXTENSIONto thepdBf #879);:S1 definedby 7�FK=�� Ü ' ß )+� Ü , ß )+� Ü é ß )�� Ü æ ß )+� Ü ç ß B
and :dF =�� Ü ' ß )+� Ü , ß )+� Ü é ß )+� Ü æ ß )+� Ü ç ß B , where � Ü ' ß F #�>_>�A*>�1 , � Ü , ß FÑ#�>�A*>_>�1 , � Ü é ß FÁ#�>_>�A_A?1 , � Ü æ ß F
#�>�A*>�A?1 , � Ü ç ß F�#�>�A_A*>�1 , � Ü ' ß F�#�A*>_>�A?1 , � Ü , ß FO#�A*>�A*>�1 , � Ü é ß F�#�A_A*>_>�1 , � Ü æ ß F�#�A*>�A_A?1 , � Ü ç ß F�#�A_A*>�A?1 .
Step1. Thegraph A ÜB� ö C ß is shown in Figure1:

NPO.Q�RTSNPOVU2R SNPOVW2R SNPOBXYRTSNPOVZ2RTS

[\O.Q�RS [\OVU2RS [\OVW2RS [\OBXYRS [\OVZ2RS
Figure1: Graph A ÜB� ö C ß of Example5.5.

Step2. The graph A ÜB� ö C ß hasfour connectedcomponents,i.e.,
· '�F�=�� Ü ' ß B , · ,�F�=�� Ü , ß )+� Ü ' ß )+� Ü æ ß )

� Ü é ß B , · é½F¨=�� Ü é ß )+� Ü , ß )+� Ü ç ß )+� Ü æ ß B and
· æRFK=�� Ü ç ß B .

Step3. Wefirst computethelabelsÙh#&�V1 of thevertices� by (4.5)and(4.7):] � NPO.Q�R �P^`_�� N%O.Q�R �H^��C�?��a��Hb£��a_�c^��C��� ] � [\OdQ�R �P^ co-_�� [eO.Q�R �H^��C�?�2f���a���g��Hb£��f���a_�h^L���?��g��] � NPOVU2R �P^`_�� N%OVU�R �H^��C�?�2f_�Hb£�;f.�c^��C��� ] � [\OiU�R �P^ co-_�� [eOVU�R �H^��C�?�2f���g��Hb£�;f_��g��j^����?�] � N OVW2R �P^`_�� N OVW�R �H^��C�?��a���g��Hb£��a���g��j^����?� ] � [ OiW�R �P^ co-_�� [ OVW�R �H^��C�?��a���g��Hb£��a���g��j^����?�] � NPOBXYR �P^`_�� N%OBX2R �H^��C�?�2f���g��Hb£�;f_��g��j^����?� ] � [\OVX2R �P^ co-_�� [eOBX2R �H^��C�?�2f_�Hb£�;f.�c^��C���] � NPOVZ2R �P^`_�� N%OVZ�R �H^��C�?�2f���a���g��Hb£��f���a_�h^L���?��g�� ] � [\OiZ�R �P^ co-_�� [eOVZ�R �H^��C�?��a��Hb£��a_�c^��C���Mk
Thus,the connectedcomponentsof A have labels ÙR# · '�1�Fw=�A.)+ê@B , ÙR# · ,?1�Fw=�ACB , ÙR# · é?1�FÎ=�ACB and
ÙR# · æ�1ZFÁ=�A.)+ê@B . As a consequence,BH-EXTENSION outputs“Yes” (i.e., #879);:S1 hasa bidual Horn
extension).

Step3’. By choosinģ FsA from ÙR# · ,?1 , Ùh# · é?1 , and Ùh# · æ�1 , we obtainabidualHornextension

t�'óF %-é %N'Ï�`%�, %N'Y�Z%-é�%-æ %N'Ï�`%-,�%-æ %N'Ï�Z%�,�%�é %N'�FÅ%�é %N'Y�Z%-, %('
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of #879);:S1 , while by choosinģ FOA from ÙR# · ,�1 , Ùh# · é?1 and
¸ F�ê from ÙR# · æ?1 , we would obtainanother

bidualHorn extension

tY, F %�é %N'Y�Z%-, %('Y�Z%-é�%3æ %('Y�Z%-,�%-æ %('Ï�`%-,�%�é %-æo�Z%-,�%�é£�`%-,�%-é��Z%�,�%-é�%3æo�`%�,�%-é�%3æ
F %�é %N'Y�Z%-, %('Y�Z%-,�%-é./ Â

4.1 Computing all bidual Horn extensions

In this subsection,we briefly addressthecomplexity of computingall bidualHorn extensionof a pdBf
#879);:S1 . Sinceevery positive function is a bidual extensionof #879);:S1 if 7¿FÑ:ÿFÑH , and thereare
clearlypositive functionswhoseuniqueprimeDNF is exponentialin thenumberof variables,e.g., tLF
´ ³mlon '+ö ,�öqpqpqp ö 0sr�tBu ³ u åwv 04x�,2y # ¯ à�².³½% à 1 , a bidualHorn extensionof #87R);:S1 canrequireexponentialspacein the
sizeof #879);:S1 . Therefore,thereis no algorithmfor enumeratingall bidualHorn extensionst�'�)�tY,.)*/*/*/ of
#879);:S1 whichspendsonly polynomialtimeon eachextensiont(2 .

It appearsthatevendeciding,givena bidualHorn extension,whetheranadditionalbidualHorn exten-
sionexists(ratherthanoutputtingone)is not easy. In fact,this problemis at leastashardasthepositive
duality problem(i.e., given positive DNFs t and u , decidewhether "Mz�FÐ"VU3 ). The latter problemis
is polynomially equivalent to a numberof otherproblems,cf. [4, 11, 23, 15], but no polynomial time
algorithmis known to date.

Theorem 4.9 Let a pdBf #879);:<1 anda Horn DNF t representinga bidual Horn extensionof #879);:S1 be
given. If checking whetherthere existsan extension5�Ê�6 jNl with 5�vF�"43 can be donein polynomial
time, thenthepositivedualityproblemcanbesolvedin polynomialtime.

Proof. (Sketch)Weshow thisbyareductionof theSpernersaturationproblem,whichisknown to bepoly-
nomially equivalentto thepositive duality problem[11]: givena Spernerfamily {ØFI=C¬Y'�)�¬V,C)*/*/*/?)�¬ î B
of subsets¬�2cJIãÎF�=�A.)~¤�)*/*/*/.)+4]B (i.e., ¬�2�vJI¬ à and ¬ à vJI¬�2 for all yZvF|� ), decidewhetherit is not
saturated(i.e., theredoesexist aset } Jã suchthat ¬�2µvJ�} vJ�¬ à holdsfor all y;)�� ).

Givenan instanceof theSpernersaturationproblem,we constructthe instanceof our problemasfol-
lows:

7 F =�% ³ K n
y]FsA.)~¤�)*/*/*/C)~�°B§»E=�% ³ K�� ný r n
y$FsA.)~¤�)*/*/*/�)~�À) ¸ Êgãí�¬V2{B
: F =�% ³ K�� ný r n
y]F�A.)~¤�)*/*/*/�)~�À) ¸ ÊÆ¬V2{B
t F

î�2\åY' # ý\².³ K % ý 1�)
where% ³ is thecharacteristicvectorof ¬ , i.e., if �QÊg¬ , % ³à FsA ; otherwise,% ³à F�> . Sincet is positive, it
representsby Proposition3.1abidualHorn extensionof #879);:S1 . Moreover, anextension5�Ê�6 jNl exists
suchthat 5gvF�"G� if andonly if { is not saturated. Â
Corollary 4.10 Givena pdBf #879);:<1 , decidingwhetherit hasa uniqueextension"�ÊE6�jNl is at leastas
hard asthepositivedualityproblem. Â
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Corollary 4.11 Leta pdBf #879);:S1 anda Horn DNF t representinga bidualHorn extensionof #879);:S1 be
given.If checkingwhetherthere is a bidualHorn extension5 such that 5°vF�" 3 canbedonein polynomial
time, thenthere is a polynomialtotal timealgorithmfor theproblemof dualizinga positivefunction,i.e,
givena positiveDNF, computingtheirredundantprimeDNF of its dual function.

Proof. Followsfrom Theorem4.9andtheresultin [4] thatapolynomialtotal timealgorithmfor dualizing
apositive functionexistsif andonly if thepositive dualityproblemis polynomial. Â

In thelight of theopenstatusof thepositive duality problem,finding a polynomialtime algorithmthat
decideswhetheranotherbidualHorn extensionexists(similarly, whethera uniqueoneexists)appearsto
benotstraightforward.

5 ShortestBidual Horn DNFs and Extensions

In this section,we considerthe issueof shortestDNF representationsof a bidual Horn function " , and
of shortestbidualHorn extensions.More precisely, we considerthefollowing problems:Compute(i) a
term-shortestDNF, and(ii) a literal-shortestDNF, respectively, from agivenHorn DNF of abidualHorn
function;similarly, compute(iii) a term-shortestbidualHorn extension,and(iv) a literal-shortestbidual
Horn extensionfor agivenpdBf #87R);:S1 .

A DNF t is called term-shortest(resp., literal-shortest) if thereis no DNF containingfewer terms
(resp.,a smallertotal numberof literals), which representsthe samefunction " ; a term-shortest(resp.,
literal-shortest)amongtheHorn DNFsthatrepresentbidualHorn extensionsof apdBf #879);:S1 is calleda
term-shortest(resp.literal-shortest) bidualHorn extensionof #879);:S1 .

It is known [3, 27, 18] that problems(i) and (ii) for a generalHorn function are both co-NP-hard.
However, weshallshow below thattheseproblemsfor abidualHornfunctioncanbesolvedin polynomial
time. Problems(iii) and(iv) turnout to beintractable.

5.1 ShortestDNFs for bidual Horn functions

Clearly, any term-shortestDNF is irredundant,andany literal-shortestDNF is irredundantandprime.
Furthermore,thereis a term-shortestDNF amongprime ones. Thuswe first describesomestructural
propertiesof irredundantprimeDNFsof ageneralHorn function,whichwereprovedin [19].

Sinceeveryprimeimplicantof aHornfunction " is Horn,thesetof all primeimplicantof " is split into
thesetof all pureHornprimeimplicants���M�C4£#M"N1 andthesetof all positiveprimeimplicantsâ��4��#M"N1 . A
function û is calledthepureHorn componentof aHorn function " if û satisfiesthefollowing conditions:

#&y�1 û is pureHorn.

#&yzy�1 "�F�ûT�`5 , where5 is apositive function.

#&yzy{y1 If "�F�û�ì��`5�ì , whereûkì and 5�ì arepureHorn andpositive, respectively, then ûkì)�øû .
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The pure Horn componentof a Horn function " is denotedby û(#M"N1 . The uniquenessof ûY#M"N1 follows
directly from thedefinition. It wasshown in [19] that û(#M"N1 canberepresentedby a DNF ´9Ý�² loÕÖ 0 Üd��ß Ú ;
notethat this DNF is not uniquein general.This meansthat, given an arbitraryprime DNF of a Horn
function " , ûY#M"N1 canberepresentedby thedisjunctionof all pureHorntermstherein.However, notmuch
is known aboutthestructureof term-shortestor literal-shortestDNFsthatrepresentû(#M"N1 .

Contraryto this,thestructureof thepositivepart 5 in theabove(ii) is known to someextent.For this,we
introduceadirectedgraph A Û #M"N1$F�#�â��4��#M"N1�)��c1 , where ��F¨= #&Ú
2�)+Ú à 1¡n
Ú à ×øûY#M"N1N�`Ú
2
B . It follows from
thedefinitionthat A Û #M"N1 is transitively closed,andhenceeachstronglyconnectedcomponentof A Û #M"N1
is acompletedirectedsubgraph.Let â��4�?2�#M"N1 , yÏFsA.)~¤�)*/*/*/C)~ï , bethenodesetsof suchstronglyconnected
componentsof A Û #M"N1 , amongwhich â��4��2+#M"N1 , y]FOA.)~¤�)*/*/*/ ¸ , denotethosehaving no incomingarcs.For
a Horn function " , a positive DNF ´ ý2\åY' Ú 2 , whereone Ú 2 Ê�â��4� 2 #M"N1 is chosenfor eachof y$F�A.)~¤�)*/*/*/C) ¸ ,
is calleda positiverestrictionof " . In general,differentpositive restrictionsrepresentdifferentpositive
functions.Obviously, thenumberof differentpositive restrictionsis equalto � ý2\åY' n â��4�?2�#M"N1*n .
Example5.1 Let " beaHorn functionrepresentedby a DNF:

t Ü � ß F %(';%-,�%-é�%-ç�%�è��Z%N'+%-é�%-æ %-ç£�Z%('�%�,�%3æ %-è�� %(';%-è�%o�
�]%N'+%-,�%-é�%-æo�Z%-,�%-é�%-æ�%-ç�%-è£�Z%('+%-,�%3æ�%����`%-,�%3æ�%�è�%o�$�Z%-é�%�è�%o��)

where t Ü � ß is thedisjunctionof all primeimplicantsof " . Then

�1�M�.4£#M"N1 F = %Y'�%�,�%-é�%-ç�%�è.)�%N';%-é�%-æ %�ç.)�%N';%�,�%-æ %-èC) %('�%�è�%o��B
â��4��#M"N1 F =�%N';%�,�%-é�%3æ.)k%�,�%-é�%3æ�%�ç�%�è.)�%N';%�,�%-æ*%o��)k%�,�%-æ�%-è�%o��)k%�é�%-è�%o��B�/

Note that this " is bidual Horn becausethe condition in Lemma3.4 holds. Figure2 shows the graphA Û #M"N1 , and â��4��#M"N1 canbedividedinto â��4��'?#M"N1£F¨=�%(';%-,�%-é�%-æ.)+%-,�%-é�%-æ*%-ç�%-è�B , â��G��,_#M"N1£F�=�%N';%�,�%-æ�%o�C)
%-,�%-æ*%-è�%o��B and â��4�?é_#M"N1$FK=�%�é�%-è�%o��B . This " satisfiesïQF ¸ F�« . Â

Û Õ~� W Ü.��ß Û Õ~� [ Ü.�?ß Û Õ~��� Ü.��ß�� � ���2����
[
���2���2����

[
� � ���2���2���

�
W
�
[
��������

W
�
[
� � ���

Figure2: Thegraph A Û #M"N1 of " in Example5.1.

Thefollowing lemmaclarifiestheroleof positive restrictions.

Lemma 5.1[19] A DNF t is an irredundantprimerepresentationof a Horn function " if andonly if

tÀFØt l ��t Û )
where t l is an irredundantprimeDNF of û(#M"N1 , and t Û is a positiverestrictionof " . Â
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Let t be an irredundantprime DNF of a Horn function " . Then, the above lemmatells that such t
alwayshasthesamenumberof positive terms.Therefore,a term-shortestDNF of a Horn function " can
beobtainedif wecanfind a term-shortestDNF for û(#M"N1 .
Example5.2 Let us considertheHorn function " in Example5.1. In this case,all pureHorn termsin
t Ü � ß areirredundant.Thenwe have thefollowing four irredundantprimeDNFsof " .

t Ü ' ß F %N';%-,�%�é�%-ç�%-è£�`%(';%-é�%3æ %�ç$�Ë%N'+%-,�%-æ %�è£� %N'+%�è�%����Z%N'+%�,�%-é�%3æo�`%(';%-,�%3æ*%��]�Ë%-é�%-è�%��?)
t Ü , ß F %N';%-,�%�é�%-ç�%-è£�`%(';%-é�%3æ %�ç$�Ë%N'+%-,�%-æ %�è£� %N'+%�è�%����Z%N'+%�,�%-é�%3æo�`%�,�%3æ�%-è�%��]�Ë%-é�%-è�%��?)
t Ü é ß F %N';%-,�%�é�%-ç�%-è£�`%(';%-é�%3æ %�ç$�Ë%N'+%-,�%-æ %�è£� %N'+%�è�%����Z%-,�%�é�%3æ�%-ç�%-è£�Ë%N'+%-,�%-æ�%��$�Z%-é�%�è�%���)
t Ü æ ß F %N';%-,�%�é�%-ç�%-è£�`%(';%-é�%3æ %�ç$�Ë%N'+%-,�%-æ %�è£� %N'+%�è�%����Z%-,�%�é�%3æ�%-ç�%-è£�Ë%-,�%3æ*%�è�%��$�Z%-é�%�è�%���/�Â
Now let usrestrictourattentionto bidualHorn functions.

Lemma 5.2 Let " be a bidual Horn function. Thenall pure Horn prime implicantsof " are essential
# henceirredundant1 .
Proof. Let Ú~'TFd#z¯ à�²CÛÏÜþÝ W ß % à 1 % ä be a pureHorn prime implicant of " , andlet � be the vectordefined
by m���#&�@1hF�â`#&Ú ' 1 . Obviously, Ú ' #&�@1cFÓA , andhence"$#&�@1hFGA . We claim that Ú ' is theuniqueprime
implicantof " suchthat Ú�'?#&�@1µFIA , which completestheproof. For this, let usassumethat Ú�,$#�vF®Ú~'�1 is a
primeimplicantof " satisfying Ú,_#&�@1£FsA , thatis,

âQ#&Ú�,?1µJm���#&��1V#zF�âQ#&Ú�'�1+1�/ (5.9)

Sinceall prime implicantsof a Horn functionareHorn, Ú , is eitherpositive or pureHorn. However, if
Ú�, is positive, then Ú�,���Ú~' holdsby (5.9), implying that Ú~' is not a prime implicant of " , which is a
contradiction.Therefore,Ú, is pureHorn, but satisfies��#&Ú,?1�vF�=�ï-B , sinceotherwiseÚ�' is not a prime
implicantof " by (5.9). Then Ú õ '+ö , ×" holdsby Lemma3.3. However, by (5.9),thisagainimpliesthat Ú~'
is notaprimeimplicantof " , acontradiction. Â

This explains why all pure Horn termsin t Ü � ß of Example5.1 are irredundant. Consequently, any
irredundantprimeDNF of abidualHorn function " canberepresentedby tÀF ´ Ý�² l£ÕÖ 0 Üd��ß�Ú���t Û , where
t Û is a positive restrictionof " . This meansthat,if we restrictour attentionto primeDNFs,theclassof
irredundantDNFsof " is thesameastheclassof term-shortestDNFsof " .

Lemma 5.3 Let " bea bidual Horn function.Then t is an irredundantprimeDNF of " if andonly if t
is a term-shortestprimeDNF of " . Â

Notethatthis lemmadoesnot imply theuniquenessof theterm-shorestprimeDNF of abidualfunction.
Indeed,thebidualHorn function " in Example5.1hasfour term-shorestprimeDNFsgivenin Example
5.2.Let t beany HornDNF of aHornfunction " . SinceanirredundantprimeDNF of " canbecomputed
from t in m�#;nptµn , 1 time [19], we have thefollowing theorem.
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Theorem 5.4 Let t is a Horn DNF of a bidual Horn function " . Thena term-shortestprimeDNF of "
canbecomputedfrom t in m�#;nptµn , 1 time. Â

Let us next turn our attentionto the literal-shortestDNFs of bidual Horn functions. We canseethat
someterm-shortestDNFsarenot literal-shortest;e.g., t Ü é ß and t Ü æ ß in Example5.2areterm-shortestbut
not literal-shortest.Lemma5.1andLemma5.2 imply thefollowing.

Lemma 5.5 Let " bea bidualHorn function.Then t is a literal-shortestDNF of " if andonly if

tÀF �Ý�² loÕÖ 0 Ü.�?ßÚ¿� t Û )

where t Û is a literal-shortestpositiverestrictionof " . Â
For sucha t Û , wemustfind a Ú ì Ê�â��G�?2+#M"N1 having theminimum n Ú ì n for eachâ��4��2�#M"N1 with y§× ¸ (recall

thatsuchâ��4��2+#M"N1 correspondsto a connectedcomponentof A Û #M"N1 having no incomingarc).

Lemma 5.6 Let " bea Horn function,andlet Ú�Ê�â��4�?2�#M"N1 with yc× ¸ . Thena positiveterm Úì satisfies
Úì�Ê�â��G�?2+#M"N1 if andonly if Úì�ÊÆâ��4� #M"N1 and Ú½×PûY#M"N1N�ZÚì-# i.e., A Û #M"N1 hasthearc #&Úì&)+Ú;1+1 .
Proof. Theonly-if partis obvious.To prove theif-part, it is sufficient to show ÚìV×û(#M"N1N�ZÚ (i.e., A Û #M"N1
hasarc #&Ú�)+Ú ì 1 ). Letusassumethecontrary. Then â��4�?2�#M"N1 hasanincomingarcfrom â��4� à #M"N1 thatcontains
Ú ì (i.e., yh� ¸ ), which is acontradiction. Â

To developanefficient algorithmto computea short Úì , we needseveralelementarypropertiesof Horn
consensusprocedures.

Lemma 5.7 Let Ú~' , Ú�, and Ú�é bepure Horn terms. If Úé is theconsensusof an ordered pair of terms Ú~'
and Ú , , then Ú ' , Ú , , and Ú é satisfy

#&y�1 ��#&Úé�1�F���#&Ú�'�1 and ��#&Ú,�1NDÆãQ#&Ú�é�1�F�H .
#&yzy�1 âQ#&Ú�é�1�F�âQ#&Ú�,?1¡»À#�âQ#&Ú�'�1¡íµ��#&Ú,?1+1 and ��#&Ú�,?1§JPâQ#&Ú�'�1 . Â

Lemma 5.8 Let a positiveterm Ú é be theconsensusof an ordered pair of terms Ú ' and Ú , . Then Ú ' , Ú , ,
and Úé satisfy

#&y�1 ��#&Ú~'�1�FØH and n ��#&Ú,?1*n�F�Ah# i.e., Ú�' is positiveand Ú, is pure Horn1 .
#&yzy�1 âQ#&Ú�é�1�F�âQ#&Ú�,?1¡»À#�âQ#&Ú�'�1¡íµ��#&Ú,?1+1 and ��#&Ú�,?1§JPâQ#&Ú�'�1 .
#&yzy{y1���#&Ú,�1NDÆãQ#&Ú�é?1$F�H . Â

Recallthat, in theabove lemmas,Ú�' and Ú�, are,accordingto theusualterminology, theleft-parentand
theright-parentof Ú é , respectively, and Ú é is thechild of Ú ' aswell asbeingthechild of Ú , . Let �*ûky ¸�� #&Ú;1
denotethechild of Ú .
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Now, givenaHornDNF t of aHorn function " , assumethatthereis aprimeimplicant Ú of " , which is
not in t . Thenthereis asequence

Ù�F�Ú Ü ' ß )+Ú Ü , ß )*/*/*/?)+Ú Üþî§ß #zF�Ú;1
suchthateachÚ Ü ä ß is eitherin t or theconsensusof two termsÚ Ü ä W ß and Ú Ü ä [ ß with ï@'*)~ï�, ð ï . Wecall Ú ì a
right-ancestor(resp.,left-ancestor) of Ú with respectto Ù if either Ú ì is theright-parent(resp.,left-parent)
of Ú , or Ú ì is a right-ancestor(resp.,left-ancestor)of theright-parent(resp.,left-parent)of Ú . Furthermore,
we call a right-ancestor(resp.,left-ancestor)Ú
ì of Ú the right-root (resp.,left-root) of Ú if Úì is in t . By
definition, the right-root (resp.,left-root) of Ú is unique. For example,for t�FI%(' %-,½��%�, %-é½�Æ%-é�%3æ %�ç ,
considera consensussequenceÙ¨F�% ' % , , % , % é , % é % æ % ç , % ' % é , % ' % æ % ç leadingto % ' % æ % ç (seeFigure
3). Then % ' % é is the right-parent,% é % æ % ç is the left-parentandleft-root, and % ' % , is the right-root of
%N'+%-æ %-ç , respectively.

%(';%3æ %-ç

%�é�%-æ %-ç %(' %�é

% , % é % ' % ,
right-root

left-parent(root)

right-parent

Figure3: A consensussequenceleadingto %('�%-æ %-ç for aHorn DNF %N' %-,��Z%�, %-é��Z%�é�%-æ %-ç .

Lemma 5.9 Let t bea Horn DNF of a Horn function " . For a primeimplicant Ú of " which is not in t ,
let Ù bea consensussequenceleadingto Ú . Theneveryright-ancestorÚ 5 of Ú satisfiesâQ#&Ú 5 1§JPâQ#&Ú;1 . Â

Let " beabidualHornfunction,andlet Ú 2 and Ú à beHornimplicantsof " suchthat n ��#&Ú 2 1C»h��#&Ú à 1*n�F�¤ .
Let Ú �28ö à denotea positive termof minimumlength,which satisfiesÚ õ2&ö à ×Ú �28ö à ×�Ú
23�ZÚ à �ËÚ õ28ö à . By Lemma
3.3 (ii), Ú �2&ö à is an implicantof " . It is not difficult to seethat Ú �2&ö à canbeobtainedfrom Ú õ2&ö à by deletinga
positive literal % ä if ï satisfiesï�Ê���#&Ú2z1-D�â`#&Ú à 1 or ïËÊ���#&Ú à 1-D�â`#&Ú
2z1 , and Ú �2&ö à F�Ú õ2&ö à if thereis nosuch
ï . Therefore,thereareat mosttwo such Ú �2&ö à . For example,supposeÚ2�F¶%N';%�, %�é and Ú à F¶%(' %-,�%-é�%-æ .
Then Ú õ28ö à F�%N'+%-,�%�é�%3æ , andhenceÚ �2&ö à F�%N'+%-,�%3æ or %N'+%-é�%-æ .
Lemma 5.10 Let " be a bidual Horn function,andassumethat Ú�)+Ú ì ÊPâ��G��#M"N1 satisfy ÚËvFIÚ ì and Ú ì ×
û(#M"N1(�`Ú (i.e., A Û #M"N1 hasthearc #&Úì8)+Ú;1 ). Then,either

#&y�1 Ú ì is theconsensusof Ú andsomeÚ2ÏÊ��1�M�.4£#M"N1�# i.e., Ú ì F ¯ à*².ÛÏÜþÝ K ß � ÜÞÛÏÜÞÝ�ß � á�ÜþÝ K ß8ß_% à 1 , or
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#&yzy�1 Úì�F�Ú �2&ö à for a term Ú �28ö à of someÚ
2)+Ú à Ê@���M�C4£#M"N1 .
Proof. Clearly, Úì is a prime implicantof ûY#M"N1Y�ÆÚ . Hence,thereis a sequenceÚ Ü ' ß )+Ú Ü , ß )*/*/*/?)+Ú Üþî§ß #zF�Ú
ì\1
suchthateachÚ Ü ä ß is eitherin �1�M�.4£#M"N1�»9=�Ú~B or theconsensusof two termsÚ Ü ä W ß andÚ Ü ä [ ß with ï�'�)~ï�, ð ï .
Since Ú<vF¨Úì , ���¨« musthold. By Lemma5.8 (i), Úì_#zFsÚ Üþî§ß 1 is theconsensusof a positive term Ú Üþî W ß
andapureHornterm Ú Üþî [ ß suchthat � ' )~� ,�ð � . If ��F�« (i.e., Ú Üþî W ß F�Ú and Ú ÜÞî [ ß Ê@�1�M�.4£#M"N1 ), then
obviously (i) holds.Otherwise(i.e., ���ø« ), thefollowing two casesarepossible.

Case(a): Ú Üþî [ ß vÊ@���M�.4£#M"N1 . Let Ú�, betheright-rootof Ú
ì , andlet Ú�' betheleft-parentof Úé9F���ûky ¸�� #&Ú�,�1
(seeFigure4). Sinceû(#M"N1��TÚ is Horn,only Úì andits left-ancestorsarepositive (i.e.,all othertermsin the
sequencearepureHorn). Thus, Ú~' , �*ûky ¸�� #&Ú�'�1 and Ú�, arepureHorn. Thenby Lemma5.7,we have

��#&Ú ' 1 vF ��#&Ú , 1 (5.10)

âQ#&Ú�'�1 J âQ#&Ú�é?1¡»Ë��#&Ú,�1 (5.11)

âQ#&Ú�,?1 J âQ#&Ú�é?1�/ (5.12)

SinceÚ�é is a right-ancestorof Ú ì , Lemma5.9 tells that âQ#&Ú�é?1§JPâQ#&Ú ì 1 ; hence,(5.11)and(5.12)become

â`#&Ú~'�1óJ âQ#&Ú ì 1N»Ë��#&Ú�,*1 (5.13)

â`#&Ú,?1óJ âQ#&Ú ì 1�/ (5.14)

Ú Üþî§ß F�Úì

Ú ÜÞî W ß Ú ÜÞî [ ß #�vÊ������.4£#M"N1+1
Ú é

Ú, right-rootof Ú ìÚ~'

Úè

Ú ç right-rootof Ú�'Ú æ

Case(a)

Ú Üþîµß F�Úì

Ú Üþî W ß Ú Üþî [ ß F�Ú�'S#�Ê@���M�C4£#M"N1+1
Úé

Ú, right-rootof Ú Üþî W ßÚ
æ

Úè

Ú ç right-rootof ÚæÚ �

Case(b)

Figure4: Thecases(a)and(b) in theproof of Lemma5.11.
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Then,undercondition(5.10),we have Úì£×¨Ú � '+ö , from (5.13)and(5.14),becauseÚ � '+ö , doesnot contain
thepositive literal % ä with =�ï-B�Fs��#&Ú , 1 in eithercaseof ��#&Ú , 1cJ®âQ#&Ú ' 1 or ��#&Ú , 1ÏD�â`#&Ú ' 1�FOH . Since
Ú�' , Ú�, areHorn implicantsof " and " is bidual, Ú , '+ö , is an implicant of " . Since Ú ì is a prime implicant
of " , it follows Ú ì F�Ú � '+ö , . Hence,clause(ii) holdsif Ú�'`Ê����M�.4£#M"N1 . Tho show the latter, assumethat
Ú�'QvÊ��1�M�.4£#M"N1 . Let Ú�ç betheright-rootof Ú~' , and Úæ bethe left-parentof Úè�F���ûky ¸�� #&Ú�ç�1 (seeFigure4).
From theabove observation on positive andnegative termsin theconsensussequence,Úç is pureHorn.
Therefore,by Lemma5.9and(5.13),we have

âQ#&Ú�ç�1µJPâQ#&Ú�'�1§JPâQ#&Ú ì 1¡»Ë��#&Ú�,?1�/
Considerthenegative literalsof Ú ç and Ú , . If ��#&Ú ç 1�vFO��#&Ú , 1 , thenby (5.14)it follows thata Ú �ç�ö , exists
with Ú
ìV×LÚ �ç�ö , (if ��#&Ú , 1�FK=�ï-BSJøâQ#&Ú , 1 , thenremove % ä from Ú õç�ö , ). SinceÚ , )+Ú ç areHorn implicantsof "
and " is bidual, Ú �ç�ö , is animplicantof " . Since Ú ì is a primeimplicantof " , it follows Ú ì FsÚ �ç�ö , . Hence,
clause(ii) is true.On theotherhand,if ��#&Ú�ç?1$F���#&Ú�,?1 , then Úæ

��#&Úæ�1�vF���#&Ú�ç?1$F���#&Ú,?1 (5.15)

holdsby (i) of Lemma5.7(recallthat Úæ mustbepureHorn). Furthermore,

âQ#&Ú
æ�1óJ âQ#&Ú�è?1¡»Ë��#&Ú�ç?1
J âQ#&Ú�'�1¡»Ë��#&Ú�,?1 # by Lemma ª�/B  and ��#&Ú�ç?1$F���#&Ú,?1+1
J âQ#&Ú ì 1¡»���#&Ú�,�1 # by #Mª�/\A�«�1+1�/ (5.16)

Along thesameline of argumentationasin thecase��#&Ú�ç�1�vF���#&Ú�,?1 , we obtainfrom (5.14)–(5.16)that
ÚìVF®Ú �,�ö æ for someterm Ú �,�ö æ , which impliesthatclause(ii) holdsif Ú æ Ê¡���M�C4£#M"N1 . If Ú æ >Ê¡���M�C4£#M"N1 , we
canrepeatfor Ú
æ thesameargumentasfor Ú�'¢>Ê£�1�M�.4£#M"N1 by consideringtheright-root ÚY¤ of Úæ andthe
left parentÚ~� of Ú2¥�F��*ûky ¸�� #&ÚY¤�1 andsoon. Sincetheconsensussequenceis finite, thiscannotberepeated
indefinitely, andwe musteventuallyencountersome Ú
2TÊ¦�1�M�.4£#M"N1 suchthat Ú �2&ö , F�Ú
ì andclause(ii)
holds.Thiscompletestheproof of Case(a).

Case(b): Ú Üþî [ ß Ê§���M�C4£#M"N1 (seeFigure 4). Let Ú�'�F�Ú Üþî [ ß andlet Ú, be theright-rootof Ú Üþî W ß (since���ø« wehave Ú Üþî W ß vÊ@���M�.4£#M"N13»�=�Ú~B ). Notethat Ú�' and Ú, arepureHorn. It follows from Lemmas5.8
and5.9that

âQ#&Ú�'�1óJ âQ#&Ú ì 1
âQ#&Ú�,�1óJ âQ#&Ú ì 1¡»Ë��#&Ú�'�1�/

If ��#&Ú�'�1cvF���#&Ú,?1 , thenalongthesameline of argumentationasin Case(a),weobtain Ú
ìkF�Ú � '+ö , for some
term Ú � '+ö , . SinceÚ , Ê@���M�C4£#M"N1 , clause(ii) is satisfied.

Otherwise(i.e., ��#&Ú,�1§F®��#&Ú�'~1 ), considertheleft-parentÚæ of Ú�éhF®�*û�y ¸�� #&Ú,�1 (seeFigure4.(b)). Note
that Ú, cannot be the right-parentof Ú Üþî W ß ; for, then Úæ°FÐÚ is the left-parentof Ú Üþî W ß , and ��#&Ú,?1�vJ
âQ#&Ú Üþî W ß 1 , whichby ��#&Ú ' 1�F���#&Ú , 1 impliesthatthepair Ú Üþî W ß )+Ú Üþî [ ß hasnoconsensus.Consequently, all
termsin thetreewith root Ú�é ( F��*û�y ¸�� #&Ú,C1 ), andin particularÚæ , arepureHorn.
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Wehave ��#&Ú
æ�1hvF���#&Ú�,?1 and

â`#&Ú æ 1óJ âQ#&Ú ç 1¡»���#&Ú , 1 # Lemma(5.7)1
J âQ#&Ú ÜÞî W ß 1N»Ë��#&Ú,�1 # Lemma(5.9)1
J âQ#&Ú ì 1¡»Ë��#&Ú�'�1 #���#&Ú�,?1$F���#&Ú~'�1+1

On theotherhand,we have alreadyshown

âQ#&Ú�'�1µJPâQ#&Ú ì 1�/
Hence,thereis some Ú � '+ö æ suchthat Ú ì ��Ú � '+ö æ . Since " is bidual and Ú~'*)+Úæ areHorn implicantsof " , it
follows that ÚcFIÚ � '+ö æ . Thus,if ÚæZÊ§���M�C4£#M"N1 , thenclause(ii) holds. If Ú
æ�>Ê§�1�M�.4£#M"N1 , thenwe repeat
theargumentby consideringtheright-root Ú�ç of Úæ , theleft parentÚ~� of Úè�F¨�*û�y ¸�� #&Úç�1 andsoon. Since
theconsensussequenceis finite, eventuallyweencountera term Ú2ÏÊ@���M�.4£#M"N1 suchthat Ú � '+ö 2 F�Úì ; hence,
clause(ii) holds.Thiscompletestheproof. Â

Thepreviouslemmasaysthat,for any arc #&Ú�)+Ú ì 1 in A Û #M"N1 , Ú ì satisfieseither(i) or (ii). Thenext lemma
sharpensthisby statingthatclause(ii) musthold if Ú
ì is shorterthan Ú .
Lemma 5.11 Let " bea bidual Horn function,andlet Ú�)+Ú ì ÊÆâ��G��#M"N1 satisfy Ú�vF�Ú ì and Ú ì ×�û(#M"N1Y�ZÚ . If
n ÚìMn ð n Ú*n holds,then Úì satisfiesthecase(ii) of Lemma5.10.

Proof. Assumethat Ú ì is theconsensusof Ú andsomeÚ
2£Ê������.4£#M"N1o# i.e., Ú ì F ¯ à*².ÛÏÜþÝ K ß � ÜÞÛÏÜÞÝ�ß � á�ÜþÝ K ß8ß�% à 1 .
Since n Ú ì n ð n Ú*n , âQ#&Ú ì 1µF®âQ#&Ú;1(í½��#&Ú2M1 musthold. This meansthat Ú is not a primeimplicantof " , which
is acontradiction. Â

Now, we describean algorithm L-SHORTEST to computea literal-shortestDNF of a bidual Horn
function.

Algorithm L-SHORTEST

Input : A Horn DNF t of abidualHorn function " .

Output : A literal-shortestDNF of " .

Step1. ComputeanirredundantprimeHorn DNF t(ì of " from t .

Step2. Let t(ìl (resp.,tNìÛ ) bethedisjunctionof all Horn (resp.,positive) termsin tNì ;
for eachÚ in t ìÛ do

Find a term Ú �2&ö à with theminimum n Ú �2&ö à n amongthosesatisfying ÚR×Kt ìl �Ú �2&ö à , whereÚ2 and Ú à arein t ìl andsatisfy n ��#&Ú2{1N»Z��#&Ú à 1*n�F�¤ ;
if sucha Ú �2&ö à existsand n Ú �2&ö à n ð n Ú�n then replaceÚ in t ìÛ by Ú �2&ö à fi

end.

Step3. OutputDNF t(ì3FØt(ìl ��t(ìÛ andhalt. Â
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Theorem 5.12 Givena Horn DNF t of a bidual Horn function " , algorithm L-SHORTEST correctly
outputsa literal-shortestDNF of " in mQ#;nptµnq#�� ,ü �©¨9r®nptµnp1+1 time, where � ü and �©¨ denotethenumbers
of Horn andpositivetermsin t , respectively.

Proof. Let usfirst show thecorrectnessof algorithmL-SHORTEST. In Step1, it computesanirredundant
primeDNF of " . Since t(ìl is equalto ´ Ý�² l£ÕÖ 0 Üd��ß Ú by Lemmas5.2and5.5, t(ìl representsthepureHorn
componentûY#M"N1 of " .

Let usnext considerthepositive restrictiont(ìÛ of " . In Step2, eachÚ in t(ìÛ is replacedby someshortest
Ú �28ö à amongthoseÚ �2&ö à which satisfy ÚR×®t(ìl ��Ú �2&ö à (providedany such Ú �2&ö à exists); let this termbe Ú �2�2&ö à . Let
ÚcÊ©â��4� � #M"N1 , where ªË× ¸ (

¸
wasdefinedbeforeExample5.1). Then,by Lemma5.11,it is sufficient to

show thatsuchÚ �2�2&ö à satisfiesÚ ���28ö à ÊÆâ��4� � #M"N1 . Notethat Ú �2�2&ö à is animplicantof " since " is bidualHorn. By
Lemma5.6,obviously Ú ���2&ö à ÊÉâ��4� � #M"N1 holdsif Ú �28ö à Ê�â��G��#M"N1 . To completetheproof of thecorrectness
part, it thus remainsto prove Ú ���28ö à Êsâ��4� #M"N1 . Assumethe contrary. As a consequence,thereexists a
Úì�Ê�â��4��#M"N1 suchthat Ú
ìj�®Ú �2�2&ö à . This Úì satisfiesÚ�×¨t(ìl ��Ú
ì , andhence,by Lemma5.6, Úì�Ê�â��G� � #M"N1 .
Since n Úì{n ð n Ú �2�2&ö à�n ð n Ú�n , Lemma5.11 tells that Úì is obtainedby clause(ii) there. It follows that Ú �2�2&ö à is
not shortestamongthe Ú �2&ö à , which satisfy Ú�×�t ìl �ÆÚ �2&ö à . We arrived at a contradiction.This provesthe
correctnessof L-SHORTEST.

Finally, let usconsiderthetimecomplexity of algorithmL-SHORTEST. Step1 canbedonein m�#;nptµn , 1
time [19]. In Step2, for eachpair of Ú 2 and Ú à , we canconstructthe terms Ú �2&ö à in mQ#&4Y1 time. Eachtest
Úµ×t ìl �oÚ �2&ö à canbedonein m�#;nptµnp1 time. Since4©×Knptµn , Step2 requiresm�#�� ,ü � ¨ nptµnp1 timein total. Step3
canbe executedin mQ#;npt ì np1�F�mQ#;npt§np1 time. Consequently, algorithmL-SHORTESTcanbeexecutedin
m�#;nptµnq#�� ,ü � ¨ r®npt§np1+1 time. Â

Example5.3 Let us considerthe bidual Horn function " of Example5.1. Supposethat DNF t Ü é ß in
Example5.2 is an input # i.e., t�ÃþF�t Ü é ß 1 . Since t Ü é ß is irredundantprime, t ì F�t`#zFÐt Ü é ß 1 holds in
Step1. Thus

t ìl F %('+%-,�%-é�%�ç�%�è£�Z%N'+%�é�%3æ %-ç£�`%(';%-,�%3æ %�è$� %N'+%-è�%��?) and

t ìÛ F %�,�%-é�%3æ�%�ç�%�è£�Z%N'+%�,�%3æ�%o���`%�é�%-è�%o�C/
In Step2, for Ú�FO%-,�%�é�%3æ�%-ç�%-è in t ìÛ , we find that Ú � '+ö , F�%('�%�,�%-é�%3æ obtainedfrom Ú�'cF�%('+%-é�%3æ %�ç and
Ú�,`F�%(';%-,�%3æ %�è hasthe minimum n Ú � '+ö , n amongthosesatisfying Ú�×�t(ìl �gÚ � '+ö , . Sincethis Ú � '+ö , satisfies
n Ú � '+ö , n ð n Ú�n , Ú is replacedby Ú � '+ö , . For theotherterms Ú in t(ìÛ , thereis no Ú �2&ö à having thedesiredproperty.

Thusin Step3, algorithmL-SHORTESToutputs t Ü ' ß of Example5.2,which is in facta literal-shortest
DNF of " . Â

Theprevioustheorem,togetherwith theresultsaboutrecognitionof bidualHornfunctionsin Section3,
imply that,givenaHornDNF t , wecanrecognizein polynomialtimewhethert representsabidualHorn
functionand,if this is thecase,computein polynomialtimealiteral-shortestor term-shortestprimeDNF
of " . Thus,bidualHorn functionsconstitutea polynomial-timerecognizablesubclassof Horn functions
for whichcomputinga literal-shortestandterm-shortestprimeDNF is polynomial.
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By Lemmas5.2and5.10,wehave aninterestingpropertyregardingthenumberof primeimplicantsof
abidualHorn function.

Theorem 5.13 Let t be an irredundantprime DNF of a bidual Horn function " , and let � ü and �©¨
denotethenumbers of Horn andpositivetermsin t , respectively. Then:

#�|@1 n ���M�C4£#M"N1*n_F¦� ü , and

#M}�1 �©¨T×Kn â��4��#M"N1*n@×ø¤M� ,ü r£�©¨k#�� ü r�A?1 .
Proof. (a) is immediatefrom Lemma5.2, and the disjunctionof all pure Horn terms in t gives the
pureHorn componentû(#M"N1 of " . For (b), � ¨ ×Án â��4��#M"N1*n is obvious from the definition of â��4��#M"N1 .
Furthermore,every ÚìZÊGâ��4� #M"N1 satisfiesÚìZ×ÑûY#M"N1���Ú for somepositive term Ú in t because,by
Lemma5.1,thedisjunctionof all positive termsin t representsthepositive restriction t Û of " . All such
Ú ì Ê�â��4� #M"N1 areobtainedeitherby (i) or by (ii) of Lemma5.10. Thereareat most � ¨ � ü Ú ì of type(i),
andatmost ¤M� ,ü Ú
ì of type(ii). Totally, n â��4��#M"N1*n�×�� ¨ r1� ¨ � ü r°¤M� ,ü F�¤M� ,ü r1� ¨ #�� ü r�A?1 holds. Â

5.2 Shortestbidual Horn extensions

Algorithm BH-EXTENSIONfrom Section4 allows to computea Horn DNF representinga bidualHorn
extensionof #87R);:S1 in polynomialtime, but Step3ì might leadto a quite large expression(of quadratic
size)in theworstcase.ThisstepanberefinedsuchthataDNF smallerthan t is computedin polynomial
time; in fact, asfollows by the resultsin Section5.1, it is possibleto computeeven a term-shortestor
literal-shortestDNF equivalentto t in polynomialtime.

A naturalissueis whethera term-shortestresp.literal-shortestbidualHorn extensionof #879);:S1 , canbe
computedin polynomialtime. Theseproblemsareintractable,however.

Theorem 5.14 Givena pdBf #879);:S1 , computing(i) a term-shortest,or a (ii) literal-shortestbidual Horn
t of #879);:<1 is NP-hard.

Proof. Part (i) follows from the reductionin the proof of [6, Theorem9] which shows that deciding
whethera pdBf #879);:<1 hasanextensionrepresentedby a DNF of at most û terms,is NP-hard;this holds
evenif û is fixedto 2. With agiven3-uniformhypergraph«ÓF�#zã�)�¬<1 , i.e., ¬ is acollectionof 3-element
subsetsof afinite set ã , associateapdBf #87R);:S1 , 79);:�J�=?>@)�ACB u wu by defining

7ÿF =�%  � n�à r n;�`ÊEã�B�) :òF =�%  � l nG�dÊ@¬�B�/
As shown in [6], thepdBf #879);:<1 hasanextensionwith DNF tPFsÚ�'$��Ú, if andonly if thehypergraph« is 2-colorable. (Note that if # · '�) · ,?1 is a good2-coloringof « , then tKF�¯ 2 ²GF W %-2N��¯oà�²GF [ % à is
an extensionof #879);:S1 .) Moreover, it is shown that amongthe term-shortestextensionsof #879);:S1 , i.e.,
extensionswith smallestnumberof termsin aDNF, thereis apositive function.
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Sinceevery positive function is bidualHorn, it follows that someterm-shortestextensionof #879);:S1 is
bidual Horn. Furthermore,deciding2-colorability of a 3-uniform hypergraph « is a well-known NP-
completeproblem(cf. [17]). As a consequence,computinga term-shortestbidual Horn extensionof
#879);:S1 is NP-hard.

For part (ii), we reducetheclassicalNP-hardproblemof decidingwhethera graph A�F�#zã$)�¬T1 hasa
vertex cover of sizeat most ï [17] to thisproblem.Supposethat ãsF¨=�A.)~¤�)*/*/*/C)+4]B , anddefine7�FK=��kB
and : FÁ=�%  � n 28ö à r n½=�y;)��@BPÊ®¬�B . Thenwe claim that #879);:S1 hasa bidual Horn DNF t containing
at most ï literals if andonly if A hasa vertex cover of sizeat most ï . Indeed,if

·
is a vertex cover

of A , then t�F ¯ 2 ²GFS%32 representsanextension,which is clearlybidualHorn. This provesthe if-part.
To show the only-if-part, assumethat A hasno vertex cover of sizeat most ï , andlet t representany
Horn (in particular, bidualHorn) extension.Then Ú*#���1�F�A holdsfor someHorn implicant Ú of t . Let
Ú£F ¯ à*².ÛÏÜþÝ�ß�% à ¯ à�².á�ÜþÝ�ß % à . Since ��#&Ú;1�F�H musthold, â`#&Ú+1 is a vertex cover of A . Hence,t containsat
least n âQ#&Ú;1*n
�øï�r�A literals,acontradiction. Â
Remark. Theproof of Theorem5.14impliesthatcomputinga literal-shortestarbitrary(not necessarily
Horn DNF) formula t representingany bidualHornextensionis NP-hardaswell.

6 Dualization, Characteristic Sets,and DNFsof Bidual Horn Functions

In what follows, let ¯ denoteeitherconjunctionX or disjunction � . Let ¬�JO=?>@)�ACB 0 bea setof vectors
suchthat ¬©F ·�¸�° #z¬�1 , i.e., ¬ is closedunderintersectionor union,respectively. A vector �`ÊE¬ is called¯ -extremewith respectto ¬ if �øvÊ ·�¸ ° #z¬Àí�=��3BC1 . Thesetof all ¯ -extremevectorsof ¬ is calledthe ¯ -
characteristicsetof ¬ , whichwedenoteby

· 5° #z¬�1 ; thedefinitionextendsto all ¬LJ�=?>@)�ACB 0 by
· 5° #z¬£1�F· 5° # ·�¸�° #z¬�1+1 . Notethat

· 5° #�}À1 iswell-definedandis theminimumsetsatisfying
·�¸�° # · 5° #�}À1+1£F ·�¸�° #�}°1 .

For conjunction,theconceptof characteristicsethasbeenstudiede.g. in [25, 24], andis alsoknown
asbase[10]. ThetranslationbetweenthecharacteristicsetandDNFsof Horn functionsis animportant
problemwhichhasbeenstudiedrepeatedly[25, 24, 26]. Briefly, it appearedthatagoodalgorithmfor this
problemis notstraightforwardandtheintrinsicdifficulty of this taskis notknown to date.In thissection,
we studythecharacteristicsetof bidualHorn functionsandconsidermajor transformationproblemson
them.Theseresultsalsoallow usto characterizethedifficulty of dualizingabidualHorn function " , i.e.,
givenaHorn DNF for " , computeanirredundantprime(Horn)DNF for "VU .

Let for any ¬�J =?>@)�ACB 0 denote ¬]UÉFÅ= ��n
��ÊI¬oB . Then obviously
· 5¹ #z¬�1EFÿ# · 5º #z¬]UC1+1 U holds;

therefore,werestrictourdiscussionto
· 5º .

For convenience,we introducefurther notation. For any term Ú , let 7 7 #&Ú;1`FÑ=��ØÊK7<#&Ú;1¡nYnpm���#&��1*n
×Kn âQ#&Ú;1*n�r�ACB and,furthermore,for aDNF tÀFØ�Ï2 ² ¦ Ú2 , let 7 7 #ztÏ1£FK=��ZÊ�7 7 #&Ú2z1¡n
y§Ê�¥�B .
Example6.1 Considerthe DNF tsFw%N'+%-, %�é9� %(' %-æ on variables %N'�)*/*/*/?)+%3æ . Then, 7 7 #&%N';%�, %�é?1�F=�A_A*>_>@)�A_A*>�ACB , 7 7 # %N' %3æ�1$FK=?>_>_>_>@);>�A*>_>@);>_>�A?>�B , and 7 7 #zt]1£F¨=�A_A*>_>@)�A_A*>�A.);>_>_>_>@)~>�A�>_>@)~>_>kA*>�B .
Lemma 6.1 For anyterm Ú , it holdsthat

· 5º #87<#&Ú;1+1£Fø7 7 #&Ú+1 .
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Proof. First,observe thatevery �ËÊ�7 7 #&Ú+1 is � -extremewith respectto 7<#&Ú;1 , that is,
· 5º #87<#&Ú+1+1�ÒP7 7 #&Ú+1 .

To prove
· 5º #87<#&Ú;1+1hJ�7 7 #&Ú;1 , take a vector ��ÊE7<#&Ú+1Yí§7 7 #&Ú+1 . Then,for every ��Ê©m���#&�V1Ïí½âQ#&Ú;1 , there

is a � Ü à�ß ÊË7 7 #&Ú+1 suchthat � Ü à�ßà F�A , andthuswe have

��F � =�� Ü à�ß n;�QÊEm���#&�V1(íµâQ#&Ú;1~Bs±
it follows

· 5º #87<#&Ú+1+1½J�7 7 #&Ú;1 . This provesthelemma. Â
Lemma 6.2 Let " be a functionsuch that " U is Horn # i.e., 7<#M"N1 is closedunderunion1 . Let t be an
arbitrary DNF of " . Then

· 5º #87<#M"N1+1$F · 5º #87 7 #zt]1+1 .
Proof. For every �ÉÊ°7<#M"N1Yíµ7 7 #zt]1 , thereis a term ÚhÊ�t suchthat Ú*#&�V19F�A . Lemma6.1 thenimplies
��Ê ·�¸&º #87 7 #&Ú;1+1 . Hence

·�¸&º #87<#M"N1+1½FØ7<#M"N19J ·�¸8º #87 7 #zt]1+1 holds.On theotherhand,7<#M"N1RÒ7 7 #zt]1 ,
hence

·�¸8º #87<#M"N1+1�Ò ·�¸&º #87 7 #zt]1+1 . It follows
·�¸&º #87<#M"N1+1�F ·�¸8º #87 7 #zt]1+1 , which implies

· 5º #87T#M"N1+1�F· 5º #87 7 #zt]1+1 . Â
By theabove lemma,we cantransformanarbitraryDNF of a function " suchthat " U is Horn into the

characteristicset
· 5º #87T#M"N1+1 in polynomialtime.

Theorem 6.3 Let " bea functionof 4 variablessuch that "VU is Horn # i.e., 7<#M"N1 is closedunderunion1 .
Let t bean arbitrary DNF of " . Then

· 5º #87<#M"N1+1 canbecomputedfrom t in m�#&4 , � , 1 time, where � is
thenumberof termsin t .

Proof. Supposewithout lossof generalitythat no term in t is empty. By Lemma6.2,
· 5º #87<#M"N1+1 can

beobtainedby computingall � -extremevectorsof 7 7 #zt]1 . Clearly, n 7 7 #zt]1*n¡×Ø4onpt§n , and 7 7 #zt]1 canbe
constructedfrom t in m�#&4 , �E1 time. Clearly, for every �ËÊ�7 7 #zt]1 it holdsthat � is an � -extremevector
of 7 7 #zt]1 if andonly if

� vF � =��¨Ê�7 7 #zt]1�nC�s×L�kB�/ (6.17)

Let for every term Ú be � ÜþÝ�ß the vectorsuchthat m���#&� ÜþÝ�ß 1�FÓm���#&��1�íh��#&Ú;1 . We claim that (6.17) is
equivalentto

� vF ��=�� ÜÞÝ�ß n�Ú§ÊEt£);âQ#&Ú;1½J�m���#&�@1~B�/ (6.18)

Indeed,since =���ÊZ7 7 #zt]1�nC�K×P�kBcFØ» Ý�² 3²t ÛÏÜþÝ�ß³l´INá�Üþ±�ß =���ÊZ7 7 #&Ú;1¡n
��×��kB , wehave

��=��¨Ê�7 7 #zt]19n��s×L�kB F �Ý�² 3²t ÛÏÜþÝ�ß�l´I(á½ÜÞ±�ß #���=��sÊË7 7 #&Ú;1�n��s×L�kBC1
F � =�� ÜþÝ�ß nCÚµÊEt£);âQ#&Ú+1�Jøm���#&�@1~B�)

whichprovesourclaim.

We caneasilyseethatcomputingall � ÜþÝ�ß suchthat Ú�ÊÉt and âQ#&Ú;1cJKm���#&��1 canbedonein m�#&4)�E1
time,andthe � -extremenessof �ZÊË7 7 #zt]1 canbecheckedby (6.18)in mQ#&4)�E1 time. Since

· 5º #87 7 #zt]1+1µJ7 7 #zt]1 and n 7 7 #zt]1*nk×L4)� , it follows that
· 5º #87 7 #zt]1+1£F · 5º #87<#M"N1+1 canbeobtainedin m�#&4 , � , 1 time. Â
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Corollary 6.4 Let t bean arbitrary DNF for a bidual Horn function " of 4 variables.Then
· 5º #87<#M"N1+1

canbecomputedfrom t in m�#&4 , � , 1 , where � is thenumberof termsin t . Â
Let usnext considertheconverseprocessof computingaDNF formulafor abidualHorn functionfrom

its characteristicset. For any function " andvector � , let µ � #&�@1�F�=���Ê�7<#M"N1�n���×���)(npm���#&�c1*n�×
npm���#&�@1*n�r�AÏB , i.e., µ � #&�@1 contains� andall truevectorsof " resultingfrom � by switchingone > to A .
Lemma 6.5 Let " be a bidual Horn functionwith characteristic set ¬�F · 5º #87<#M"N1+1 . Then,for each
�ËÊÆ¬ , theterm Ú ± such that 7 7 #&Ú ± 1�FEµ � #&��1 is Horn andsatisfiesÚ ± ×ø" .

Proof. Considerfor any �gÊ�¬ theterm Ú ± . Lemma6.1 impliesthat for every vector ��Êg7<#&Ú ± 1 , thereis
some ¬o¶�J�7 7 #&Ú ± 1 suchthat �©F�´°¬o¶ . Since 7 7 #&Ú ± 1�F·µ � #&��1�J�7<#M"N1 , we have ��Ê ·�¸8º #87 7 #&Ú ± 1+1�F·�¸ º #87<#M"N1+1<F�7T#M"N1 ; it follows Ú ± ×�" . Furthermore,the term Ú ± is Horn. To seethis, supposeto the
contraryit is not Horn. This impliesthat thereexist componentsy and � , y<vF¸� , suchthat �½2£F¨� à F�>
for every �sÊ¡µ � #&��1 . Let for any ï be � Ü ä ß thevectorsuchthat m���#&� Ü ä ß 1�FØm���#&�@1@»Q=�ï-B . Then,clearly
� Ü 2 ß )+� Üpà�ß >Ê®µ � #&�@1 , andhence� Ü 2 ß )+� Ü à�ß Ê�:Q#M"N1 . Since " is Horn, it follows � Ü 2 ß Xg� Üpà�ß F��øÊ�:Q#M"N1 .
However, this is acontradiction,whichshows Ú ± is Horn. Â
Lemma 6.6 Let " bea bidual Horn functionwith characteristicset ¬�F · 5º #87<#M"N1+1 . Thenthefollowing
Horn DNF t represents" :

t F �±*².³ Ú ± � �± ö � ².³ t�u á�ÜþÝ � ß � á�ÜþÝ � ß u åV, Ú
õ± ö � ) (6.19)

where Ú ± is the term such that 7 7 #&Ú ± 1ÀF¹µ � #&�@1 , and Ú õ± ö � is the positive term such that â`#&Ú õ± ö � 1ÀF
âQ#&Ú ± 1N»ZâQ#&Ú2�]1 (cf. Section3).

Proof. Lemma6.5 tells that t of (6.19) is Horn. Hence,by Lemma3.4, t representsa bidual Horn
function.Moreover, Lemma3.3andLemma6.5imply 7T#ztÏ1½J�7<#M"N1 . To prove theresult,it thusremains
to show 7T#M"N1½JL7T#ztÏ1 . To prove this,assumeto thecontrarythatthereexistsavector �gÊÆ7<#M"N1¡ío7<#zt]1 .
Wewill derive acontradiction.

Since ��ÊL7<#M"N1 , thereexists some ¬o¶�J�¬ suchthat �øFG´°¬o¶ . Fix any such ¬o¶ , andlet for every
�GÊP¬o¶ be Ú2� the termsuchthat 7 7 #&Ú��$1cFºµ � #&�c1 . Note that,by Lemma6.5, eachÚ2� is a Horn term.
Thenwehave thefollowing threecases.

(a)SomeÚ2� is positive. Then, Ú2�o#&�¡1�FsA holdsas �¡�L� . SinceÚ2� occursin t , this implies �EÊË7<#zt]1 .
This is acontradiction.

(b) ThetermsÚ2� haveacommonnegative literal % à . Then,every Ú2� satisfiesÚ2�§#&�¡1�FsA because� à F�>
and �1�L� . As in case(a) it follows �gÊË7<#zt]1 , which is acontradiction.

(c) TherearetermsÚ � )+Ú ± suchthat n ��#&Ú ± 1(»Z��#&Ú � 1*n�FØ¤ . Since�3)+�s×L� ,

âQ#&Ú ± 1©F m���#&��1µJ m���#&�V1 and âQ#&Ú � 1©Fóm���#&�c1LJÅm���#&�V1�±
hence,âQ#&Ú õ± ö � 1`F�âQ#&Ú ± 1o»©âQ#&Ú � 1ÆJwm���#&�¡1 , which implies Ú õ± ö � #&�V1`FÑA . Since Ú õ± ö � occursin t , it
follows �EÊË7<#zt]1 , which is acontradiction.
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By (a), (b) and(c), the existenceof �sÊ�7<#M"N1oíh7<#zt]1 always leadsto a contradiction. This proves
7<#M"N1§J�7T#ztÏ1 andhencetheresult. Â

Exploiting this lemma,we obtainthefollowing result.

Theorem 6.7 Let " bea bidualHorn functionof 4 variables.Thena Horn DNF of " canbeconstructed
from

· 5º #87T#M"N1+1 in m�#&4 , n · 5º #87T#M"N1+1*n , 1 time.

Proof. Let ¬¨F · 5º #87<#M"N1+1 . Then,for every �LÊ�¬ , the set µ � #&�@1 canbe computedin m�#&4 , np¬�np1 time,
sincecheckingif �OÊ ·�¸8º #z¬�1 for each� suchthat ��×ø� and npm���#&��1*n F¶npm���#&�@1*n�r�A canbedonein
m�#&4onp¬9np1 time,andthereareatmost 4 such� ’s. Thusthecollectionof all Ú ± ’s in (6.19)canbecomputed
in mQ#&4 , np¬�n , 1 time. Furthermore,thecollectionof all Ú õ± ö � ’s canbecomputedin m�#&4onp¬9n , 1 time because
thenumberof pairsof � and � is at most np¬�n , . In total, thecomputationof t in (6.19)takes mQ#&4 , np¬�n , 1
time,whichprovestheresult. Â

The following theoremshows a relationbetweenthesizesof thecharacteristicsetandthenumberof
termsin term-shortestHornDNFsfor bidualHorn functions.

Theorem 6.8 Let " bea bidual Horn functionof 4 variablesdifferent fromtautology, andlet ��5 bethe
numberof termsin term-shortestDNF for " . Then

n · 5º #87<#M"N1+1*n
4 ×»� 5 ×ÿn · 5º #87<#M"N1+1*n?rØn · 5º #87<#M"N1+1*n , / (6.20)

Proof. Apply Lemmas6.2and6.6. Â
Thelowerboundfor ��5 in Theorem6.8holdsfor generalfunctions" whosesetof truevectors7T#M"N1 is

closedunderunion. However, theupperbounddoesnot hold for suchfunctionsin general,because� 5
maybeexponentialwith respectto n · 5º #87<#M"N1+1*n .

Let us finally considerthe dualizationof a bidual Horn function " , which is the task of computing
an irredundantprime Horn DNF u for " U from a given Horn DNF t for " . We noteat this point that
n ucn may be exponentialwith respectto npt§n . For example,let " be a positive function representedby
tøF�´ 02\åY' %32�%30_õ�2 of ¤C4 variables,which is clearlybidualHorn. In this case," U is representedby uKF
´ 2 J*²sn�à ö 0_õ à r %-28W¡^*^*^;%-2d¼ . We canseethat t and u aretheuniqueprimeDNFsfor " and "VU , respectively,
andthat nptµn�#zF¾½�#&4Y1+1j¿ n u�n�#zFE½�#M¤ 0 ^�4Y1+1 . In suchcases,therunningtimeof adualizationalgorithm �
is usuallymeasuredby its input sizeandoutputsize,and � is calledpolynomialtotal time if its running
time is polynomialin thecombinedinput size nptµn andoutputsize n ucn [23, 4, 11].

An interestingproblemwith this respectis dualizationof apositive function,wheretheinput formulais
a positive DNF t . Many practicalproblemsareknown to beequivalentto this problem[11], but it is not
known to datewhetherit hasapolynomialtotal timealgorithmor not [4, 11, 23, 15]. However, therecent
resultby FredmanandKhachiyan[15] shows thattheproblemis solvablein m�#�� Õ ÜVÀqÁ~Â@î§ß 1 time,where�
is thenumberof termsin u and t .

From resultsin [24, 26], which have beenfound in similar form in the databasedomain [11], the
following is known aboutgeneralHorn functions.
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Proposition 6.9 Let " bea Horn function.

#�A?1 Thereisapolynomialtotal timealgorithmfor computingall primeimplicantsof " from
· 5º #87<#M" U 1+1

if andonly if there is a polynomialtotal timealgorithmfor dualizinga positivefunction.

#M¤�1 Computingan irredundantHorn DNF of " from
· 5º #87<#M" U 1+1 is at leastashard asdualizinga

positivefunction.

#M«�1 Computing
· 5º #87<#M" U 1+1 froma Horn DNF of " is at leastashard asdualizinga positivefunction.

Â

It is believed that theproblemsin (2) and(3) arestrictly harderthandualizinga positive function(cf.
[24]). For bidualHorn functions " , however, wecanshow thatthey have thesamecomplexity.

Theorem 6.10 Let " be a bidual Horn function. Thenthere is a polynomialtotal time algorithm for
computingan irredundantprime Horn DNF of "VU from

· 5º #87<#M"N1+1 if and only if there is a polynomial
total timealgorithmfor dualizinga positivefunction.

Proof. Note that " U is bidual Horn if " is bidual Horn. Sinceevery positive function is bidual Horn,
Theorem6.3 implies theonly-if direction. To prove the if-direction, it is by part (1) of Proposition6.9
sufficient to show thata polynomialtotal time algorithmfor computingall prime implicantsof "VU from· 5º #87<#M"N1+1 impliesa polynomialtotal time algorithmfor computingan irredundantprimeHorn DNF of
"VU from

· 5º #87T#M"N1+1 . Indeed,thisholdsfor bidualHorn functions" : Since "VU is bidualHorn,by Theorem
5.13,thenumberof all primeimplicantsof " U is polynomialin thesizeof a literal-shortestDNF for " U ,
andcomputinganirredundantprimeDNF from any Horn DNF is polynomial[19]. Â

Corollary 6.11 For bidualHorn functions" , each of thefollowingproblemshasa polynomialtotal time
algorithmif andonly if there is a polynomialtotal timealgorithmfor dualizinga positivefunction:

#&y�1 Computing
· 5º #87<#M"VU?1+1 from

· 5º #87<#M"N1+1 .
#&yzy�1 Computing

· 5º #87<#M" U 1+1 froma Horn DNF of " .

#&yzy{y1 Computingan irredundantprimeHorn DNF of " U froma Horn DNF of "g# i.e., dualizationof a
bidualHorn function1 . Â

Theabove resultstell that transformationproblemsseemto becomeeasierif functionsarerestrictedto
bebidualHorn.

7 Conclusionand Further Research

In this paper, we have introducedbidual Horn functions,which areBooleanfunctions " suchthatboth
" andits dual " U areHorn. This classof functionsis motivatedby theunbalancedtreatmentof positive
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andnegative informationthroughHorn functionsin theextensionproblemof partially definedBoolean
functions(pdBfs). We alsoemphasizethat bidual Horn functionsarenaturalgeneralizationof positive
functionswith respectto theclosureproperties.

We have studiedthe semanticalandcomputationalaspectsof bidual Horn functions,focusingon the
recognitionproblem,i.e.,decidingwhetheragiven(possiblyrestricted)formula t representssuchafunc-
tion, andon theextensionproblem,i.e.,decidingwhetherfor agivenpdBf #87R);:S1 abidualHorn function
existsthatinterpolateson #87R);:S1 . In thecourseof thisinvestigation,wehavedeterminedcharacterizations
andpropertiesof bidualfunctions.

Theclassof bidualHornfunctionsappearsto beaninterestingintermediateclassbetweentheclassesof
positiveandHornfunctions.As for positivefunctions,any irredundantprimeDNF is aterm-shortestDNF
for abidualHorn function,but it is no longerunique.Besidesa term-shortestDNF, alsoa literal-shortest
DNF for a bidualHorn functioncanbecomputedfrom a Horn DNF in polynomialtime; bothproblems
areNP-hardfor arbitraryHorn functions.Thus,bidualHorn functionsareanontrivial restrictionof Horn
functionsfor which theseproblemsarepolynomial.Furthermore,we have shown thatdualizinga bidual
Horn functionis polynomiallyequivalentto dualizingapositive function.For theextensionproblem,we
have presentedanalgorithmwhich decidesaboutexistenceof abidualHorn extensionfor a pdBf #87R);:S1
in m�#&4on 7Tnfn :Znp1 timeandoutputsaDNF in mQ#&4on 7Tnq#;n 7Tnqr�n :`np1+1 time. Moreover, wehaveshown thatfinding
a term-shortestor literal-shortestbidualHorn extensionis NP-hard,andthata polynomialalgorithmfor
decidingwhether#879);:<1 hasauniquebidualHorn extensionis difficult to find.

Our resultsshow that from thecomputationalpoint of view, bidual Horn functionsbenigngeneralize
positive functionsto asubclassof Horn functions.FurtherissuesonbidualHorn functionsareconsidered
in theextendedreport[12]. In particular, theclosureof 6 jNl underrenamings(i.e.,achangein polarityof
partof thevariables)is consideredthere.While therecognitionproblemis still polynomial,theextension
problemis intractable.

Possibletopicsof future researcharethedevelopmentof a goodalgorithmfor enumeratingall bidual
Horn extensions,aswell asapproximationof a term-shortestor literal-shortestbidualHorn extension.
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