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Abstract

WeconsiderBooleanfunctionsrepresentedby decisionlists,andstudytheir relationshipsto other
classesof Booleanfunctions. It turnsout that the elementaryclassof 1-decisionlists hasinterest-
ing relationshipsto independentlydefinedclassessuchasdisguisedHorn functions,read-oncefunc-
tions,nesteddifferencesof concepts,thresholdfunctions,and2-monotonicfunctions. In particular,
1-decisionlists coincidewith fragmentsof thementionedclasses.We furtherinvestigatetherecogni-
tion problemfor thisclass,aswell astheextensionproblemin thecontext of partiallydefinedBoolean
functions(pdBfs). We show thatfinding anextensionof a givenpdBf in theclassof 1-decisionlists
is possiblein linear time. This improveson previousresults.Moreover, we presentanalgorithmfor
enumeratingall suchextensionswith polynomialdelay.

Keywords: Decisionlists,Booleanfunctions,teachingsequence,extensionproblem,polynomialdelayenumeration

1 Intr oduction

Decisionlists have beenproposedin [34] asa specificationof Booleanfunctionswhich amountsto a
simplestrategy for evaluatingaBooleanfunctiononagivenassignment.Thisapproachhasbeenbecome
popularin learningtheory, sinceboundeddecisionlists naturallygeneralizeother importantclassesof
Booleanfunctions. For example, � -boundeddecisionlists generalizethe classeswhosemembershave
a CNF or DNF expressionwhereeachclauseor term, respectively, hasat most � literals, and, as a
consequence,also thoseclasseswhosemembershave a DNF or CNF containingat most � termsor
clauses,respectively. Anotherclasscoveredby decisionlists is theoneof decisiontrees[33].

Informally, adecisionlist canbewrittenasa cascadedconditionalstatementof theform:

if 	�

����� then ��

elseif 	�������� then ���

...
elseif 	���� 
 ����� then ����� 

else ����
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whereeach	$#%����� meanstheevaluationof aterm 	&# , i.e.,aconjunctionof Booleanliterals,onanassignment
� to the '(
*),+,+,+*)%'.- , andeach��# is either0 (false)or 1 (true).

The importantresultestablishedin [34] is that � -decisionlists, i.e., decisionlists whereeachterm 	$#
hasatmost � literalsand � is aconstant,areprobablyapproximatelycorrect(PAC) learnablein Valiant’s
model[39]. This haslargely extendedtheclassesof Booleanfunctionswhich areknown to belearnable.
In thesequel,decisionlistshave beenstudiedextensively in thelearningfield, seee.g.[19, 8, 17, 9].

However, while it is known thatdecisionlists generalizesomeclassesof Booleanfunctions[34], their
relationshipsto other classessuchas Horn functions, read-oncefunctions, thresholdfunctions,or 2-
monotonicfunctions,whicharewidely usedin theliterature,wereonly partiallyknown (cf. [5, 3]). It thus
is interestingto know aboutsuchrelationships,in particularwhetherfragmentsof suchclassescorrespond
to decisionlistsandhow suchfragmentscanbealternatively characterized.This issueis intriguing,since
decisionlistsareoperationallydefined,while otherclassessuchasHorn functionsor read-oncefunctions
aredefinedon asemantical(in termsof models)or syntactical(in termsof formulas)basis,respectively.

In this paper, we shedlight on this issueand study the relationshipof decisionlists to the classes
mentionedabove. We focuson theelementaryclassof 1-decisionlists ( /0
 - 132 ), which hasreceiveda lot
of attentionandwasthesubjectof anumberof investigations,eg. [34, 29, 8, 9]. It turnsout thatthisclass
relatesin aninterestingway to severalotherclassesof Booleanfunctions.In particular, it coincideswith
independentlydefinedsemanticalandsyntacticalsuchclasses,aswell aswith the intersectionsof other
well-known classesof Booleanfunctions.We find thefollowing characterizationsof /0
 - 102 . It coincides
with

4 /65798 , therenaming-closureof theclassof functions : suchthatboth : andits complement: are
Horn [12] (alsocalleddisguised“double” Horn functions);

4 /.; 1 , theclassof nesteddifferencesof concepts[21], whereeachconceptis describedby a single
term;

4 /��=<?>@/BA - 
 , theintersectionof theclassesof 2-monotonicfunctions[32] andread-oncefunctions,
i.e., functionsdefinableby a formulain whicheachvariableoccursatmostonce[18, 25, 39, 37];

4 /DC 8 >E/.A - 
 , the intersectionof thresholdfunctions(alsocalledlinearly separablefunctions)[32]
andread-oncefunctions;and

4 / 2 A - 
 , theclassof linear read-oncefunctions[12], i.e., functionsrepresentedby a read-oncefor-
mulasuchthateachbinaryconnective involvesat leastoneliteral.

Observe that the inclusion /0
 - 132GF /HC 8 >I/.A - 
 follows from theresultthat /J
 - 132GF /HC 8 [5, 3] and
thefactthat /0
 - 132@F /BA - 
 ; however, theconversewasnot known.

Theabove resultsgive usnew insightsinto therelationshipsbetweentheseclassesof functions.More-
over, they provide us with a semanticalandsyntacticalcharacterizationof 1-decisionlists in termsof
(renamed)Horn functionsandread-onceformulas. On the otherhand,we obtaincharacterizationsof
theintersectionsof well-known classesof Booleanfunctionsin termsof operationally, semantically, and
syntacticallydefinedclassesof Booleanfunctions.
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As weshow, anaturalgeneralizationof theresultsfrom 1-decisionliststo � -boundeddecisionlistsfails
in almostall cases.Thesingleexceptionis thecoincidencewith nesteddifferencesof concepts,which
holdsfor anappropriatebaseclassgeneralizingterms.Thus,our resultsunveil characteristicproperties
of 1-decisionlists and,vicesversa,of the intersectionsof classesof Booleanfunctionsto which they
coincide.

Furthermore,we studycomputationalproblemson 1-decisionlists. We considerrecognitionfrom a
formula (alsocalledmembership problem[20] and representationproblem[4, 1]) andproblemsin the
context of partially definedBooleanfunctions.

A partiallydefinedBooleanfunction(pdBf) canbeviewedasapair ��KL)=MN� of setsK and M of trueand
falsevectors�PORQ�S�)*TVU - , respectively, where KR>WMYX[Z . It naturallygeneralizesa Booleanfunction,
by allowing that the rangefunctionvalueson someinput vectorsareunknown. This concepthasmany
applications,e.g.,in circuit design,for representationof cause-effect relationships[7], or in learning,to
mentionafew. A principalissueonpdBfsis thefollowing: GivenapdBf ��KL)=M\� , determinewhethersome
: in a particularclassof Booleanfunctions / exists suchthat K F KN�]:6� and M F M@�]:6� , where KN�]:6�
and M@�]:6� denotethesetsof trueandfalsevectorsof : , respectively. Any such : is calledanextension
of ��KL)=M\� in / , andfinding suchan : is known astheextensionproblem[6, 30]. Sincein general,apdBf
mayhavemultiple extensions,it is sometimesdesiredto know all extensions,or to computeanextension
of a certainquality (e.g.,onedescribedby ashortestformula,or having asmallestset KN�]:6� ).

Theextensionproblemis closelyrelatedto problemsin machinelearning. A typical problemthereis
thefollowing ([4]). Supposethereare ^ Booleanvaluedattributes;then,find a hypothesisin termsof a
Booleanfunction : in a classof Booleanfunctions / , which is consistentwith theactualcorrelationof
theattributesafterseeinga sampleof positive andnegative examples,whereit is known that theactual
correlationis a function _ in / . In our terms,a learningalgorithm producesan extensionof a pdBf.
However, thereis a subtledifferencebetweenthegeneralextensionproblemandthe learningproblem:
in the latter problem,an extensionis a priori known to exist, while in the former, this is unknown. A
learningalgorithmmight take advantageof this knowledgeandfind an extensionfaster. The extension
problemitself is known astheconsistencyproblem[4, 1]; it correspondsto learningfrom asamplewhich
is possiblyspoiledwith inconsistentexamples.

In this context, it is also interestingto know whetherthe pdBf given by a sampleuniquely defines
a Booleanfunction in / ; if the learnerrecognizesthis fact, she/hehasidentified the function _ to be
learned.This is relatedto thequestionwhethera pdBf hasa uniqueextension,which is importantin the
context of teaching[35, 23, 36, 16]. There,to facilitatequicker learning,the sampleis provided by a
teacherratherthanrandomlydrawn, suchthatidentificationof thefunction _ is possiblefrom it (seee.g.
[5, 16] for details).Any samplewhichallows to identify a functionin / is calleda teaching sequence(or
specifyingsample[5]). Thus,theissueof whetheragivensetof labeledexamplesis a teachingsequence
amountsto the issueof whether ` , seenasa pdBf, hasa uniqueextensionin / . A slight variantis that
the sampleis known to be consistentwith somefunction _ in / . In this case,the problemamountsto
theuniqueextensionproblemknowing thatsomeextensionexists; in general,this additionalknowledge
couldbeutilized for fasterlearning.

Alternative teachingmodelshave beenconsidered,in which thesamplegivenby the teacherdoesnot
preciselydescribea singlefunction [17]. However, identificationof the target function is still possible,
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sincethe teacherknows how the learnerproceeds,andvice versa,the learnerknows how the teacher
generateshis sample,calleda teaching set in [17]. To prevent “collusion” betweenthe two sides(the
targetcouldbesimplyencodedin thesample),anadversaryis allowedto spoil theteachingsetby adding
furtherexamples.

Ourmainresultson theabove issuescanbesummarizedasfollows:

4 Recognizing1-decisionlists from aformulais tractablefor awideclassof formulas,includingHorn
formulas,2-CNFand2-DNF, while unsurprisinglyintractablein thegeneralcase.

4 We point out that theextensionproblemfor /0
 - 102 is solvablein linear time. This improveson the
previous result that the extensionproblemfor /J
 - 132 is solvable in polynomial time [34]. As a conse-
quence,ahypothesisconsistentwith a targetfunction _ in /J
 - 132 on thesamplecanbegeneratedin linear
time. In particular, learningfrom a (possiblyspoiled)teachingsequenceis possiblein linear time. We
obtainasa further resultan improvementto [17], whereit is shown that learninga function _ in /J
 - 132
from a particularteachingsetis possiblein ab��c � ^d� time,where c is thelengthof a shortest1-decision
list for _ , ^ is thenumberof attributes,andthe input sizeis assumedto be ab��cI^d� . Our algorithmcan
replacethelearningalgorithmin [17], andfindsthetargetin a@��^ecf� time,i.e., in lineartime. Wemention
that[8] presentstheresult,somewhatrelatedto [17], that1-decisionlistswith � alternations(i.e.,changes
of theoutputvalue)arePAC learnable,wherethealgorithmrunsin ab��^ � cf� time.

4 Wepresentanalgorithmwhichenumeratesall extensionsof apdBf in /0
 - 102 with polynomialdelay.
As a corollary, theproblemsof decidingwhethera givensetof any examplesis a teachingsequenceand
whethera consistentsampleis a teachingsequenceareboth solvable in polynomial time. Moreover, a
smallnumberof differenthypotheses(in fact,evenup to polynomiallymany) for thetarget functioncan
beproducedwithin polynomialtime.

Therestof this paperis organizedasfollows. Thenext sectionprovidessomepreliminariesandfixes
notation. In Section3, we study the relationshipsof 1-decisionlists to otherclassesof functions. In
Section4, we addressthe recognitionproblemfrom formulas,andin Section5, we studytheextension
problem.Section6 concludesthepaper.

2 Preliminaries

We use '6
,)%'0�g),+,+,+�)%'.- to denoteBooleanvariablesandletters h()%�J)%i to denotevectorsin Q�S�)*TVU - . Thej
-th componentof avector � is denotedby �V# . Formulasarebuilt over thevariablesusingtheconnectivesk )�lm) and n . A literal is a variable 'J# or its negation 'B# . For any literal o , we denoteby o its opposite.

A term 	 is a conjunction p #�qVrtsvuxw 'J# k p #�q�yzsvuxw 'J# of Booleanliteralssuchthat {@��	=�|>f}~��	=��X�Z , anda
clause � is defineddually (change

k
to l ); 	 (resp., � ) is Horn, if � }���	%�,���YT (resp., � {����,�,���YT ). We

use � and � to denotetheemptyterm(truth) andtheemptyclause(falsity), respectively. A disjunctive
normal form (DNF) ��X[� # 	$# is Horn, if all 	$# areHorn. Similarly, a conjunctivenormal form (CNF)� X p # ��# is Horn, if all ��# areHorn.

E.g., the term 	@X�'(
 'J��'J��'J� has {���	%��X�Q�Tg)��D)%��U and }���	=�@X�Q
�HU , and is Horn, while the clause
�LXR'(
(l�'J��l '.� has {@���*��X�Q*'(
�)%'0�VU and }����*��X�Q*'J�gU , andthusit is notHorn.
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A partially definedBooleanfunction(pdBf) is a mapping_G��K��EM���Q�S�)*TVU definedby _3�����LX�T if
� O¡K and _3�����¢X£S if � O~M , where K F Q�S�)*TVU - denotesa setof truevectors(or positive examples),
M F Q�S�)*TVU - denotesa set of falsevectors(or negative examples),and K�> M¤X¥Z . For simplicity,
we denotea pdBf by ��KL)=M\� . It canbe seenasa representationfor all (total) Booleanfunctions(Bfs)
:W�BQ�S�)*TVU - �¦Q�S�)*TVU suchthat K F K§�]:6�9X¨Q*�©��:9������X?TVU and M F M��]:6��X¨Q*�©��:9������X�SDU ; any such
: is calledanextensionof ��KL)=MN� .

Weoftenidentify a formula � with theBf which it defines.A term 	 is an implicantof a Bf : , if 	ª�«:
holds,where � is the usualorderingdefinedby :���_�¬ KN�]:6� F KN��_�� . Moreover, 	 is prime if no
propersubterm	&­ of 	 is animplicantof : . A DNF �GX®� # 	&# is prime, if eachterm 	$# is aprimeimplicant
of � andno term 	 # is redundant,i.e., removing 	 # from � changesthefunction.

A decisionlist (DL) ¯ is a finite sequenceof pairs ��	 
 )�� 
 � , ��	 � )�� � ��),+,+,+
)���	&�°)����V� , ±�²³T , wherefor
each

j X´Tg),+,+,+�)=±¶µ�T , 	&# is any term, 	���XY� , and ��#·O¸Q�S�)*TVU , for each
j X´Tg),+,+,+
)=± . ¯ definesa Bf

:P�3Q�S�)*TVU - ��Q�S�)*TVU by :9�����zX?� # , where
j X�c j ^|Q j �H�WOWKN��	 # ��U . We call a Bf sometimesa decision

list, if : is definableby somedecisionlist; this terminologyis inheritedto restricteddecisionlists.

A � -decisionlist ( � -DL) is a decisionlist whereeachterm 	&# containsat most � literals; we denote
by /�¹ - 132 theclassof all (functionsrepresentedby) � -decisionlists. In particular, / 
 - 132 is theclassof
decisionlists whereeachtermis eitherasingleliteral or empty. A decisionlist is monotone[16], if each
term 	 in it is positive, i.e., }~��	=��XºZ . By /3»½¼ -¹ - 102 we denotetherestrictionof /�¹ - 132 to monotonedecision
lists.

A Bf : is Horn, if M@�]:6��X®¾·¿�Àe��M@�]:6�%� , where¾Á¿�À6�Â`�� denotestheclosureof set ` F Q�S�)*TVU - of vectors
undercomponent-wiseconjunction

k
of vectors;by /.Ã6Ä%Å]Æ we denotetheclassof all Horn functions. It

is known that : is Horn if andonly if : is representedby someHorn DNF. If : is alsorepresentedby a
positive DNF, i.e.,a DNF in which eachtermis positive, then : is calledpositive; /DÇ�Ä%È denotestheclass
of all positive functions.

For any vector iÉOÊQ�S�)*TVU - , we define a·}���i¢��X¥Q j ��iz#NXÉTVU and aÁMÁM@��i¢��XËQ j �9iz#§XÌSDU ,
andfor any setof vectors ` F Q�S�)*TVU - we define a·}��Â`��§X´ÍªÎ qgÏ aÁ}~����� andsimilarly a·MÐM@�Â`��§X
ÍLÎ qgÏ a·MÁM������ . Herewe assumethat a·}��Â`��ÑXÊa·MÐM@�Â`��ÑX�Q�Tg)��D),+,+,+V)%^|U if `«XÊZ . The renamingof
an ^ -ary Bf : by i , denoted:0Ò , is theBf :9��'¶Ó�i¢� , i.e., K§�]:0Òt�¢XÔQ*���.�§Ó�iÕO~KN�]:6��U , where Ó is
componentwiseadditionmodulo2 (XOR).For any classof Bfs / , wedenoteby / 5 theclosureof / under
renamings.Therenamingof a formula � by i , denoted�(Ò , is theformularesultingfrom � by replacing
eachliteral involving a variable '.# with iz#LX�T by its opposite.E.g., let :ÖX�'6
 'J�ªlf'0��'0�ªl '6
 'J� 'J� .
Then,therenamingof : by i®X?��Tg)*Tg)=S�)=S�� is :0ÒWX '(
%'J��l '0��'0��l¶'6
 '0� 'J� .

For any assignment×£X���'.#�ØÑÙ¦Ú.
*)%'.#ÜÛÁÙ¦ÚD�g),+,+,+*)%'.#ÜÝÞÙ¦ÚD¹g� for valuesÚH#ßOàQ�S�)*TVU to thevariables
'.#âá , we denoteby :gãºX�: svä*å Ø=æ·ç Ø%è ä*å Û�æ·ç Û�èêéêéêé è ä*å Ý æ·ç Ý w the function of ��^ µR�B� variablesobtainedby fix-
ing variables'J#�Ø,)%'J#ëÛ
),+,+,+*)%'J# Ý asspecifiedby × ; Similarly, �dã denotesthe formulaobtainedfrom � by
simultaneouslysubstitutingÚgì for 'J#êá , for íNXîTg)��D),+,+,+V)�� .
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3 Characterizations of 1-DecisionLists

3.1 Main result of this section

Let /.A - 
 , / 2 A - 
 , /e5798 , /B; 1 , /HC 8 , and /��=< denotethe classesof read-onefunctions,linear read-once
functions, disguiseddouble Horn functions, nesteddifferencefunctions, thresholdfunctions, and 2-
monotonicfunctions,respectively (formal definitionsof all theseclassesaregivenbelow). Wecanprove
thefollowing result.

Theorem 3.1 /J
 - 132 X«/ 2 A - 
�XR/ 5798 X«/.; 1 X«/DC 8 >¶/BA - 
mX�/��=<£>�/BA - 
 .
Proof. Immediatefrom Theorem3.4,Proposition3.6andTheorem3.7. ï

Read-oncefunctions. A function : is calledread-once, if it canberepresentedby read-onceformula,
i.e.,a formulawithout repetitionof variables.Theclass/BA - 
 of read-oncefunctionshasbeenextensively
studiedin theliterature,cf. [37, 26, 39, 31, 22, 18, 25, 11].

Definition 3.1 Definetheclassð 2 A - 
 of linear read-onceformulasby thefollowing recursive form:

��T�� � , �ºO�ð 2 A - 
 , and '.#�) '.#|O�ð 2 A - 
 for every variable'J# ;
�]�°� if �¨O�ð 2 A - 
½ñÐQV�N)��\U and '.# is a variablenot occurringin � , then 'J#3l¡� , 'J#elG� , '.# k � ,
'J# k �~O�ð 2 A - 
 .

Call a Bf : linear read-once[12], if it canberepresentedby a formulain ð 2 A - 
 , andlet / 2 A - 
 denote
theclassof all suchfunctions.E.g., '(
�'0�°� '.�9l§'J�|lÞ'0ò 'Jó�� is linearread-once,while 'J��'0�dlb'.�|l '6
 '0ò is
not. Notethat two read-onceformulaswithout occurrenceof �§)�� areequivalentif andonly if they can
be transformedthroughassociativity andcommutativity into eachother[22]. Hence,the latter formula
doesnot representa linearread-oncefunction.

Thefollowing is now easyto see(cf. also[5, p.11]):

Proposition 3.2 / 2 A - 
 X�/ 
 - 132 +
Notethatany �~O�ð 2 A - 
 is convertible into anequivalent1-decisionlist in lineartimeandviceversa.

Horn functions. We next give a characterizationin termsof Horn functions. A Bf : is calleddouble
Horn [14], if K§�]:6�ÑXY¾·¿ À ��KN�]:6�%� and M@�]:6�·XY¾·¿ À ��M@�]:6�%� . Theclassof thesefunctionsis denotedby
/ 798 . Notethat : is doubleHorn if andonly if : and : areHorn. E.g.,

: X '6
tl¶'0��'0� '.�½l¶'0��'0��'Jò�'Jó '3ô
is doubleHorn,because

: X '6

� '0��l 'J��l¶'J�*��� '3��l '.��l 'Jò�l 'Jó�l�'0ô,�
X '6
 '0�9l�'6
 'J��l¶'(
%'.� 'Jò�l¶'(
='.� 'Jó�l�'(
='.��'0ô
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is Horn. Alternatively, a Bf : is doubleHorn if andonly if it hasboth a Horn DNF anda Horn CNF
representation.In the previous example,this is easilyseento be the case. The classof doubleHorn
functionshasbeenconsideredin [14, 12] for giving KN�]:6� and M@�]:6� a morebalancedrole in theprocess
of finding aHornextension.

We can show the somewhat unexpectedresult that the classes/65798 and / 2 A - 
 coincide(and hence
/ 5798 XY/ 2 A - 
 X[/ 
 - 132 ). This givesa precisesyntacticalcharacterizationof the semanticallydefined
class/e5798 , and,by thepreviousresult,asemanticalcharacterizationof /0
 - 132 .

The proof of this result is basedon the following lemma,which canbe found in [14, 12]. Let õöX
Q�Tg)��D),+,+,+V)%^|U and ÷º��õÌ� õ be any permutationof õ . Then,let ø6ù be the setof Horn terms ø(ùPX
Q*' ù sx
$w.ú,ú,ú ' ù sv#ëw ' ù sû#Üüd
$w ��SE� jÑý ^|Uª�GQ*' ù s�
$wBú,ú,ú ' ù sv-gw U ; e.g.,for õ�X�Q�Tg)��HU and ÷���T��LX£� , ÷��]�°�LX�T ,
we have ø6ùÞX�Q ' � )V' � ' 
 )
' � ' 
 U .
Lemma 3.3([14]) Let : bea Bf on variables 'J# , j OÖõ . Then, :ÖOP/ 798 holdsif andonly if : canbe
representedby a DNF �¡X®� u�q�Ï 	 for somepermutation÷ of õ and ` F ø ù .1 ï

Denoteby /3þ%ÿ Î798 X¨Q
: sx
%
������ê
$w �g:GOI/ 798 U theclassof all reverseddoubleHorn functions.

Theorem 3.4 / 5798 X«/ 2 A - 
 XR/ 
 - 132 and /3þ%ÿ Î798 X«/ »m¼ -
 - 132 . ï
Proof. Let � beaDNF for a function :WO�/ 798 asin Lemma3.3. By algebraictransformations,� canbe
rewritten to a formula

� O�ð 2 A - 
 of theform

� X

����� ���� '6
%
='6
 �|+,+,+�'6
Â-HØ*� '0��
tl 'J�%��lG+,+,+Vl 'J��-�ÛlI��' ��
 ' �%� +,+,+=' ��-�� �&+,+,+V� '0� 
 l 'J� � lW+,+,+Vl '0� -
	 �%�%�%� if ± is even
'6
%
='6
 �|+,+,+�'6
Â-HØ*� '0��
tl 'J�%��lG+,+,+Vl 'J��-�Û

lI��' ��
 ' �%� +,+,+=' ��-�� �&+,+,+V��'0� 
 'J� � +,+,+�'J� -�	 �%�%�%� if ± is odd)
(3.1)

where±@²�S , ^|
L²àS , ^e#|²®T for
j X��D)��D),+,+,+
)=± , andthevariables'(
%
*)%'6
 �g),+,+,+�)V'J� - 	 areall different.

For example,the formula �ÊX´'J� '6
ªlG'0��'(
 , where ` XËQ*'J� '(
*)�'J��'6
�U for õ and ÷ asabove, can
be rewritten as follows: ' � ' 
 l¡' � ' 
 XÌ' � � ' 
 l¡' 
 ��XÌ' � k ��X ' � ; the formula

� XÌ' 
 ' � ' � l
'6
%'0��'J��'.� '0ò9l�'6
%'J��'0��'J�,'Jò 'Jó for õ�X�Q*'(
*),+,+,+�)%'0ó�U and ÷©X identity canberewritten as

'6
%'J� 'J��l�'6
%'J��'0��'J� 'Jò�l¶'(
�'0��'J��'.��'0ò 'JóªXR'6
='0��� 'J��l¶'J� '0ò�l¶'.��'0ò '0ó��9XR'6
='0��� 'J��l¶'J��� '3ò�l 'Jó*�%��+
Therefore,wehave / 5798 F / 2 A - 
 . Moreover, sinceeveryformula �~O¶ð 2 A - 
 canbetransformedto form
(3.1) by changingthepolaritiesof variables,/65798
� / 2 A - 
 holds;hence/e5798 X / 2 A - 
 . This together
with Proposition3.2shows thefirst statementof this theorem.

Thesecondstatementeasilyfollows from theabove argument. ï
Thus, thereexists an interestingrelationshipbetween1-decisionlists, read-onceformulas,and(dis-

guised)Hornfunctions.By meansof therelationshipin Theorem3.4,weareableto preciselycharacterize
theprimeDNFsof functionsin / 5798 . This is animmediateconsequenceof thenext theorem.

1This lemmacanalsobederivedfrom a relatedresultonfinite distributive lattices,see[28].
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Theorem 3.5 Every :�O / 5798 � equivalently, :�O /J
 - 132 , :�OG/ 2 A - 
�� hasa renamingi such that : Ò is
positiveandrepresentedby theuniqueprimeDNF

�¡X®� »#��d
 	�
 ú,ú,ú 	&#�'�� å (3.2)

where Q*	&#&)%'�� å � j XÕTg),+,+,+
)%cGU is a setof pairwisedisjoint positivetermsand each 	&# , j X�Tg)��D),+,+,+V)%c
maybeempty.2 In particular, (3.2) implies �¡X®� if cÔX¸S . Conversely, everysuch � of (3.2) represents
an :WO�/e5798 � equivalently, an :WO�/0
 - 132 , :GOI/ 2 A - 
�� .
Proof. Lemma3.3 implies that :�Oà/ 5798 canbe renamedto a function _ representedby a linear read-
onceformula (3.1) (cf. proof of Theorem3.4); expandingthis form into DNF (applydistributivity) and
subsequentrenamingof negative variablesyieldsform (3.2). Thelatterform is clearlyaprimeDNF, and
it is uniquesinceeverypositive functionhasauniqueprimeDNF. Conversely, � in (3.2)canberewritten
by factorizationto a linearread-onceformula 	�
���'�� Ø lb	��g��'�� Û lb	&����'�� � l ú,ú,ú 	&-°'������%�%� , whereemptyterms
	&# aresimply omitted.Theresultthusfollows from Theorem3.4. ï

Nesteddifferencesof concepts. In [21], learningissuesfor conceptclasseshave beenstudiedwhich
satisfycertainproperties.In particular, learningof conceptsexpressedasthenesteddifference��
9ñÁ�����½ñ
� ú,ú,ú ����¹
� 
 ñ���¹��%� of concepts�

*),+,+,+*)=��¹ hasbeenconsidered,wherethe ��# arefrom aconceptclasswhich
is closedunderintersection.Here,a conceptcanbe viewed asa Bf : , a conceptclass ¾ asa classof
Bfs /�� , andthe intersectionpropertyamountsto closednessof /�� underconjunction,i.e., :H
,)�:g��O~/��
implies :EX�:H
 k :g�¢O�/�� . Clearly, theclassof Bfs : definableby asingle(possibleempty)term 	 enjoys
this property. Let /B; 1 denotethe classof nesteddifferenceswhereeach ��# is a singleterm. Thenthe
following holds.

Proposition 3.6 / 
 - 102 X«/ ; 1 .

The proof of this propositionis omitted,sincewe shall prove a moregeneralresultat the endof this
sectionin Theorem3.14, wherewe alsogive a characterizationof / »m¼ -
 - 132 . Thus, the generallearning
resultsin [21] apply in particularto theclassof 1-decisionlists, andthusalsoto disguiseddoubleHorn
functionsandlinearread-oncefunctions.

Thr esholdand 2-monotonicfunctions. Let usdenoteby /HC 8 theclassof thresholdfunctionsandby
/��=< theclassof 2-monotonicfunctions.

A function : on variables'(
*),+,+,+*)%'.- is threshold(or, linearly separable) if thereareweights iz# , j X
Tg)��D),+,+,+V)%^ , andathresholdi�� from therealssuchthat :9��'(
,),+,+,+�)%'.-���XîT if andonly if � -#��d
 iz#�'J#|²Öi�� .

A function is 2-monotonic, if for eachassignment× of sizeat most � , either :gãÊ��: ã or :gã?²�: ã
holds,where× denotestheoppositeassignmentto × [32].

The propertyof � -monotonicityand relatedconceptshave beenstudiedundervariousnamesin the
fieldsof thresholdlogic, hypergraphtheoryandgametheory. This propertycanbeseenasanalgebraic
generalizationof the thresholdness.Note that / 5C 8 XÔ/DC 8 and / 5�=< XÔ/��=< . We have the following
unexpectedresult.

2Notethatthevariables����� areviewedastermshere.
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Theorem 3.7 /J
 - 132 X«/DC 8 >¶/BA - 
mX«/��=<?>�/BA - 
 .
Proof. It is well-known that / C 8�� / �=< [32], where � is properinclusion;moreover, also / 
 - 132 F / C 8
hasbeenshown [5, 3]. (Notice that in [12], the inclusion /65798 F /HC 8 wasindependentlyshown, using
theform (3.2)andproceedingsimilar asin [3]; theideais to give all thevariablesin 	 ì thesameweight,
decreasingby index í , andto assign'J# aweightsothatevery term 	9XR	�
=	��d+,+,+�	$#�'.# in � hassameweight;
thethresholdi � is simply theweightof a term 	 .)

Thus,by theresultsfrom above, it remainsto show that / �=< >�/ A - 
 F / 
 - 132 holds.

Recall that a function _ on ' 
 )%' � ),+,+,+�)%' - is regular [32], if andonly if _0�����¡²Õ_0��i¢� holds for all
�.)%i�OYQ�S�)*TVU - with � ì! ¹ �*ìR² � ì! ¹ i�ì , for �¨X�Tg)��D),+,+,+V)%^ ; denoteby /JÅ�"�# the classof regular
functions.Thefollowing factsareknown (cf. [32]):

��Ú�� Every regularfunctionis positive and � -monotonic;

�]�,� every 2-monotonicfunctionbecomesregularafterpermutingandrenamingarguments.

���*��/0Å$"�# is closedunderarbitraryassignments× (i.e., :gãROG/0Å$"�# holdsfor every :àO¡/JÅ$"�# andassign-
ment × ).

¿From ��Ú�� – ���*� , it remainsto show that /0Å$"�#ß>�/BA - 
 F / 2 A - 
(�ÂXR/0
 - 102 � .
Weclaim thatany function :GO¶/0Å$"�#z>�/.A - 
 canbewritten eitheras

(i) :EXR' #�Ø l¶' #ÜÛ lG+,+,+Vl¶' #ÜÝ l�: ­ or (ii) :EXR' #�Ø ' #ÜÛ +,+,+=' #ëÝ : ­ )
where : ­ is a regularread-oncefunctionnot dependingon any 'J#âá , TÞ�ÖíE�®� . An easyinductionusing
Theorem3.4givesthenthedesiredresultandcompletestheproof.

Since : is read-once,it canbedecomposedaccordingto oneof thefollowing two cases:

Case1: :àX�:H
�lW:g�zlP+,+,+HlG:g¹ , wherethe :V# dependon disjoint setsof variables%Ñ# andno :V# canbe
decomposedsimilarly. We show that � %Ñ#=�ß²Y� holds for at mostone

j
, which meansthat : hasform

(i). For this, assumeon thecontrarythat,without lossof generality, � %\

�û)
� %¢�H�6²?� . By consideringan
assignment× thatkills all :g�V)�:V�g),+,+,+�)�:g¹ , it follows thatthefunction _ÞX�:H
dlI:g� is regular. Observe that
any primeimplicantof _ is aprimeimplicantof :H
 or :g� , andthateachof themhaslength ²�� (since : is
read-onceandby theassumptiononthedecomposition).Let o bethesmallestindex in %\
��&%¢� i.e., o·���
for all �fO'% 
 �(% � , andassumewithout lossof generalitythat o\O'% 
 . Let 	 beany primeimplicantof
:g� and � satisfy a·}������ßX�{@��	%� . Let i¨Xº�*),+ s � w µ-+ s/.�w , where 0¡O a·}������ and + s ¹ w is theunit vector

with + s ¹ w¹ XîT and + sû#Üw X¸S , for all
j&1X�� . Notethat ¿ ý 0 and ¿9OfaÁMÁM@����� by definition.Then _0��i¢�½X�S

holds.Indeed,a·}���i¢� 1� {@��	���� for everyprimeimplicant 	�� of :g� , since a·}���i¢�e>2%¢� � {@��	=� , andalso
a·}���i¢� 1� {@��	�
�� for everyprimeimplicant 	�
 of :H
 , since �êa·}���i¢��>3%\
g�°X¨T . Consequently, thevectors
� and i with � ì4 ¹ i�ì§²5� ì4 ¹ �*ì for all ��XÊTg)��D),+,+,+V)%^ satisfy _0�����zX T and _0��i¢�ªX�S . Thus _ is not
regular, which is acontradiction.Thisprovesourclaim.

Case2: :EX®:H
=:g�t+,+,+�:g¹ , wherethe :V# dependondisjointsetsof variables%Ñ# andno :V# canbedecomposed
similarly. Then,thedualfunction : � hastheform in case1. (Recallthata formularepresentingthedual
of : , : � X :|� '6� , is obtainedfrom any formularepresenting: by interchangingl (resp.,0) and

k
(resp.,
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1).) Sincethe dual of a regular function is alsoregular [32], it follows that : � hasthe form (i), which
impliesthat : hasform (ii). ï

3.2 Possiblegeneralizations

A generalizationof Theorem3.1 is an interestingissue. In particular, whetherfor � -decisionlists and
read-� functions,where � is aconstant,similar relationshipshold. It appearsthatthis is not thecase.

By usingacountingargument,onecanshow thatfor every �76ºT , /�¹ - 132 containssomefunctionwhich
is notexpressibleby a read-� formula. In fact,astrongerresultcanbeobtained.

Let for any integer function M@��^d� denote/BA½��M@��^d�%� theclassof Bfs :9��'6
,),+,+,+�)%'J-�� , ^«²¨S , which are
definableby formulasin which eachvariableoccursat most M@��^d�Þ²[T times. For any classof integer
functions 8 , define /BA½�98��ßX;:=< sû-�w�q�> /BA½��M@��^d�%� . Denoteby / ¹Ç�Ä%È and /  ¹Ç�Ä=È theclassesof positive Bfs :
suchthatall primeimplicantsof : have size � (resp.,atmost � ), where � is aconstant.

Lemma 3.8 For every �?6�T , for all but finitely many ^56Ê� there existsan ^ -ary :«O~/ ¹Ç�Ä=È such that

:,@O¶/ A � - ÝBA Ø¹�¹
C�D�E�F - � .
Proof. Sinceall primeimplicantsof apositive functionarepositive, / ¹Ç�Ä%È contains

� � � Ý � (3.3)

functionson ^ variables.On theotherhand,thenumberof positive functionsin /.Am��M@��^d�%� is boundedby

� ú � » � � cHGJI �Vc[µÖT
c K ) (3.4)

where c X[M���^d� ú ^ . Indeed,without lossof generality, a formula � definingsomepositive function
doesnot containnegation. Assumingthatall variablesoccur M���^d� times,theformulatreehas c leaves
(atoms)and cÕµ¸T innernodes(connectives). Written in a post-ordertraversal,it is a stringof �VcÕµ¸T
characters,of which c denoteatomsandtheothersconnectives. Thereare cHG�L � » � 
» M waysto placethe
atomsin thestring, if they wereall different(this simplificationwill suffice), times � » � 
 combinations
of connectives. If we allow the singleuseof a binary connective N���'d)�O�� , which evaluatesto the right
argument O , we may assumew.l.o.g. that � containsexactly M@��^d� occurrencesof eachvariable. Thus,
(3.4) is anupperboundon positive read-M@��^d� functionsin ^ variables.(Clearly, � and � areimplicitly
accountedsincemultiple treesfor e.g. :IXR'6
 arecounted.)

Now, let uscompare(3.3)with (3.4). Clearly, (3.4) is boundedby

� ú � » � � �]�Vcf� » ) (3.5)

since cHG L � » � 
» M X��]�Vc�µRT����]�VcÕµ��°� ú,ú,ú �]�Vc�µ cf� ý �VcI» . Take the logarithmof (3.3) and(3.5) for
base2, andconsidertheinequalityL - ¹ M 6 P�QSRm��)~c[µ �&)~c �9P�QSR�cT)RT���+ (3.6)
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Since L - ¹ M XR^���^EµàT�� ú,ú,ú ��^Eµ �U)¸T���@g�VG , thisamountsto

^ ¹ @g�VGW6àc �9P�QSR½cT)à�°�X)ZY|��^d��) (3.7)

whereYt��^d� is apolynomialof degree �§µÖT . For M@��^d��X - ÝBA Ø¹�¹
C�D�E�F - , we obtain cÔX - Ý¹�¹
C�D�E�F - andthus

^ ¹
�VG 6 ^ ¹

���VG[P�QSR½^ �]�\P�QSR�^Iµ]P�QSR3�]���VG[P�QSR�^d�X)��°�^)ZYt��^d�
X ^ ¹

�VG`_ Tªµ P�QSRJ�]���VG[P�QSRm^d�tµ �
�aP�QSR�^ b )ZYt��^d��+

It is easilyseenthatfor largeenougĥ , this inequalityholds.Thisprovesthelemma. ï
Let cÐ� - Ý[A Ø¹�¹
C�D�E�F - � betheclassof functions M���^d� suchthat M@��^d�ß� - ÝBA Ø¹�¹
C�D�E�F - holdsfor infinitely many ^ .

Theorem 3.9 /  ¹Ç�Ä%È 1F /.A��dcÐ� - Ý[A Ø¹�¹
C�D�E�F - �%� , for every �e6®T .
It is easyto seethateveryfunctionin /  ¹Ç�Ä=È is in / A ��^ ¹
� 
 � . Hence,�zµfT is thelowestpolynomialdegree

� ­ X�� ­ �]�B� suchthat /  ¹Ç�Ä%È F /.A½��^ ¹Jf � .
Corollary 3.10 /0»m¼ -¹ - 132 1F /.A��dcÁ� - Ý[A Ø¹�¹
C$D�E�F - �%� and /�¹ - 132 1F /BA½�dcÁ� - ÝBA Ø¹�¹
C�D�E�F - �%� , for every �(6®T .

Consequently, any generalizationof thepartsin Theorem3.1 involving read-oncefunctionsto a char-
acterizationof � -decisionlists in termsof read-� functionsfails; this remainstrue even if we allow a
polynomialnumberof repetitive variableuses,wherethedegreeof thepolynomialis smallerthan �§µÖT .

Let usnow considera possiblegeneralizationof thecharacterizationin termsof Horn functions.Since
/�¹ - 132 containsall functionswith a � -CNF(in particular, alsotheparity functionon � variables),it is hard
to seeany interestingrelationshipsbetween/�¹ - 132 andcombinationsor restrictionsof Horn functions.

For nesteddifferencesof concepts,however, thereis a naturalgeneralizationof the result in Theo-
rem3.1. Let /.; 1 ��/(� denotetheclassof all functionsdefinableasnesteddifferencesof Bfs in / , andlet
similarly denote/ 132 ��/6� theclassof functionsdefinableby a / -decisionlist, i.e.,a decisionlist in which
eachterm 	$# exceptthelast( 	&�ÑX®� ) is replacedby some:WO�/ . Then,thefollowing holds.

Theorem 3.11 Let / beanyclassof Bfs. Then, / 132 ��/(�·XÊ/.; 1 ��/hgz� QV�\UV� , where /XgNXYQ :��0:�OP/tU
containsthecomplementsof thefunctionsin : .

Proof. We show by inductionon ±�²ÕT that every : representedby a / -decisionlist of length ��± is
in /.; 1 ��/ g �PQV�\UV� , andthat eachnesteddifference:H
mñb�]:g�zñb� ú,ú,ú �]:g��� 
 ñ·:g���%�%� whereall :V# arefrom
/Xg��fQV�\U , is in / 132 ��/6� .
(Basis)For ±§X£T , therearetwo / -decisionlists: �Â�N)=S�� and �Â�§)*T�� respectively. They arerepresentedby
thenesteddifference�¸ñ·� and � , respectively. Conversely, �Â�N)*T�� represents� , andfor any function
:GO¶/Xg , thedecisionlist � :t)=S���)��Â�§)*T�� obviously represents: ; observe that :WO�/ holds.

(Induction)Supposethestatementholdsfor ± , andconsiderthecase±X)ET . First,considera / -decisionlist
¯�XÕ�]:H
,)���
���),+,+,+�)��]:g� üd
 )���� üd
 � , wherewithout lossof generality:H
 1i � . By the inductionhypothesis,
thetail ¯ ­ Xî��	&�g)�������),+,+,+
)���	&� üd
 )���� üd
 � of ¯ canberepresentedby anesteddifferencej ­ X¸� ­ 
 ñ�� ú,ú,ú ��� ­» ñ� ­» üd
 � ú,ú,ú � , defininga Bf : ­ O /.; 1 ��/(� . If ��
·XYT , then ¯ definesthe function :PX�:H
�lf: ­ , which can
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berepresentedby thenesteddifference��ñN� : 
 ñÑ: ­ � ; replacing : ­ by j ­ , this is a nesteddifferenceof
functionsin /Xge�@QV�\U . Hence,:WO�/.; 1 ��/Xge�@QV�\UV� holds.Ontheotherhand,if ��#6X¸S , then ¯ represents
thefunction : X : 
 k : ­ , which is equivalentto nz�]: 
 l : ­ � ; sincethecomplementof any function _ is
representedby thenesteddifference�«ñm_ , we obtainfrom thealreadydiscussedschemefor disjunction
that : is representedby thenesteddifference

�Öñ¢�Â��ñ¢� : 
 ñ¢�Â�«ñß: ­ �%�%�Jk
replacing: ­ with j ­ , weobtainanesteddifferenceof functionsin /Xg(��QV�\U , hence:GO�/.; 1 ��/Xg6��QV�\UV� .

Second,let j�X®:H
3ñL�]:g�|ñL� ú,ú,ú �]:g�|ñ½:g� üd
 �%�%� beany nesteddifferenceof functionsin /Xgd�EQV�\U . By the
inductionhypothesis,j ­ X?�]: � ñm� ú,ú,ú �]:g�3ñt:g� üd
 �%�%� representsafunction : ­ O�/ 132 ��/(� ; thus, j represents
thefunction :IX�:H
 k n9: ­ .

It is easyto seethatfor any / , / 132 ��/(� is closedundercomplementation[34] (replacein a decisionlist
each� # by T�µG� # to obtainadecisionlist for thecomplementfunction).Hence,: ­ is representedby some
/ -decisionlist ¯ ­ . Now, if :H
@X´� , then ¯ ­ represents: ; otherwise,the decisionlist ¯ X¥� : 
 )=S���)=¯ ­
represents: . Hence,:GO�/ 102 ��/(� .

Consequently, theinductionstatementholdsfor ±l)¸T . Thisconcludestheproofof theresult. ï
Proposition3.6is animmediatecorollaryof thisresult.Moreover, wegetthefollowing result.Let /�¹ - mon

denotetheclassof functionsdefinableby asingleclausewith atmost � literals,plus � .

Corollary 3.12 /�¹ - 132 X«/.; 1 ��/�¹ - mpn � , / 132 ��/�¹ - 1 ;rq �9X«/B; 1 ��/�¹ - s ;rq � , for ��²®T .
Thus,/.; 1 ��/�¹ - mon � characterizes/�¹ - 132 . However, /�¹ - mpn is notclosedunderconjunction,andthus,strictly

speaking,not an instanceof the schemain [21]. A characterizationby suchan instanceis nonetheless
possible.Call a subclass/ ­ F / a disjunctivebaseof a class/ , if every :�OÖ/ canbe expressedasa
disjunction :IX�:H
dlI:g��l ú,ú,ú lI: » of functions :V# in / ­ .
Lemma 3.13 If / ­ is a disjunctivebasefor / , then / 132 ��/ ­ ��X«/ 132 ��/(� .
Proof. Supposeanitem �]:0)��,� occursin a / -decisionlist ¯ . By hypothesis,:EX�:H
Dl ú,ú,ú lÐ: » , whereeach
: # OE/ ­ . Replacetheitem by � items �]: 
 )��,� ,. . . , �]: » )��,� . Then,theresultingdecisionlist is equivalentto
¯ . Henceeach/ -decisionlist canbeconvertedinto anequivalent / ­ -decisionlist. ï
Theorem 3.14 /�¹ - 132 X«/ 102 ��/�¹ - 1 ;rq ��X«/.; 1 ��/�¹ - s ;rq � , for �I²®T .
Proof. By Corollary3.12andLemma3.13. ï

Thus,nesteddifferencesof � -CNF functionsareequivalentto � -decisionlists. Observe that from the
proof of this result,linear time mappingsbetweennesteddifferencesandequivalent � -decisiondo exist.
A similar equivalence/�¹ - 132 X¨/.; 1 ��/�¹ - 1 ;Wq � doesnot hold. Thereasonis that theclassof single-term
functionsis not a basefor /�¹ - s ;rq , which makes it impossibleto rewrite a /�¹ - s ;rq -decisionlist to a
� -decisionlist in general.

Theclassesof boundedmonotonedecisionlists canbecharacterizedin a similar way. Let /ut ¼�v¹ - 1 ;Wq and
/ - ÿpw¹ - s ;Wq be the subclassesof /�¹ - 1 ;Wq and /�¹ - s ;Wq whosemembershave a positive DNF anda negative
CNF (i.e.,no positive literal occurs),respectively.
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Theorem 3.15 / »m¼ -¹ - 132 X«/ 102 ��/�t ¼�v¹ - 1 ;rq ��X«/.; 1 ��/ - ÿpw¹ - s ;rq � , for �I²�T .
Thus,in particular, if / 2yx{z A denotestheclassof negative literalsplus � , thenwe obtainthefollowing.

Corollary 3.16 / þ%ÿ Î798 = /3»½¼ -
 - 132 = /B; 1 ��/ 2yx|z A �9X«/.; 1 ��/ - ÿpw
 - s ;rq � .
4 Recognitionfr om a Formula

Recall that the membership problem[20] (alsorepresentationproblem[4, 1]) for a class / of Boolean
functionsis decidingwhethera givenformula � representsa function in / . This problemis alsoknown
astherecognitionproblem, andwecall any algorithmsolvingit a recognition algorithm(for theclass/ ).

A 1-decisionlist, andthusalsoits relatives,canbe recognizedin polynomial time from formulasof
certainclasses,which includeHorn formulas. The basisfor our recognitionalgorithmis the following
lemma:

Lemma 4.1 A Bf : is in /J
 - 132 if andonly if either(ia) 'Dì§��: , (ib) '�ì§� : , (ic) 'Dì§��: or (id) 'Dì§� :
holdsfor someí , and(ii) : svä�á æ 
$w O©/J
 - 132 � resp.,: svä�á æ �=w O©/J
 - 132 � holdsfor all í satisfying(ia) or (ib)
� resp.,(ic) or (id) � . ï

Givena formula � , therecognitionalgorithmproceedsasfollows. It picksanindex í suchthatoneof
(ia)–(id)holds,andthenrecursively proceedswith � svä�á æ·ç w asin (ii). Theimportantpoint hereis that(ii)
impliesthata greedychoiceof any variable 'Dì satisfyingoneof theconditionsin (i) is enough,andthat
no backtrackingis needed.Thedetailsof thealgorithm,which implementsthis greedychoicestratgey,
canbe found in [12]. For its time complexity, we obtainthe following result. For a formula � , let �ê�ß�
denoteits length,i.e., thenumberof symbolsin � .

Theorem 4.2 Let ð be a classof formulasclosedunder assignments� i.e., �dã�O?ð holds for every
�àOfð andassignment×¢� such that checking equivalenceof � to � and � , respectively, canbedonein
ab��	,��^9)
�ê�ß�ê�%� timefor any �«OWð .3 Then,decidingwhethera given �«OWð representsan :~OW/J
 - 132 can
bedonein a@��^ � 	���^9)
�ê�ß�ê�%� time.

Proof. Immediatefrom thefactthattherecursiondepthis boundedby ^ andthatateachlevel ab��^d� tests
(ia)–(id) aremade. ï

Hence,thealgorithmispolynomialfor many classesof formulas,includingHornformulasandquadratic
(2-CNF)formulas.Sincetestingwhether� i � and � i � for a Horn DNF � anda quadraticformula
is possiblein ab�=�ê�ß�ê� time (cf. [10, 15]), we obtainthefollowing.

Corollary 4.3 Decidingwhethera givenHorn DNF or 2-CNF � representsan :àO¡/0
 - 132 canbedone
in ab��^ � �ê�ß�ê� time. ï

Theorem4.2hasyet anotherinterestingcorollary.
3That is, } is syntacticallyclosedunderprojection.FormulassuchasHorn DNFsmustbeslightly generalizedby allowing

occurrencesof constantsfor this property. As usual,~&�����[� �`� � is monotonicin botharguments.
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Corollary 4.4 Decidingif an arbitrary positive � i.e., negation-free� formula � representsan :~OW/ 2 A - 

canbedonein polynomialtime. ï

In fact,decidingwhethera positive formula � representsa read-oncefunctionis co-NP-complete[22,
11]. It turnsout thattheclassof / 2 A - 
 is amaximalsubclassof /.A - 
 w.r.t. aninductive (i.e.,context-free)
boundon thesizeof disjunctionsandconjunctionsin a read-onceformulasuchthatdeciding :ÖO /BA - 

from apositive formula � is polynomial.Let theclassðl� 2 A - 
 of 2-linearread-onceformulasbetheclass
of formulassuchthat

��T�� � , �ºO�ðl� 2 A - 
 , and 'J#$) 'J#|OIðl� 2 A - 
 for every variable'.# ;
�]�°� if �~O�ð � 2 A - 
 ñLQV�N)��\U and

�
is a read-onceformulathatcontainsatmost2 literalsandshares

no variableswith � , then
� lE� ,

� k �~O�ðl� 2 A - 
 .
Note that ðl� 2 A - 
 generalizesð 2 A - 
 by increasingin clause(2) thenumberof literals in

�
from oneto

two; this is theleastpossibleincrease.

Let /V� 2 A - 
 denotetheclassof all Bfs whichcanberepresentedby someformulafrom ðl� 2 A - 
 . Clearly,
/ 2 A - 
 F /r� 2 A - 
 , andtheinclusionis strict. For example,:EXR'(
%'J�Dlª'J��'J� is afunctionin /r� 2 A - 
�ñD/ 2 A - 
 .
Fromresultsin [11, 22], weeasilyderive thefollowing result.

Proposition 4.5 Deciding if an arbitrary positive � i.e., negation-free� formula � representsa function
:GO¶/V� 2 A - 
 is ��Q - �=� -hard.

Proof. Basedon a constructionin [22], it wasshown in [11, Theorem5.7] thatdecidingwhethera given
positive formula � representsany function :¡OI/.A - 
 is ��Q - �=� -hard.Theproof thereestablishesthatthis
problemis ��Q - �&� -hard,even if it is assertedthat the only possiblesuch : is of the form :«XY' 
 ' � l
'J��'J�½l ú,ú,ú 'J��- � 
%'J��- . Since :GO�/V� 2 A - 
 F /BA - 
 , theresultfollows. ï

In general,therecognitionproblemfor / 2 A - 
 is unsurprisinglyintractable.

Theorem 4.6 Decidingwhethera givenformula � representsa function :WO�/0
 - 102 is ��Q - �&� -complete.

Proof. The recognitionproblemfor /BA - 
 is in ��Q - �&� [2], andit is easyto seethat it alsoin co-NP for
/��=< . Since ��Q - �=� is closedunderconjunction,membershipin ��Q - �&� follows from Theorem3.1. The
hardnesspart is easy: any class / having the projectionproperty, i.e., / is closedunderassignments,
contains: X�T for eacharity, anddoesnot containall Bfs, is co-NP-hard[20]; obviously, /0
 - 132 enjoys
thisproperty. ï

As for � -decisionlists, it turnsout that therecognitionproblemis not harderthanfor 1-decisionlists.
In fact,membershipin ��Q - �&� follows from theresultthat � -decisionlistsareexactlearnablewith equiv-
alencequeriesin polynomial time (proved by Nick Littlestone,unpublished;this also derivable from
resultsin [21] andTheorem3.14),andtheresult[2] thatfor classeswhich areexactlearnablein polyno-
mial time with equivalenceandmembershipqueries(underminor constraints),the recognitionproblem
is in ��Q - �&� . Hardnessholdsby thesameargumentasin theproofof Theorem4.6.

We concludethis sectionwith a someremarksconcerningthe equivalenceandthe implication prob-
lem. Theproblemsare,given � -decisionlists ¯ª
 and ¯½� representingfunctions :H
 and :g� , respectively,
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decidewhether:H
LX?:g� (equivalence)and :H
Á�º:g� (implication)holds,respectively. Both problemsare
obviously in ��Q - �=� , andthey arecompletefor any fixed �G²�� , sincethey subsumedecidingwhethera
� -DNF formula is a tautology. On theotherhand,for �©X�T , bothproblemsarepolynomial,andin fact
solvablein lineartime. For theremainingcase�@Xº� , it canbeseenthattheproblemis alsopolynomial;
theunderlyingreasonis thatthesatisfiabilityproblemfor 2-CNFformulasis polynomial.

5 Extensionproblems

Theextensionproblemfor /J
 - 132 hasalreadybeenstudiedto prove thePAC-learnabilityof this class.It
is known [34] that it is solvablein polynomialtime. We point out that the result in [34] canbe further
improved, by showing that the extensionproblemfor /0
 - 102 canbe solved in linear time. This canbe
regardedasapositive result,sincetheextensionproblemfor therenamingclosuresof classesthatcontain
/0
 - 102 is mostly intractable,e.g., for /65ÃeÄ%Å]Æ , /e5Ç�Ä%È , /e5A - 
 XÔ/.A - 
 , /65�=< XÕ/��=< [7, 6], or no linear time
algorithmsareknown.

We describeherean algorithm EXTENSION (seeFigure 1), which outputsa 1-decisionlist for an
extensionof a given pdBf ��K�)=M\� . It usesLemma4.1 for the equivalent class / 2 A - 
 for a recursive
extensiontest.Thealgorithmis similarto themoregeneralalgorithmdescribedin [34], andalsoarelative
of the algorithm“total recall” in [21]. Informally, it examinesthe vectorsof K and M , respectively, to
seewhethera decompositionof form ¯ k � or ¯Pl¡� is possible,where ¯ is a literal on a variable ' # ;
if so, thenit discardsthe vectorsfrom K and M which arecoveredor excludedby this decomposition,
andrecursively looks for an extensionat theprojectionof ��KL)=MN� to the remainingvariables.Cascaded
decompositions̄z
 k ��¯½� k ��¯�� k � ú,ú,ú �%�%� etcarehandledsimultaneously.

To find anextensionof agivenpdBf ��KL)=MN� , thealgorithmis calledwith �§X�Q�Tg),+,+,+V)%^|U . Observethatit
couldequallywell consider� ü ��� � before� ü �3� � , whengoinginto therecursive calls. In particular, if
anindex

j
is in theintersectionof thesesets,thenbothdecompositions'.# k _ and 'J#VlÁ_ areequallygood.

Note that the executionof steps2 and3 alternatesin the recursion. Moreover, the algorithmremains
correctif only a subset̀ F � ü �H� � (resp., ` F � ü ��� � ) is chosen,which may leadto a different
extension.

Proposition 5.1 Givena pdBf ��KL)=M\� , where KL)=M F Q�S�)*TVU - , algorithmEXTENSIONcorrectlyfindsan
extension:GO�/0
 - 102 in a@��^ � �=� K§�!)®� M��ê�%� time. ï

Note that algorithmEXTENSION is easilymodifiedsuchthat it outputsan equivalent formula ��O
ð 2 A - 
 insteadof ¯ . Alternatively, ¯ maybeconvertedinto a nesteddifferenceof concepts' 
 ),+,+,+*)%' - in
lineartime usingtherewriting schemefrom theproof of Theorem3.11.Furthermore,integerweightsiz#
anda thresholdi � for the functionrepresentedby ¯ canbeeasilycomputedfrom � with a@�=�ê�m�ê� many
additions,i.e., in linear time (see[12]). Thus,variantsof algorithmEXTENSION may generatethese
alternative representationsfor anextensionof ��KL)=MN� in / 
 - 132 within thesametimebounds.

It is possibleto speedupalgorithmEXTENSIONby usingproperdatastructuressothatit runsin linear
time.

Theorem 5.2 Theextensionproblemfor /0
 - 132 � equivalently, for / 2 A - 
 , /DC 8 >t/.A - 
 , and /.; 1 � is solvable
in time ab��^��=� K§�4)®� M¶�ê�%� , i.e., in linear time.
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Algorithm EXTENSION
Input : A pdBf �����p��� , ���p���������B����� andaset �l���
�
� ���B¡B¡J¡��o¢`� of indices.
Output : A 1-decisionlist £ on variables¤¦¥ , §�¨©� , if ���«ª ��¬­� �lª ��¬�� hasan extension®]¨°¯²± - ³�´ , where �«ª �!¬ and�lª �!¬ aretheprojectionsof � and � to � , respectively; otherwise,“No”.

Step1. if �«ª �!¬¦µ�¶ then return £©·�µ��­¸&� �
� (exit) (* no truevectors,return ¹ *)

elseif �lª �!¬uµ�¶ then £©·�µ��­¸&�J��� (exit); (* no falsevectors,return º *)

Step2. �
»©·¼µ]½`¾�¿�ÀWÁ ÂpÃ$ÄaÅ(�$Æ�� and �yÇ7·¼µ�½`¾�¿�À�Á ÂpÃ�Äa�\�l�$Æ�� ; (* try ä*å�s��o��� w , ä�á*s$�o�o� w , #DqÉÈBÊ , ì|qaÈ A *)

if ��»3Ë3�yÇ2µ�¶ then go to Step3 (* noextensionä*åÂs$���p� w , ä*å�s$�p��� w possible*)

elsebegin (* go into recursion*)�\Ì�·¼µ]�HÍ��JÎ?¨Ï�ÑÐ�Äa�\�l��ÎÉ�r½Ò��»�Óµ�¶ or ÄaÅ(��ÎÉ�r½3��Ç'Óµ�¶�� ;��Ìu·¼µH� ; ��Ì�·�µ��ÉÍÔ���
»ÏË3��Ç`� ;£^Ì := EXTENSION�$��Ì�� �\Ì$� �
Ì/� ;
if £^Ì = “No” then return“No” (exit) (* nodecompositionÕ noextension*)

else(* �
»eµÖ�J§ ± �B¡J¡B¡[�p§�×�� ; ��Ç2µÖ�ÙØ ± �J¡B¡J¡[�­ØBÚB� *)
return £'·¼µ�� ¤²¥�Û�� �
�[�B¡B¡J¡B��� ¤²¥/Ü�� �
������¤�Ý�Û!�p�
�[�B¡J¡B¡[����¤SÝ9Þ��p�
�[�p£ßÌ (exit)

end� if � ;
Step3. à�»©·¼µ]½`áV¿�â`Á ÂpÃ�ÄaÅ(��ÎÉ� and à`Çe·¼µ�½`áV¿�â`Á ÂpÃ/Äa�\�l�$ÎÉ� ; (* try ä*å�ãa�o�o� , ä�áVãa�p��� , #Dqaä�Ê , ì9q\ä A *)

if à�»ÏËÏà`Ç2µ�¶ then return“No” (exit) (* nodecompositionÕ noextension*)

elsebegin (* go into recursion*)��Ìu·¼µH�°Í��JÆU¨å�ÖÐ!Äa�\�l��ÆS�W½æà�»�Óµ]¶ or ÄaÅ°��ÆS�W½�à`Ç©Óµ�¶�� ;� Ì ·¼µ]� ; � Ì ·�µ��ÉÍÔ��à » Ë�à Ç � ;£^Ì := EXTENSION�$��Ì�� �\Ì$� �
Ì/� ;
if çßÌ = “No” then return“No” (exit)
else(* à�»7µÖ�J§ ± �J¡B¡B¡B�o§�×�� ; à`Ç2µ?��Ø ± �B¡J¡B¡[�9Ø[ÚJ� *)

return £'·¼µ���¤²¥�Û��J���[�B¡B¡J¡B����¤²¥/Ü��J������� ¤yÝ�Û4�B���[�B¡J¡B¡[��� ¤yÝ­Þ��B���[�p£ßÌ (exit)
end� if � . è

Figure1: Algorithm for computingan T -DL representinganextensionin / 
 - 132

Proof. (Sketch) This result can be obtainedby using appropriatedatastructures,in particulardoubly
linkedlistsandcross-referencepointers.Thedatastructuresassurethatthesamebit of theinput is looked
up only few times. We merelysketchthemain ideashere;the technicaldetailsandan implementation-
level descriptionof thealgorithmcanbefoundin [12].

The setof true vectors,K , is storedasfollows (cf. Figure2). For each
j X�Tg)��D),+,+,+V)%^ and íGX�S�)*T ,

thereis a doublylinkedlist ¯�K0# è ì of all thevectors� in K suchthat � hasat component
j

value í ; ateach
component

j
of � , a link to theentryof � in therespective list ¯9K3# è ì exists. A counteréNK0# è ì recordshow

many vectorsarecontainedin ¯�K0# è ì . The counterséNK0# è ì areplacedvia pointersin buckets %\K3ê S�ë ,. . . ,%\K3ê ^`ë , which are organizedas doubly linked lists, such that the counter é\K3# è ì is in %\K3ê¼é\K3# è ìJë . A
furthercounteré\K recordsthenumberof vectorsin K ; notethat é\KîX � # è ì é\K3# è ì�@
^ . Thesetof false
vectorsis storedusingcompletelyanalogousdatastructures̄½M(# è ì�)Wé§Md# è ì , %§M�ê S�ë ,. . . , %§M�ê ^`ë , and é§M
(seeFigure2).

Noticethat thesedatastructurescanbebuilt from ��K�)=M\� in time ab��^��=� KÞ��)º� M¶�ê� . Step2 of algorithm
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Figure2: Datastructuresfor ��KL)=MN� whereK�X�Q½��S�T,S�� , ��S�S�T��.U and MîX�Q½��S�S�S��.U

EXTENSIONis thenmodifiedasfollows. Thebucket %ÐKåê¼é\K�ë containsthosecountersé\K3# è 
 and é\KBì è �
suchthat

j Oó� ü and í�Oó� � , respectively. The sets M ­ and K ­ resultby removing from M all vectors
� in the lists ¯�Md# è 
 and ¯½M0ì è � ; usingthe cross-references,occurrencesof � in the otherlists ¯�M # f è ì f are
removedaswell. Step3 is analogous.

Likeabove, the1-decisionlist ¯ computedby EXTENSIONcanbeconvertedto anequivalentformula
�¸O ð 2 A - 
 , a thresholdfunctiongivenby integerweights iz# anda thresholdi�� , or a nesteddifference
of concepts'6
*),+,+,+*)%'J- in lineartime. ï

Thus,in thelearningcontext we obtainthefollowing result.

Corollary 5.3 Learninga Bf : Of/J
 - 132 froman arbitrary � possiblyspoiled� teaching sequencefor : is
possiblein linear timein thesizeof theinput.

It turnsout that our algorithmcanbe usedasa substitutefor the learnerin the teacher/learnermodel
for /0
 - 132 describedin [17]. That algorithmis basedon the ideato build a decisionlist by moving an
item ��og)��,� , where o is a literal and � an outputvalue,from the beginning of a decisionlist towardsthe
endif it is recognizedthat someexampleis misclassifiedby this item. Initially, all possibleitemsare
at thebeginning,andtheprocedureloopsuntil no misclassificationoccurs(see[17] for details);it takes
ab��c � ^d� many stepsif the input hassize a@��cI^d� , where c is the lengthof theshortestdecisionlist for
thetarget.

Themethodin [17] is somewhat dual to ours,andit is easilyseenthat the itemswhich remainat the
beginning of the list are thosewhoseliterals areselectablefor decompositionin our algorithm. Thus,
by the greedynatureof our algorithm, it constructsfrom the (possiblyspoiled)teachingsetas in [17]
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exactly thetarget function. This shows that /0
 - 132 is anefficiently learnableclass;sincetheteachingset
is constructiblefrom the target in linear time, we have that /0
 - 102 is a nontrivial classof optimal order,
i.e., lineartime for bothteachingandlearning.

5.1 Generating all extensions

A standardgeneralizationof finding onesolutionto acombinatorialproblemis to find all solutions,with
particularemphasison algorithmsthatenumerateall thesolutionsoneby one(andwithout repetitionsof
thesamesolution),seee.g.[24, 27,38].

Enumeratingall extensionsof a pdBf in /0
 - 132 is a combinatorialproblemof interest. It is clearthat
in general,a pdBf mayhave an exponentialnumberof extensionsin / 
 - 132 , andthusnot all extensions
canbecomputedin polynomialtime. However, a procedurewhich producestheextensionsoneby one
suchthat the time until the next output occursis boundedby a polynomial allows one to generatea
polynomialnumberof extensionsin polynomialtime; in particular, if only polynomiallymany extensions
exist, all of themcanbe generatedin polynomialtime. In an application,an extensionmay be chosen
afterseeingapolynomialnumberof possiblecandidateswhichcanbeproducedefficiently. In thisway, a
goodextensiononacertaincriterioncanbegeneratedwith polynomialtimeeffort, whereit is intractable
to find thebestextension.Theenumerationprocedureserveshereto efficiently generatethesearchspace
of all extensions.

For example,findingashortestextension(in termsof a1-decisionlist) of agivenpdBf is unsurprisingly
NP-hard,asfollows from resultsin [12, 14]. As a simpleapproximation,theshortestdecisionlist out of
apolynomialnumberof decisionlistsgeneratedin polynomialtime maybechosen.

Ideally, thenext extensionis generatedin time boundedby apolynomialYt� ú � in theoriginal input size,
i.e., in time Yt��^��=� KÞ��)?� M¶�ê�%� where ^��=� KÞ��)?� M¶�ê� is thesizeof a pdBf ��KL)=M\� . Thus,regardlessof how
many (possiblyalreadyexponentiallymany) extensionshave alreadybeengenerated,thenext extension
will be found within the sametime, or it will be recognizedthat no further extensionexists. Suchan
algorithmis calleda polynomialdelayalgorithm in [24].

In this section,we presentanalgorithmfor enumeratingall extensionsof a pdBf in /J
 - 132 , with poly-
nomial delay, suchthat eachextensionis output only onceand that no auxiliary memoryis usedfor
storingthe extensionsalreadyoutput. Informally, the algorithmis a backtrackingproceduresimilar to
EXTENSIONthat recursively outputsextensionswith commonprefix in their syntacticalrepresentation
as1-DLs. However, a simplerealizationis preventedby ambiguousrepresentationof thesamefunction
throughdifferent1-DLs. Therearetwo sourcesof ambiguity:

(I) The commutativity of logical connectives. For example, the 1-DLs ��'6
,)*T���)���'J��)*T���)��Â�N)=S�� and
��'0�g)*T���)���'6
�)*T���)��Â�§)=S�� bothrepresentthefunction :IXR'6
tl¶'0� .

(II) In every 1-DL, thereexist two equivalentchoicesfor the two innermostnodesof the 1-DL. For
example,��'(
*)*T���)���'J��)*T���)��Â�N)=S�� and ��'6
*)*T���)�� 'e�V)=S���)��Â�N)*T�� bothrepresentthefunction :IXR'(
Vlß'0� .

In combination,thesetwo sourcesgeneratefurtherambiguity:also ��'J�g)*T���� 'd
*)=S���)��Â�N)*T�� represents:IX
' 
 lt' � . Thus,evenif any prefixof this1-DL isdifferentfromany prefixof the1-DL ��' 
 )*T���)�� ' � )=S���)��Â�N)*T�� ,
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they bothrepresentthesamefunction. To avoid suchambiguity, our enumerationalgorithmusesthefol-
lowing canonicalform of 1-DLs:

1. �Â�§)=S�� and �Â�N)*T�� arecanonical,representing:IX¸S and :IXîT , respectively;

2. any 1-DL ��o 
 )=S���)��Â�§)*T�� is canonical;and

3. a 1-DL ��o

*)���
���),+,+,+
)���o���)����
� where ± ²£� is canonical,if no variableoccursmorethanoncein it
andits tail is either ��o,��� � )*T���)���o,��� 
 )*T���)��Â�N)=S�� or ��o,��� � )=S���)���o,��� 
 )=S���)��Â�N)*T�� .

For example,:�X¸' 
 l¶' � is representedby thecanonical1-DL ��' 
 )*T���)���' � )*T���)��Â�N)=S�� .
It is easyto seethatthecanonicalform amountsto therequirementthatin theform (3.1)of equivalent

(renamed)linear read-onceformulas,the innermostlevel hasat leasttwo literals, andthat a canonical
1-DL is thusuniqueup to permutationsof neighboredelements��o # )�� # � , ��o #Üüd
 )�� #Üüd
 � that have the same
outputvalue,i.e., ��#|Xî��#Üüd
 . Our enumerationalgorithmhandlesthis ambiguityby excludingany literal
o , onceit hasbeenchosenfor a level

j
of the(renamed)form (3.1),for furtherselectionat thesamelevel.

We needsomepreparatorydefinition. The variableof a literal o is denotedby õ¶��o�� . The literal is
called

k
-selectable(resp., l -selectable) for a setof vectors ` , if either obX 'Dì and í O�a·}��Â`�� (resp.,

íÖO®aÁMÁM@�Â`�� ), or oIX ' ì and íÖOºaÁMÁM@�Â`�� (resp.,í�O®a·}��Â`�� ). The setof all
k

-selectable(resp.,
l -selectable)literalsfor ` is denotedby Sel-LitÀ6�Â`�� (resp.,by Sel-Litã(�Â`�� ).

Our algorithm,ALL-EXTENSIONS, is describedin Figure3. It builds an 1-DL ¯ stepby stepfrom
scratch.Theexpansionof thecurrentlist by anelement��og)=S�� (resp., ��og)*T�� ) is calleda conjunctionstep
(resp.,adisjunctionstep). Forefficiency reasons,thealgorithmcallsfunctionsPOSS-

k �%��K ­ )=M ­ ��)[� ­ )=¯ j 	 ­ À �
andPOSS-lz�%��K ­ )=M ­ ��)[� ­ )â¯ j 	 ­ ã � , respectively, whicharegenericfunctionsfor pruningthesearchspaceby
eliminatingbranchesof thecomputationwhich will for surenot leadto a new extension.They aresup-
posedto report“Yes”wheneverthecurrentpartial1-DL ¯~X£��o

*)���
���),+,+,+�)���o�#�)���#]� for ��KL)=M\� , where

j ²®T ,
canbecompletedto acanonical1-DL suchthat:

(i) at leastonefurtherelement��o�#ëüd
,)���#Üüd
�� whereo�#Üüd
 1X®� mustbeappended,and

(ii) all elements��o%ì°)���ì
� where��ì�X¸S (resp.,��ìÑXîT ) thatareappendedbeforethenext disjunctionstep
(resp.,conjunctionstep)mustbefrom ¯ j 	 ­ À (resp.,̄

j 	 ­ ã ).

Clearly, any pruningfunctionsPOSS-
k

andPOSS-l whichsatisfythispropertyaresound,i.e., they do
notprunethesearchspaceincludinganew extension.Wenotethefollowing result.

Proposition 5.4 SupposePOSS-
k �%��K ­ )=M ­ ��)[� ­ )=¯ j 	 ­ À � andPOSS- lª�%��K ­ )=M ­ ��)[� ­ )=¯ j 	 ­ ã � aresoundpruning

functions.Then,algorithmALL-EXTENSIONScorrectlyenumerates1-DLsfor all extensions:WO�/ 
 - 132
of ��KL)=M\� , i.e., 1-DLs ¯z
,)=¯��g),+,+,+
)V¯ » such that each extension:¡OE/J
 - 132 is representedby somē�# and
different ¯ # s representdifferentextensions.

Proof. The proof by inductionon � �0� is straightforward. It is easyto seethat the assertedsoundness
conditionon POSS-

k
andPOSS-l guaranteesthat thealgorithmoutputseachextensionin /J
 - 102 : every

completionof a partial 1-DL ¯ to somecanonical1-DL that hasnot beenoutputso far is found. Fur-
thermore,theexclusionof literalsfrom ¯ j 	�À in thewhile loop of Step1 (resp.,̄

j 	�ã in thewhile loop of
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Step2) eliminatesambiguity(I), i.e., commutativity of logical connectives. Sinceonly canonicalT -DL
areoutputby theconditionon theoutputs,differentoutputsrepresentdifferentextensions. ï

A trivial implementationof POSS-
k

andPOSS-l simply returns“Yes”, independentof theinput (call
this POSS1).However, the resultingalgorithmis not polynomialdelay. For example,consider ��K�)=M\�
whereK¸X�QH��T ú,ú,ú T���U , M�X�Q*��OGQ�S�)*TVU - ���êa·MÐM@�����,�HXîTVU . ThispdBf hasauniqueextensionin /0
 - 132 ,
which amountsto :¨XÌ'6
='0� ú,ú,ú '.- . Using POSS1,algorithmALL-EXTENSIONS hasexponentially
many computationpathswhich drive to no solution: eachsubsetof Q*'6
,),+,+,+�)%'J-BU will be consideredas
initial conjunctive prefix for anextensionin / 
 - 132 , but only oneof themsucceeds.

WeconsidertherethepruningfunctionsPOSS2-
k

andPOSS2-l , wherePOSS2-
k

is shown in Figure4.
The function POSS2-l is completelysymmetric. The following lemmais easilyestablished.In what
follows, let for any setof literals × andsetof vectors̀ , denoteõ@��×·��X�QVõ¶��o��z�
o¢O©×ÁU and ` ã X�Q*��O
`Ö�V�¶O�KN��o�� for all o·OE×ÁU , where õ@��o�� denotesthevariableof o .
Lemma 5.5 POSS2-

k
is a soundpruningfunction,which is executablein a@�=� �0� � �ë� M�ê ��ë&�ê� time.

Proof. Supposethat the currentpartial 1-DL canbe completedto a canonical T -DL asin items(i) and
(ii) beforeProposition5.4, i.e., POSS2-

k
is supposedto return“Yes”. Thenthereexists a 1-DL ¯�X

��oV
*)��*
���),+,+,+�)���o�¹D)���¹g��)0�Â�N)���¹ üd
 � representinganextension: 1X£�N)�� suchthat Q,o�#L�0Tb� j ��í�U F ¯ j 	%À
holdsfor themaximalprefix ��o

*)=S�� ,. . . , ��o%ìV)=S�� of ¯ with output0. As : 1X?�N)�� , thefirst if-statementis
correct;hencetheelse-if statementis alsocorrect.For what is left, we considerthecasein which ¯ j 	%À
doesnot containoppositeliterals. If í�Xî� (i.e., ¯RX���o

,)=S���),+,+,+V)���o%ì°)=S���)0�Â�N)*T�� ), then o=ì is l -selectable
for MdãÔê �,ãXë with ×®X¸¯ j 	�ÀNñLQ,o%ì�U . This meansthatPOSS2-

k
correctlyreturns“Yes”. On theotherhand,

if í ý � , then o=ì�üd
 is l -selectablefor Mtãaê �,ãhë with ×�X¸¯ j 	�À¢ñmQ,o=ì�üd
�U . POSS2-
k

correctlyreturns“Yes”
alsoin thiscase.Thisprovesthesoundnessof POSS2-

k
.

As for the time bound,using countersfor � M�� , � K§� and the numberof oppositeliteral pairs in ¯ j 	%À
(which canbe efficiently maintained),the first if statementandthe elseif statementcanbe executedin
constanttime; notethat � M�ê ��ë&� = � M�� , � K3ê ��ë&� = � KÞ� asin callsof POSS2-

k
all vectorsin M ,K coincideon

Q�Tg)��D),+,+,+V)%^|Ußña� . Theremainderis clearlyexecutablein ab�=� �3� � � M��ê� time. ï
Weremarkthatconsideringonly ×�X�¯ j 	%À in POSS2-

k
(insteadof all × with � ×§��X?� ¯ j 	%Àd��µ T ) would

beincorrect,assomeliteral onavariablein ¯ j 	�À maybeneededfor an l -selectableliteral. For example,
consider��KL)=M\� where K XYQH��T�T�T�T���U , MYX�QH��T�T,S�T���)���T�T�T,S���)V��S�T*S�SH��U andassume�WXYQ�Tg)��D)��D)%��U and
¯ j 	�ÀRXöQ*'6
*)%'0�VU . Then, the modifiedtestwould report “No”, which incorrectlyprunesthe canonical
1-DL � '6
,)=S���)���'0�°)*T���)B� 'J�g)=S���)B� '.��)=S���)��Â�§)*T�� representing:EXR'(
*� '3��l¶'J��'J�
� .

For POSS-l , we obtainasymmetricresult.

Lemma 5.6 POSS2-l isasoundpruningfunction,whichcanbeexecutedin callsofALL-EXTENSIONS
in ab�=� �0� � �ë� K3ê �Së&�ê� time.

An exampleof ALL-EXTENSIONS is givenin theappendix.We now show that this algorithm,using
POSS2,is polynomialdelayin asuitableimplementation.

Theorem 5.7 Supposethat ALL-EXTENSIONS usesPOSS2-
k

and POSS2- l , and that, if possible, a
literal o¢OE¯ j 	%À�� resp.,o·OE¯ j 	ÙãJ� is selectedin thewhile loopof Step1 � resp.,Step2� in ALL-A UX such
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Algorithm ALL-EXTENSIONS
Input : A pdBf �����p��� , where���p�,�����y�B����� .
Output : 1-DLs £ô±4�p£ßî4�B¡J¡B¡B� £^õ for all extensionsof �$���p��� in ¯y± - ³�´ .

Step1. if �]µ�¶ then output“ �­¸&� �
� ” (continue); (* specialtreatmentof extension¹ *)

if �Öµ�¶ then output“ �9¸&�B��� ” (continue); (* specialtreatmentof extensionº *)

if �óÓµ�¶ and �5Óµ�¶ and EXTENSION����� ��� = “No” then halt; (* nonon-trivial extensions*)

Step2. £ := ¢�§dö ; �l·¼µÖ�
���Ù�S�J¡B¡B¡��p¢`� ; (* ÷ is empty, È hasall var-indices*)£X§9øoùå·¼µ Sel-LitùV���Ô��ú4£X§9øoûå·¼µ Sel-LitûV�$��� ;
ALL-A UX �o�$���p���[�p£�� �y� £X§9ø ù � £X§9ø û � . è

ProcedureALL-A UX
Input : A pdBf ����� ��� , partial1-DL £ , set � of availablevariableindicesandsetsof literals £^§9øoù�� £X§9øoû allowedfor
decomposition.
Output : 1-DLs for all extensions®,¨]¯²± - ³�´ of �����p��� having prefix £ , and the literal plus operatorafter £ is
accordingto £X§9ø ù � £X§9ø û .

Step1. (* Expand£ by aconjunctionstep*)
while thereis a literal üÔ¨å£X§9ø ù do begin� Ì ·�µ��ÉÍþýU��üJ� ; (* variableof � , ÿ s � w , is no longeravailable*)£X§9øoùå·¼µ]£^§9øoù«Í��Bü4� ; (* excludeliteral � for furtherdecomposition*)£X§9ø�Ìù ·¼µ]£^§9øoù«Í�� ü�� ; (* � = complementaryliteral of � *)��Ìu·¼µH� ; �\Ì�·¼µ?��ÆU¨å�ÑÐ�Æ*¨3�&��üJ�Ù� ;

if ( £°µ'¢�§dö or £°µ�� £^Ì$�J��üBÌ­� �
� ”) and �\Ì²µ�¶ then outputtheextension“ £���� ü4�p�������­¸&�B��� ”;
if POSS-

� �p��� Ì �p� Ì ��� � Ì �p£^§9ø Ìù � = “Yes”
then begin (* expand£ by “ � ü�� �
� ” *)£X§9ø�Ìû ·¼µ Sel-Litû �$�\Ì­ª �
Ì|¬�� ;

ALL-A UX �o�$��Ì�� �\Ì � ,“ £��J� ü!� �
� ”, ��Ì , £X§9ø�Ìù , £X§9ø�Ìû );
end� then�

end� while � .
Step2. (* Expand£ by adisjunctionstep*)

while thereis a literal üÔ¨å£X§9øoû do begin�
Ì�·�µ��ÉÍþýU��üJ� ; (* variableof � , ÿ s � w , is no longeravailable*)£X§9ø û ·¼µ]£^§9ø û Í��Bü4� ; (* excludeliteral � for furtherdecomposition*)£X§9ø Ì û ·¼µ]£^§9ø û Í�� ü�� ; (* � = complementaryliteral of � *)��Ìu·¼µ?��ÆU¨Ò�ÖÐ�Æ��¨Ò�«��üJ�Ù� ; �\Ì�·¼µ�� ;
if £°µ��p£^Ì$�J��üBÌ$�J��� ” and ��Ìyµ�¶ then outputtheextension“ £��J��ü!�B�����J�9¸&�p��� ”;
if POSS-�þ�p����Ì­�p�\Ì/��� �
Ì��p£^§9ø�Ìû � = “Yes”
then begin (* expand£ by “ ��ü!�B��� ” *)£X§9ø Ì ù ·¼µ Sel-LitùV��� Ì ª � Ì ¬�� ;

ALL-A UX �o���ÉÌ$� �\Ì � , “ £��J��ü!�B��� ”, ��Ì , £X§9ø�Ìù , £X§9ø�Ìû );
end� then�

end� while � . è
Figure3: Enumerationalgorithmfor all 1-DLs for extensionsin /J
 - 132
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Function POSS2-
�

Input : A pdBf ���&ª ��¬­� �lª ��¬�� , where��� �,�]�����J�!��� , �U�������B¡J¡B¡��p¢`� , a set £^§9øoù of
�

-selectableliteralsfor �&ª ��¬ .
Output : Boolean(“Yes”or “No”).

Step1. if Ð �«ª ��¬�Ð!µ���� Â � or Ð �lª ��¬dÐ
µ���� Â � then return “No”
elseif £^§­øoù containsoppositeliterals then return “Yes”; /* In this case,	�
�� */
for eachsubset
Ö�©£X§9ø ù suchthat Ð 
&Ð�µ,Ð £X§9ø ù Ð��Z� do begin���Z·�µ]�ÔÍ���ýU��üJ� Ð�üa¨�
�� ;���°·�µÖ�JÎ?¨Ï� Ð�ÎÖ¨Ò�&��üJ� for every ö`¨�
�� ;

if ����ö�ûr�$� � ª � � ¬��ÉÓµ�¶ then return “Yes”
end� for � ;
return “No”. è

Figure4: PruningfunctionPOSS2-
k

that oÞO¡¯ j 	�Àf� resp.,oÞO ¯ j 	ÙãJ� . Then,it enumerates1-DLsfor all extensions:PO¡/J
 - 132 of ��KL)=M\� with
ab��^ ó �=� K§� � )º� M�� � �%� delay.

Proof. Thecorrectnessof thealgorithmfollows from Proposition5.4andLemmas5.5and5.6.Weprove
thepolynomialdelaypropertyby analyzingthetree � of partial1-DLsgeneratedby ALL-A UX.

Eachnonterminalnode } in � is labeledwith theparametersof thecorrespondingcall of ALL-A UX,
which we refer to by }f+ K , }©+âM etc,andhas(ordered)childrenasfollows. For eachliteral obO }f+â¯ j 	 À
(resp.,oÁO©}f+â¯ j 	Ùã ) an

k
-node} À� , (resp.,l -node } ã� ) is generated.Thearcfrom } to } À� (resp.,} ã� )

is labeledwith � og)=S�� (resp., ��oV)*T�� ). Thenode } À� (resp.,} ã� ) is terminal,if thecall of POSS2-
k

(resp.,
POSS2-l ) for o returns“No”; otherwise,it is labeledwith theparametersof thesubsequentcall of ALL-
AUX. Therootof � , N����
	,���Þ� , is generatedin Step2 of ALL-EXTENSIONS; notethatit is nonterminal.
A node } in � is an outputnode, if ALL-A UX hasoutputbeforeissuingthe call of POSS2-

k
(resp.,

POSS2-l ) for } . A nodeis productive, if the subtreerootedat } , denoted� y , containssomeoutput
node} ­ .

We show that the size of �By is polynomially bounded,if } is not productive; sincethe bodiesof
thewhile loopsin ALL-A UX run in polynomialtime, this will establishthatprocessinganunproductive
subtreetakesonly polynomialtime. Sincethenumberof childrenof eachnodeandtherecursiondepthare
ab��^d� , this impliesthepolynomialdelayproperty. Notethat theroot of � is productive. More precisely,
we prove thefollowing lemma.

Lemma 5.8 Supposeeither } or all its childrenare not productive. Thenif } is theroot or an
k

-node,
thesizeof �By is ab�=� �3� � � M�� � � . Similarly, if } is an l -node, thesizeof �By is a@�=� �0� � � K§� � � .
Proof (of lemma 5.8). Let } be either N����V	����Þ� or an

k
-node } in the tree � , andsupposethat } ­ is

the first nonterminall -child of } (if one is generated).We claim that } ­ is productive. To seethis,
note that POSS2-lz��K ­ )=M ­ )[� ­ )=¯ j 	 ­ ã � returns“Yes”, where K ­ X¥} ­ + K , M ­ X¥} ­ +âM , � ­ X¥} ­ +¼� , and
¯ j 	 ­ ã X£} ­ +â¯ j 	�ã ; this implies that � � ­ �e² T andthat M ­ ê � ­ ë , K ­ ê � ­ ë do not containall possiblevectorson� ­ . Weshow that ��K ­ ê � ­ ëÂ)=M ­ ê � ­ ë�� hasanextension: 1Xº�N)�� in /0
 - 132 , whichprovestheclaim. If K ­ X�Z ,
thenlet : describeany vectornot in M ­ ê � ­ ë ; similarly, if M ­ X�Z , thenlet : ’scomplementdescribeavector
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not in K ­ ê � ­ ë . Otherwise,theexistenceof : is concludedfrom Lemma4.1. (We notein passingthat if
}f+âM 1X�Z , thenevery nonterminall -child of } is productive.)

As a consequence,if } is not productive, thenall l -childrenof } areterminal. For simplicity, let
K¨X¨}f+ K , M�X¨}©+âM , ¯ j 	 À X¨}f+â¯ j 	 À and ¯ j 	 ã X¨}f+â¯ j 	 ã , andconsiderthe

k
-childrenof } andtheirk

-descendants.Weconsidertwo cases.

Case (1) ¯ j 	�À doesnot containa pair of oppositeliterals. Considerany unproductive nonterminal
k

-
node } ­ 1XÊ} in the tree � y suchthat } ­ is reachedfrom } on a

k
-path,i.e., a paththrough

k
-nodes.

As alreadyshown above, } ­ hasno l -children.We observe that } ­ +â¯ j 	�ã 1XºZ musthold (otherwise,} ­
is notgenerated),andin fact � } ­ +â¯ j 	 ã ��XîT musthold (otherwise,} ­ is productive).

Wenow show thatthenumberof differentsuchnodes} ­ is boundedby � �0�ë� M¶� .
Let × ­ X Q o¡� literal o occurson the pathfrom } to } ­ U F ¯ j 	 À , let � g X�õ¶��¯ j 	 À � , and let o ­ be

the (unique)literal in } ­ +â¯ j 	�ã . We call any vector iYOàM�ê �²gJë anevidencefor } ­ , if iÕOàM ã f ê �²gJë and
i�O M@��o�� (i.e., i falsifies o ), for every literal obO ¯ j 	 À ñ\��× ­ �GQ o ­ UV� . As easilyseen,suchanevidence
mustexist for } ­ .

Considernow two unproductive nonterminalnodes} ­ )=} ­ ­ 1X } reachedfrom } on
k

-paths,such
that } ­ and } ­ ­ have commonevidencei ­ X�i ­ ­ . Let o ­ and o ­ ­ be the uniqueliterals in } ­ +â¯ j 	 ã and
} ­ ­ +â¯ j 	Ùã , respectively. Thenwe have o ­ ) o ­ ­ O¡¯ j 	%À . To verify this, supposetowardsa contradictionthat
o ­ ­ @O©¯ j 	 À . This impliesthat × ­ ­ X�× ­ �WQ o ­ U , where × ­ and × ­ ­ arethesetsof oppositeliteralsoccurring
in the path from } to } ­ (resp., } to } ­ ­ ). Now the pdBf ��Kåê �SëÂ)=M�ê ��ë�� hasextensionsrepresented
by 1-DLs }©­�+â¯ª)�� o ­ )=S���)��Â�N)*T�� and }©­�+â¯ª)���o�­�)=S���)�� o ­ ­ )=S���)��Â�N)*T�� . Consequently, it alsohasan extension
} ­ +â¯L)���o ­ )*T���)���o ­ ­ )*T���)��Â�N)=S�� . Sincethis extensionis canonical, } ­ is productive, a contradiction. The
proof for o ­ @OE¯ j 	�À is analogous;we thushave o ­ ) o ­ ­ O©¯ j 	%À .

It follows that × ­ ��Q o ­ U¢X¸× ­ ­ �¶Q o ­ ­ U F ¯ j 	%À . Obviously, atmost � �¦g°��µ T����¨� �3�,µ T�� sets× ­ ­ different
from × ­ arepossible.Thus,atmost � �0� differentnodeshave thesameevidence.Sinceeach} ­ musthave
someevidence,thenumberof different } ­ is boundedby � �0�ë� M�� .

This proves the above statementthat the numberof all nodesin subtreesrootedat unproductive
k

-
childrenof } is a@�=� �0� � � M��ê� . We canconcludethat thesameboundholdson thenumberof all nodesin
�By if either } or all its childrenarenotproductive.

Case (2) ¯ j 	%À containsa pair of oppositeliterals. This implies K®XºZ , andthusevery nonterminalnode
} ­ in �By satisfies} ­ + K£XÊZ . Suppose} ­ � 1XÊ}G� is anunproductive nonterminal

k
-nodereachedfrom

} on a
k

-path,andlet × ­ beasabove thesetof oppositeliterals in this path. Note that M ã f 1XÊZ holds
(otherwise,} ­ would beproductive). Therearetwo cases:(i) } ­ +â¯ j 	�À containsoppositeliteralsand(ii)
it containsno oppositeliterals. In caseof (i), theassertedliteral selectionstrategy of ALL-A UX implies
that × ­ mustbe from ¯ j 	��À �ûXYQ,oIOà¯ j 	%À��.o , oIOà¯ j 	%À0U . By a simpleinductive argument,we have at
most � � È"! � suchnodes} ­ , where� � X®õ¶��¯ j 	��À � . In caseof (ii), } ­ +â¯ j 	�ã@X�Q,o ­ U musthold. Similarasin
Case(1) above, we candefineanevidenceof } ­ andat most �=� �3��µR� � � �ê��� � È ! � differentnodesmayhave
thesameevidencevector. Thus,thenumberof differentnodes} ­ is boundedby � � È ! �ë� �0�ë� M¶� .

The numberof unproductive nodes} ­ in cases(i) and(ii) is thenboundedby � � È ! ��)�� � È ! �Ü� �0�ë� M��tX
ab�]� � È#! � � �0�ë� M��ê� . Sincethefirst nonterminal

k
-child of } is not productive, we musthave � M���²�� � È"! � .

Thus,thenumberof unproductive nodes} ­ in (i) and(ii) is boundedby ab�=� �3�ë� M�� � � . In particular, if }
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or all its childrenareunproductive, thenthetree �By has a@�=� �0� � � M�� � � many nodes.

This closesour analysisof �By where } is an
k

-nodeor the root of � . For an l -node } , we obtain
symmetricresultsin analogousmanner. Thatis, �By has ab�=� �0� � � KÞ� � � many nodesif } or all its childrens
arenotproductive. Thisprovesthelemma. $

We now completetheproof of thetheorem.By Lemma5.5 (resp.,Lemma5.6),eachcall of POSS2-
k

(resp.,POSS2-l ) in ALL-A UX takes ab��^ � �=� M��ê�%� (resp., a@��^ � � K§�ê� ) time. The otherstatementsin the
bodiesof theloopsin Steps1 and2 take ab��^½� KÞ�ê� and ab��^½� M��ê� time,respectively. Thus,thenext nodein
� is alwaysgeneratedwithin ab��^��=� K§�!)�^½� M��ê�%� (resp.,a@��^��=� M��!)~^½� KÞ�ê� ) time.

Considernow two outputnodes} and } ­ in � correspondingto subsequentoutputsof ALL-A UX. Let

:9��^9)�KL)=M\��X¸^ � �=� KÞ� � )®� M�� � ��+
Then,if } ­ is in �By , by Lemma5.8thenumberof nodesgeneratedbetween} and} ­ is ab��^ ú :9��^9)�KL)=M\�%�
sincetherecursiondepthis at most ^ . If } ­ is not in �By , then �By containsab�]:9��^9)�KL)=MN�%� many nodes.
Backtrackingin � to the leastcommonancestor} ­ ­ of } and } ­ generatesby Lemma5.8 ab��^ � ú
:9��^9)�KL)=M\�%� many nodes,andbetween} ­ ­ and } ­ again a@��^ ú :9��^9)�KL)=M\�%� many nodesaregenerated.
Thus, in total a@��^ � ú :9��^9)�K�)=M\�%� many nodesare generatedbetween} and } ­ . The time between
subsequentoutputsof ALL-A UX is thusboundedby

ab��^��=� K§��)®� M��ê����^ )¸T��$^ � :9��^9)�KL)=MN�%�¤X a@��^ ó �=� KÞ� � )®� M�� � �%��+
Thesameboundalsoapplieson the time until thefirst outputof ALL-A UX anduntil terminationafter
thelastoutput.Theboundon theoutputdelayof ALL-EXTENSIONSnow follows easily. ï

Weremarkthatin [13], involvedsoundandcompletepruningfunctionsREST-EXT-
k

andREST-EXT- l
aredescribed,whichcanbeevaluatedin ab��^��=� K§�Ù)f^ � � M�� � �%� and a@��^��=� M��Ù)f^ � � K§� � �%� time,respectively.
Usingthem,ALL-EXTENSIONSrunswith a@��^ ò �=� KÞ� � )�� M�� � �%� delay.

Improvementsto ALL-EXTENSIONScanbemadeby usingappropriatedatastructuresandreuseof in-
termediateresults.It remainsto seewhetheranalgorithmwith lineartimedelayis feasible.Notethatlike
algorithmEXTENSION,alsoalgorithmALL-EXTENSIONScanbeeasilymodifiedto enumerateequiv-
alentrepresentationsof the /0
 - 132 -extensionsof the pdBf ��KL)=M\� in termsof linear read-onceformulas,
setsof thresholdweights,or nesteddifferenceof concepts' 
 ),+,+,+�)%' - .

Theorem5.7hasimportantcorollaries.

Corollary 5.9 There is a polynomialdelayalgorithmfor enumerating the � unique� primeDNFs for all
extensionsof a pdBf ��KL)=MN� in /0
 - 102 � resp.,in / 2 A - 
 , /.; 1 , and / 5798 � .
Proof. By Theorem3.5,theprimeDNF for alinearread-onceformula � canbeobtainedfrom � in ab��^ � �
time. ï

Denoteby /9��^d� theclassof all Bf of ^ variablesin / . Then,if weapplythealgorithmon ��KL)=MN� , where
K¸X¸M¨X�Z for given ^ , thenweobtainall membersof / 2 A - 

��^d� . Hence,

Corollary 5.10 There is a polynomialdelayalgorithmfor enumerating the � unique� primeDNFsof all
:GO¶/ 
 - 132 ��^d�½� resp.,in / 2 A - 
 ��^d� , / ; 1 ��^d� , and / 5798 ��^d�%� . ï
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Transferredto thelearningcontext, we obtain:

Corollary 5.11 AlgorithmALL-EXTENSIONS outputsall hypotheses:�O /0
 - 132 which are consistent
with a givensamplè with polynomialdelay. Similar algorithmsexist for / 2 A - 
 , / ; 1 , and / 5798 .

As a consequence,if the samplealmostidentifiesthe target function, i.e., thereareonly few (up to
polynomially many) differenthypothesesconsistentwith the sample ` , then they canall be output in
polynomialtime in thesizeof ` .

As anothercorollaryto Theorem5.7,checkingwhethera pdBf ��KL)=MN� uniquelyidentifiesonefunction
from theclass/J
 - 132 is tractable.

Corollary 5.12 GivenapdBf ��KL)=MN� , decidingwhetherit hasauniqueextension:WO�/J
 - 102 � equivalently,
:GO¶/ 2 A - 
 , :GOI/B; 1 , and :GO¶/ 5798 � is possiblein polynomialtime.

For learning,thisgivesusthefollowing result.

Corollary 5.13 Decidingwhethera givensamplè is a teaching sequencefor /0
 - 132 � equivalently, for
/ 2 A - 
 and / ; 1 � is possiblein polynomialtime.

Example5.1 ConsiderthepdBf ��KL)=M\� , whereK¸X�QH��S�T�T���)���T,S�T���U , M�X�QH��T�T,S���)���S�S�T���U . Thealgorithm
ALL-EXTENSIONS outputsthesingle1-DL � ' � )=S���)���' 
 )*T���)���' � )*T���)��Â�N)=S�� , which representstheexten-
sion

� XR'0�g��'(
BlÐ'0��� . In fact,
�

is theuniqueextensionof ��KL)=M\� in /J
 - 102 . Observe thatonly extensions
:GO�/ 2 A - 
 of form ' � k � arepossible,as ' � is theonly

k
- resp. l -selectableliteral; sinceno term ' � ' ì

canbean implicantof anextensionand K containstwo vectors,it follows that '0�g��'(
½lE'0��� is theonly
extensionof ��KL)=M\� in / 2 A - 
 andthusin /J
 - 132 . ï

6 Conclusion

In this paper, we have consideredthe relationbetweendecisionlists andotherclassesof Booleanfunc-
tions. We foundthattherearea numberof interestingandunexpectedrelationsbetween1-decisionlists,
Horn functions,and intersectionsof classeswith readonce-functions.Theseresultsprovide us with
syntacticalandsemanticalcharacterizationsof anoperationallydefinedclassof Booleanfunctions,and
vice versawith anoperationalandsyntacticalcharacterizationof intersectionsof well-known classesof
Booleanfunctions.Moreover, they allow usto transferresultsobtainedfor oneof theseparticularclasses,
thecorrespondingothers.In thisway, thecharacterizationsmaybeusefulfor deriving futureresults.

On thecomputationalside,we have shown that someproblemsfor 1-decisionlists andtheir relatives
aresolvablein polynomialtime; in particular, findinganextensionof apartiallydefinedBooleanfunction
(in termsof learning,a hypothesisconsistentwith a sample)in this classis feasiblein linear time, and
enumerationof all extensionsof a pdBf in this class(in termsof learning,all hypothesesconsistentwith
sample)is possiblewith polynomialdelay. Furthermore,theuniqueextensionproblem,i.e., recognition
of a teachingsequence,is polynomial.

Severalissuesremainfor furtherresearch.As wehave shown, asimplegeneralizationof thecharacter-
izationsof 1-decisionlists in termsof otherclassesof Booleanfunctionsis notpossibleexceptin asingle
case.It would bethusinterestingto seeunderwhich conditionssucha generalizationcouldbepossible.
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Observe thattheinclusion /�¹ - 132 F /HC 8 �]�B� is known [3], where/DC 8 �]�B� denotesthefunctionsdefinable
asalinearlyseparablefunctionwherevariablesarereplacedby termsof sizeatmost � . A precise,elegant
descriptionof the /�¹ - 132 fragmentwithin / C 8 �]�B� would beappreciated;aswe have shown, intersection
with read-� functionsis notaptfor this. Moreover, furtherclassesof Booleanfunctionsandfragmentsof
well-known suchclasseswhichcharacterize� -decisionlistswould beinterestingto know.

Otherissuesconcerncomputationalproblems.Oneis apossibleextensionof thepolynomial-timedelay
enumerationfor 1-decisionlist extensionsto � -decisionlists for �°6¨T . While finding a singleextension
is possiblein polynomial time [34], avoiding multiple outputof the sameextensionis ratherdifficult,
anda straightforward generalizationof our algorithmis not at hand.Intuitively, for termsof size �Z6?T ,
consensusplaysa role andmakescheckingwhetheritemsof a decisionlist areredundantintractablein
general.Wemaythusexpectthatin general,nosuchgeneralizationof ouralgorithmfor �76®T is possible.
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A Appendix: Example for ALL-EXTENSIONS

ExampleA.1 Considerthe pdBf &('*)�+-, where '/.102&�3�3546,#)6&�35473�,"8 , +9.:02&�3�3�3�,"8 . We apply ALL-
EXTENSIONS.

Step1. No output.

Step2. ;=<>.@?�ACB ; DE<>.F0�4�)"GH)"I28 ; ;JALKNMO.P0 QSRT8 ; ;JALKNUE.F0�QVR�)NQ�W�)NQ�XY8 .
Call ALL-A UX for &('�Z D\[L)�+EZ D�[], , D , ; , ;JALKNM , ;^ALK�U .

(ALL-AUX (1)) Step1. ;_. QVR : D\`a<>.P0bGH)"I28 , ;^ALKNMc<>.ed ; ;JALKf`M <>.�d ;
' ` <>.P02&�3�3546,#)6&�35473�,"8 ; + ` <>.F02&�3�3�3�,"8 ; No outputin the“if ”.
Call POSS2-g for '*`hZ D\`i[L)�+j`LZ D\`>[], , D\`V.k0bGH)"I28 , and ;^ALKl` M .md ; it answers“Yes” ( Q�W is n -selectable
in + `po Z D ` [ ).
Expand ; by “ &]QVR�)�3�, ”: ;JACKl` U <>./0�Q�W�)NQaXY8 ; Call ALL-A UX for &('*`LZ D\`>[L)�+j`LZ D\`i[], , D�` , ;J`*.q&]QSR7)�3�, ,
;^ALK ` M , ;JACK ` U ;

(ALL-AUX (2)) Step1. void, as ;JALKNME.ed .
Step2. ;r.mQ W : D ` <>.s0bI28 ; ;JALK U <>.t0�Q X 8 ; ;^ALK ` U <>.u0�Q X 8 ; ' ` <>.u02&�3�3546,"8 ; + ` <>.u02&�3�3�3�,"8 .
No outputin the“if ”.
Call POSS2-n for D ` .P0bI28 ; ;JALK ` U .F0�Q X 8 ; it answers“Yes” ( Q X is g -selectablein ' `po Z D ` [ ).
Expandv by “ &]Q�W�)�46, ”: ;JALK ` M <>.P0�Q�XY8 ; CallALL-A UX for &(' ` Z D ` [L)�+EZ D ` [], , D ` , ; ` .q&]QVR�)�3�,#)6&]Q�W�)�46, ,
;^ALK ` M , ;JACK ` U .
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(ALL-AUX (3)) Step1. ;_.�Q�X : D ` <>.�d ; ;JALKNMc<>.�d ; ;JACK ` M <>.�d ; ' ` <>.F02&�3�3546,"8 ; + ` <>.ed ;
No outputin the“if ”.
Thecall of POSS2-g for D ` .�d , ;^ALK M .ed answers“No”.
Step2. ;_.@QaX : D ` <>.rd ; ;^ALK�Uw<>.ed ; ;JALK ` U <>.ed ; ' ` <>.ed ; + ` <>.F02&�3�3�3�,"8 ;

Output ;xRy.m&]QSR�)�3�,T&]QaW�)�46,#)6&]Q�X\)�46,#)6&Lz�)�3�, ;
Thecall of POSS2-n for D ` .�d , ;^ALK�M�.ed answers“No”.
(endof ALL-AUX (3))

(ALL-AUX (2) continued)Step2. ;=.eQ�X : D ` <>.{0bG28 ; ;JALKNUw<>.Fd ; ;JACK ` U <>.Fd ; ' ` <>.{02&�35473�,"8 ;
+ ` <>.P02&�3�3�3�,"8 ;
Call POSS2-n for D ` .F0bG28 , ;^ALK ` U answers“Yes” ( Q�W is n -selectablein ' `po Z D ` [ ). This branch
doesnot dri ve to a solution.
Expand; by “ &]Q�X�)�46, ”: ;^ALK ` M <>.P0�Q�Wb8 ; CallALL-A UX for &(' ` Z D ` [L)�+ ` Z D ` [], , D ` , ; ` .|&]QSR7)�3�,T&]Q�X�)�46, ,
;^ALK ` M , ;JACK ` U ;

(ALL-AUX (3)) Step1. ;_.�Q�W : D�`a<>.�d ; ;JALKNMc<>.�d ; ;JACKl` M <>.�d ; '*`a<>.F02&�35473�,"8 ; +j`}<>.ed ;
No outputin the“if ”.
Thecall of POSS2-g for D\`~.�d , ;^ALK�M�.ed answers“No”.
Step2. void, as ;^ALKNUE.ed . (endof ALL-AUX (3))

(endof ALL-AUX (2))

(ALL-AUX (1) continued)Step2. ;k.�QSR : D\`x<>.�0bGH)"I28 ; ;JALKNU�<>.�0�Q�W�)NQ�Xb8 ; ;^ALKl` U <>.�0�QaWb)NQaXY8 ;
' ` <>.P02&�3�3546,#)6&�35473�,"8 ; + ` <>.F02&�3�3�3�,"8 ; No outputin the“if ”.
Thecall of POSS2-n for D\`~.F0bGH)"I28 , ;^ALKl` U .F0�Q�W�)NQaXY8 , answers“Yes”( QaW�g -selectablein '*` �T��Z D�`>[ ).
Expand; by “ &]QVR6)�46, ”: ;^ALK ` M <>.ed ; Call ALL-A UX for &(' ` Z D ` [L)�+ ` Z D ` [], , D ` , ; ` .q&]QVR�)�46, , ;^ALK ` M , ;JALK ` U ;

(ALL-AUX (2)) Step1. void, as ;JALKNME.ed .
Step2. ;�.FQaW : D ` <>.�0bI28 ; ;JACK�U�<>.�0�Q�Xb8 ; ;JALK ` U <>.�0�QaXY8 ; ' ` <>.�02&�3�3546,#)T8 ; + ` <>.�02&�3�3�3�,"8 .
No outputin the“if ”.
Call POSS2-n for D ` .P0bI28 ; ;JALK ` U .F0�QaXY8 ; it answers“Yes” ( QaX is g -selectablein ' `po Z D ` [ ).
Expandv by “ &]Q�W�)�46, ”: ;^ALKl` M <>.F0�Q�XY8 ; CallALL-A UX for &('*`�Z D�`i[L)�+EZ D\`i[], , D�` , ;J`~.q&]QSR7)�46,T&]QaW�)�46, ,
;^ALK ` M , ;JACK ` U .

(ALL-AUX (3)) Step1. ;_.@Q X : . . . Output ; W .m&]Q R )�46,T&]Q W )�46,T&]Q X )�46,T&Lz�)�3�, ; . . .
(endof ALL-AUX (3))

(Step2. of ALL-AUX (2)) ;�.@Q�X : . . . (endof ALL-AUX (2))

(ALL-AUX (1) Step2. continued). ;_.@QaW : . . . Output ;^X*.m&]QaW�)�46,T&]QSR6)�3�,T& Q}X�)�3�,T&Lz�)�46, ; . . .
. . . Output ;J�*.m&]Q W )�46,T&]Q X )�46,T&Lz�)�3�, ; . . .

(ALL-AUX (1) Step2. continued). ;_.@QaX : . . . Output ;^�*.m&]QaX�)�46,T&]QSR6)�3�,T& Q}W�)�3�,T&Lz�)�46, ; . . .

(endof ALL-AUX (1))

(endof ALL-EXTENSIONS)

Thus, the algorithm outputscanonical1-DLs for the the five extensions�yR�. QVRb&]Q�Wjn�QaX6, , ��W�.
QSR�nOQaW^n�Q�X , ��X*.@QaWJn QSRNQ�X , � � .@QaW^nOQ�X , and ���*.@Q�X^n Q�R�Q�W . �
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