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Abstract

We consideBooleanfunctionsrepresentedly decisionlists, andstudytheir relationshipgo other
classeof Booleanfunctions. It turnsout that the elementaryclassof 1-decisionlists hasinterest-
ing relationshipgo independenthdefinedclassesuchasdisguisedHorn functions,read-oncdunc-
tions, nesteddifferencesf conceptsthresholdfunctions,and 2-monotonicfunctions. In particular
1-decisionlists coincidewith fragmentf the mentionedclassesWe furtherinvestigateherecogni-
tion problemfor this classaswell astheextensionproblemin thecontext of partially definedBoolean
functions(pdBfs). We shaw thatfinding an extensionof a given pdBf in the classof 1-decisionlists
is possiblein lineartime. This improveson previousresults.Moreover, we presentanalgorithmfor
enumeratingll suchextensionswith polynomialdelay
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1 Intr oduction

Decisionlists have beenproposedn [34] asa specificationof Booleanfunctionswhich amountsto a
simplestratey for evaluatinga Booleanfunctionon a givenassignmentThis approacthasbeenbecome
popularin learningtheory sinceboundeddecisionlists naturally generalizeotherimportantclassesof

Booleanfunctions. For example, k-boundeddecisionlists generalizethe classesvhosemembershave

a CNF or DNF expressionwhere eachclauseor term, respectrely, hasat mostk literals, and, as a
consequencealso thoseclassesvhosemembershave a DNF or CNF containingat most k termsor

clausesrespectiely. Anotherclasscoveredby decisionlistsis the oneof decisiontrees[33].

Informally, a decisionlist canbe written asa cascadedonditionalstatemenof the form:

if ¢4 (’U) then b,
elseifty(v) then by

elseifty_1(v) then by_q
elseb,

*This paperis an augmentedersionof the preliminaryabstract'‘On DisguisedDouble Horn Functionsand Extensions”,
whichappearedh: Proc. 15th Symposiunon Theoetical Aspectf Computing(STACS’98), LNCS 1373,pp.50-60,1998.

fTheauthorsgratefully acknavledgethe partial supportof the ScientificGrantin Aid by the Ministry of EducationScience
andCultureof Japan.Part of this researctwasconductedvhile thefirst authorvisited Kyoto Universityin 1995and1998,by
the supportof the ScientificGrantin Aid by the Ministry of Education ScienceandCultureof JapanGrant06044112).

fInstitut far Informationssysteme,Technische Universitat Wien, Favoritenstrale9-11, A-1040 Vienna, Austria.
(eiter@krtuwien.ac.at)

$Departmenpf Applied Mathematicsand Physics,GraduateSchoolof Informatics, Kyoto University, Kyoto 606, Japan.
(ibaraki@kuamp ¥oto-u.ac.jp)

YDepartmenbf SystemsandHumanScience GraduateSchoolof EngineeringScienceOsakaUniversity, Toyonaka,Osaka
560,Japanmakino@sys.es.osaka-u.ac.jp)




whereeacht; (v) meangheevaluationof atermt;, i.e.,aconjunctionof Booleanliterals,onanassignment
vtothezxy,...,z,, andeachb; is eitherO (false)or 1 (true).

The importantresultestablishedn [34] is that k-decisionlists, i.e., decisionlists whereeachterm¢;
hasat mostk literalsandk is a constantareprobablyapproximatelycorrect(PAC) learnablen Valiant's
model[39]. This haslargely extendedthe classe®f Booleanfunctionswhich areknown to belearnable.
In the sequeldecisionlists have beenstudiedextensvely in thelearningdfield, seee.g.[19, 8, 17, 9].

However, while it is known thatdecisionlists generalizesomeclasse®f Booleanfunctions[34], their
relationshipsto other classessuchas Horn functions, read-oncefunctions, thresholdfunctions, or 2-
monotonicfunctions,whicharewidely usedin theliterature wereonly partially known (cf. [5, 3]). It thus
is interestingo know aboutsuchrelationshipsin particularwhetherfragmentof suchclassegorrespond
to decisionlists andhow suchfragmentsanbealternatvely characterizedThisissueis intriguing, since
decisionlists areoperationallydefined while otherclassesuchasHorn functionsor read-oncdunctions
aredefinedon asemantica(in termsof models)or syntacticalin termsof formulas)basis respeciiely.

In this paper we shedlight on this issueand study the relationshipof decisionlists to the classes
mentionedabore. We focuson the elementaryclassof 1-decisionlists (C:-pz,), which hasreceved a lot
of attentionandwasthe subjectof anumberof investigationseg. [34, 29, 8, 9]. It turnsoutthatthis class
relatesin aninterestingway to several otherclasse®f Booleanfunctions.In particular it coincideswith
independentlydefinedsemanticabndsyntacticalsuchclassesaswell aswith the intersectionf other
well-known classe®f Booleanfunctions. We find the following characterizationsf Ci-py,. It coincides
with

e CE,, therenaming-closuref the classof functionsf suchthatboth f andits complementf are
Horn[12] (alsocalleddisguised'double” Horn functions);

e Cyp, theclassof nesteddifferencesf conceptd21], whereeachconceptis describeduy a single
term;

e Conr N Cr-1, theintersectiorof the classe®f 2-monotonidunctions[32] andread-oncdunctions,
i.e., functionsdefinableby aformulain which eachvariableoccursat mostonce[18, 25, 39, 37;

e Cry N Cg-1, theintersectionof thresholdfunctions(alsocalledlinearly separabldéunctions)[32]
andread-oncdunctions;and

e Crp-1, theclassof linearread-oncdunctions[12], i.e., functionsrepresentedby a read-oncdor-
mulasuchthateachbinary connectie involvesatleastoneliteral.

Obsere thattheinclusionCi-p;, C Cry N Cp-1 follows from the resultthatCi-p;, € Cry [5, 3] and
thefactthatCi-pr, C Cg-1; however, the conversewasnot known.

The abore resultsgive us new insightsinto therelationshipdetweertheseclasse®of functions.More-
over, they provide us with a semanticaland syntacticalcharacterizatiorof 1-decisionlists in termsof
(renamed)Horn functionsand read-onceormulas. On the otherhand,we obtain characterizationsf
theintersection®f well-knowvn classe®f Booleanfunctionsin termsof operationallysemanticallyand
syntacticallydefinedclasse®f Booleanfunctions.



As we shaw, anaturalgeneralizatiorof theresultsfrom 1-decisioniststo £-boundediecisionlistsfails
in almostall cases.The single exceptionis the coincidencewith nesteddifferencesof conceptswhich
holdsfor anappropriatébaseclassgeneralizingerms. Thus,our resultsunveil characteristigproperties
of 1-decisionlists and, vices versa,of the intersectionf classef Booleanfunctionsto which they
coincide.

Furthermorewe study computationaproblemson 1-decisionlists. We considerrecognitionfrom a
formula (also called membeship problem[20] andrepresentatiorproblem([4, 1]) and problemsin the
contet of partially definedBooleanfunctions.

A partially definedBooleanfunction (pdBf) canbeviewedasa pair (7', F') of setsT" and F' of trueand
falsevectorsv € {0,1}", respectiely, whereT' N F = (. It naturallygeneralizes Booleanfunction,
by allowing thatthe rangefunction valueson someinput vectorsareunknavn. This concepthasmary
applicationsg.g.,in circuit design,for representationf cause-déct relationshipd7], or in learning,to
mentionafew. A principalissueon pdBfsis thefollowing: GivenapdBf (T, F'), determinevhethersome
f in aparticularclassof BooleanfunctionsC exists suchthatT C T'(f) andF C F(f), whereT(f)
and F(f) denotethe setsof true andfalsevectorsof f, respectrely. Any suchf is calledanextension
of (T, F') in C, andfinding suchan f is knowvn asthe extensionproblem([6, 30]. Sincein generala pdBf
may have multiple extensionsijt is sometimeslesiredo know all extensionspr to computeanextension
of acertainquality (e.g.,onedescribedy a shortesformula, or having asmallesisetT'(f) ).

The extensionproblemis closelyrelatedto problemsin machinelearning. A typical problemthereis
thefollowing ([4]). Supposdherearen Booleanvaluedattributes;then,find a hypothesisn termsof a
Booleanfunction f in a classof BooleanfunctionsC, which is consistenwith the actualcorrelationof
the attributesafter seeinga sampleof positive and negative exampleswhereit is known thatthe actual
correlationis a function g in C. In our terms,a learningalgorithm producesan extensionof a pdBf.
However, thereis a subtledifferencebetweerthe generalextensionproblemandthe learningproblem:
in the latter problem,an extensionis a priori known to exist, while in the former, this is unknavn. A
learningalgorithmmight take adwantageof this knowvledgeandfind an extensionfaster The extension
problemitself is known asthe consistencyroblem[4, 1]; it correspond$o learningfrom a samplewhich
is possiblyspoiledwith inconsistenexamples.

In this contet, it is alsointerestingto knov whetherthe pdBf given by a sampleuniquely defines
a Booleanfunctionin C; if the learnerrecognizeshis fact, she/hehasidentified the function g to be
learned.This s relatedto the questionwhethera pdBf hasa uniqueextension which is importantin the
contet of teaching[35, 23, 36, 16]. There,to facilitate quicker learning,the sampleis provided by a
teacheratherthanrandomlydravn, suchthatidentificationof the functiong is possiblefrom it (seee.qg.
[5, 16] for details).Any samplewhich allows to identify afunctionin C is calledateadhing sequencéor
specifyingsamplg[5]). Thus,theissueof whethera givensetof labeledexampless ateachingsequence
amountgo the issueof whetherS, seenasa pdBf, hasa uniqueextensionin C. A slight variantis that
the sampleis known to be consistentwith somefunctiong in C. In this case,the problemamountsto
the uniqueextensionproblemknowing that someextensionexists; in general this additionalknowledge
couldbeutilized for fasterlearning.

Alternative teachingmodelshave beenconsideredin which the samplegiven by the teacherdoesnot
preciselydescribea singlefunction[17]. However, identificationof the target functionis still possible,



sincethe teacherknows how the learnerproceedsand vice versa,the learnerknows how the teacher
generatedis sample,called a teading setin [17]. To prevent “collusion” betweenthe two sides(the
talgetcouldbesimply encodedn the sample) anadwersaryis allowedto spoil theteachingsetby adding
furtherexamples.

Our mainresultson theabore issuescanbe summarizedsfollows:

e Recognizingdl-decisiorists from aformulais tractablefor awide classof formulas,includingHorn
formulas,2-CNFand2-DNF, while unsurprisinglyintractablein the generakase.

e We point out that the extensionproblemfor C;-py, is sohvablein lineartime. Thisimproveson the
previous resultthat the extensionproblemfor Ci-py, is solvablein polynomialtime [34]. As a conse-
guenceahypothesisonsistentvith atargetfunctiong in C;-p;, onthesamplecanbegeneratedh linear
time. In particular learningfrom a (possiblyspoiled)teachingsequencés possiblein lineartime. We
obtainasa furtherresultanimprovementto [17], whereit is shavn thatlearninga functiong in C1-py,
from a particularteachingsetis possiblein O(m?2n) time, wherem is thelengthof a shortestl-decision
list for g, n is the numberof attributes,andthe input sizeis assumedo be O(mn). Our algorithmcan
replacethelearningalgorithmin [17], andfindsthetamgetin O(nm) time,i.e.,in lineartime. We mention
that[8] presentsheresult,somevhatrelatedto [17], that1-decisiorlistswith k alternationgi.e.,changes
of the outputvalue)are PAC learnablewherethe algorithmrunsin O(n?m) time.

e We presentinalgorithmwhich enumerateall extensionf apdBfin C;-p;, with polynomialdelay
As acorollary the problemsof decidingwhethera given setof ary examplesis ateachingsequenceand
whethera consistensampleis a teachingsequencere both solvablein polynomialtime. Moreover, a
smallnumberof differenthypothesesin fact, evenup to polynomially mary) for thetargetfunctioncan
be producedwithin polynomialtime.

Therestof this paperis organizedasfollows. The next sectionprovidessomepreliminariesandfixes
notation. In Section3, we study the relationshipsof 1-decisionlists to otherclassesof functions. In
Section4, we addresghe recognitionproblemfrom formulas,andin Section5, we studythe extension
problem.Section6 concludeghe paper

2 Preliminaries

We usez, z2, . .., z, to denoteBooleanvariablesandlettersu, v, w to denotevectorsin {0,1}". The
i-th componenbf avectorv is denotedy v;. Formulasarebuilt over thevariablesusingthe connecties
A,V, and—. A literal is a variablez; or its negationz;. For ary literal £, we denoteby ¢ its opposite.
A termt is aconjunction);c p(y) Ti A Aien(z) Zi Of Booleanliteralssuchthat P(t) N N(¢) = 0, anda
clausec is defineddually (changeA to V); ¢ (resp.,c) is Horn, if |[N(¢)| < 1 (resp.,|P(c)| < 1). We
useT and L to denotethe emptyterm (truth) andthe emptyclause(falsity), respectrely. A disjunctive
normalform (DNF) ¢ = V/, ¢; is Horn, if all ¢; areHorn. Similarly, a conjunctivenormal form (CNF)
P = A, ¢; isHorn,if all ¢; areHorn.

E.g.,thetermt¢ = z1Toz3z4 hasP(t) = {1,3,4} and N(¢t) = {2}, andis Horn, while the clause
c=z1V z9 VT4 hasP(c) = {z1,z2} andN(c) = {z4}, andthusit is notHorn.
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A partially definedBooleanfunction(pdBf) is amappingg : T U F — {0,1} definedby g(v) = 1 if
v € T andg(v) = 0if v € F, whereT C {0,1}" denotesa setof true vectors(or positve examples),
F C {0,1}" denotesa setof falsevectors(or negative examples),and7 N F = (). For simplicity,
we denotea pdBf by (7', F'). It canbe seenasa representatioffior all (total) Booleanfunctions(Bfs)
f:4{0,1}" — {0,1} suchthatT C T(f) = {v | f(v) =1} andF C F(f) = {v | f(v) = 0}; ary such
f is calledanextensiorof (T, F).

We oftenidentify aformulay with the Bf whichit defines.A termt is animplicantof aBf f,if ¢ < f
holds,where< is the usualorderingdefinedby f < g <> T(f) C T(g). Moreover, ¢ is primeif no
propersubterm’ of ¢ is animplicantof f. A DNF ¢ = V/, t; is prime if eachtermt; is aprimeimplicant
of ¢ andnotermt; is redundanti.e.,removing ¢; from ¢ changeshefunction.

A decisionlist (DL) L is a finite sequencef pairs (¢1,b1), (t2,b2),..., (ta,bq), d > 1, wherefor
eachi = 1,...,d — 1, t;isary term,t; = T, andb; € {0,1}, for eachi = 1,...,d. L definesa Bf
f:{0,1}" — {0,1} by f(v) = b;, wherei = min{i | v € T'(¢;)}. We call a Bf sometimesa decision
list, if f is definableby somedecisionlist; this terminologyis inheritedto restricteddecisionlists.

A k-decisionlist (k-DL) is a decisionlist whereeachterm ¢; containsat mostk literals; we denote
by Ci-pr, the classof all (functionsrepresentedby) k-decisionlists. In particular C:1-py, is the classof
decisionlists whereeachtermis eitherasingleliteral or empty A decisionlist is monotond16], if each
termt in it is positive i.e., N (t) = 0. By C;29; we denotetherestrictionof Cy-pz, to monotonedecision
lists.

A Bf fisHorn, if F(f) = CIA(F(f)), whereCi(S) denotesheclosureof setS C {0, 1}" of vectors
undercomponent-wise€onjunctionA of vectors;by Cg,, We denotethe classof all Horn functions. It
is known that f is Hornif andonly if f is representethy someHorn DNF. If f is alsorepresentethy a
positive DNF, i.e.,a DNF in which eachtermis positive, then f is calledpositive C,,, denotegheclass
of all positive functions.

For ary vectorw € {0,1}", we defineON(w) = {i | w; = 1} andOFF(w) = {i | w; = 0},
andfor ary setof vectorsS C {0,1}" we defineON(S) = ﬂves ON (v) andsimilarly OFF(S) =
Nves OF F(v). Herewe assumeghatON (S) = OFF(S) = {1,2,...,n} if S = (. Therenamingof
ann-ary Bf f by w, denotedf?, is the Bf f(z & w), i.e., T(f%) = {v | vew € T(f)}, whered is
componentwisadditionmodulo2 (XOR). For ary classof Bfs C, we denoteby C# theclosureof C under
renamingsTherenamingof aformulay by w, denotedy?, is theformularesultingfrom ¢ by replacing
eachliteral involving a variablez; with w; = 1 by its opposite.E.g.,let f = z1To V zox3 V T1Z3T4.
Then,therenamingof f by w = (1,1,0,0) is f¥ = T1x9 V Tox3 V £1T3T4.

For ary assignmend = (z;, < a1,%;, + as,...,z; « aj) for valuesa; € {0,1} to thevariables
z;;, we denoteby f4 = f(%(_al,zi2<_a2,___,zik<_ak) the function of (n — k) variablesobtainedby fix-
ing variablesz;, , z;,, . . ., x;, asspecifiedoy A; Similarly, ¢ 4 denoteghe formulaobtainedfrom ¢ by
simultaneouslsubstitutinga; for z;,, for j = 1,2,... k.



3 Characterizations of 1-DecisionLists

3.1 Main resultof this section

Let Cgr-1, CLr-1, ch, Cnp, Cru, andCqps denotethe classesf read-ondunctions,linear read-once
functions, disguiseddouble Horn functions, nesteddifferencefunctions, thresholdfunctions, and 2-
monotonicfunctions,respectiely (formal definitionsof all theseclassesaregivenbelown). We canprove
thefollowing result.

Theorem3.1 Ci-p;, = Crr-1 = CgH =Cnp =Crg NCgr-1 = Copr NCg-1.

Proof. Immediatefrom Theorem3.4, Proposition3.6 and Theorem3.7. O

Read-oncefunctions. A function f is calledread-onceif it canberepresentedly read-oncdormula,
i.e.,aformulawithout repetitionof variables.TheclassCg-; of read-oncdunctionshasbeenextensvely
studiedin theliterature,cf. [37, 26, 39, 31, 22, 18, 25, 11].

Definition 3.1 DefinetheclassF,g-1 of linear read-oncdormulasby thefollowing recursve form:
(1) T,L € Frr,andz;,T; € Frr-1 for everyvariablex;;

(2) if ¢ € Frr-1\ {T,L} andz; is avariablenot occurringin ¢, thenz; V ¢, T; V ¢, z; A ¢,
T; N € Frg-1.

Call aBf f linear read-oncd12], if it canberepresentetly aformulain F,g-1, andletC;r-1 denote
theclassof all suchfunctions.E.qg.,z1z2(Z4 V 23 V 25T¢) is linearread-oncewhile zox3 V x4 V T1T5 IS
not. Note thattwo read-oncdormulaswithout occurrenceof T, L areequvalentif andonly if they can
be transformedhroughassociatiity andcommutatiity into eachother[22]. Hence,the latter formula
doesnotrepresenalinearread-oncdunction.

Thefollowing is now easyto see(cf. also[5, p.11]):

Proposition3.2 Crz-1 = Ci-pi.-

Notethatary ¢ € Frr-1 is corvertibleinto anequialent1-decisionist in lineartime andvice versa.

Horn functions. We next give a characterizatiotin termsof Horn functions. A Bf f is calleddouble
Horn [14], if T'(f) = CIA(T(f)) andF(f) = CIA(F(f)). Theclassof thesefunctionsis denotedby
Cpm. Notethat f is doubleHornif andonly if f andf areHorn. E.g.,

f = T1V2Zox3Ts V Tox3T5T6T7
is doubleHorn, because

7 = .Tl(TQ V T3 \/.’I?4)(TQ VZ3VZTs5VZTg V.’L‘7)

= T1ZToVT1T3V T1T4T5 V T1T4Tg V T1T4T7



is Horn. Alternatively, a Bf f is doubleHorn if andonly if it hasboth a Horn DNF anda Horn CNF

representation.n the previous example, this is easily seento be the case. The classof doubleHorn

functionshasbeenconsideredn [14, 12] for giving T'(f) and F(f) a morebalancedole in the process
of finding aHorn extension.

We canshav the somevhat unexpectedresultthat the classe<CE,, andCrg-1 coincide (and hence
CR., = Crr-1 = Ci-p1). This givesa precisesyntacticalcharacterizatiorf the semanticallydefined
classCk,,, and,by the previousresult,a semanticatharacterizatiof C-py,.

The proof of this resultis basedon the following lemma,which canbe foundin [14, 12]. LetV =
{1,2,...,n} andn : V — V beary permutationof V. Then,let T, bethe setof HorntermsI'; =
{3771-(1) .- "/Eﬂ'(’i)iﬂ'(i—kl) | 0<i1< n} U {'Tﬂ-(l) e .Tﬂ.(n)}; eg. forV = {1,2} and7r(1) =2, 7'('(2) =1,
wehavel'; = {EQ, 2T, .TQ!L‘l}.

Lemma 3.3([14]) Let f bea Bf onvariablesz;,i € V. Then,f € Cpy holdsif andonlyif f canbe
representedy a DNF ¢ =/, 5 t for somepermutationr of V and.S C r,t! O

Denoteby Csy = {f(111) | f € Cpy} theclassof all reverseddoubleHorn functions.
Theorem3.4 CE, =Cpp1=Ci-pr and CiY =Crow. =

Proof. Let ¢ beaDNF for afunction f € Cpy asin Lemma3.3. By algebraidransformationsy canbe
rewrittento aformulay € Frg-1 of theform

11212 ---Tipy (521 VT V...V T,

%= V(.T311‘32....’I)3n3(...(id1 VZgaV... \/Ednd)))) if diseven (3.1)
T11%12 - - - T1n, (521 VI V...V Zo,
vV (.’L‘31£B32 .. 3:3n3(- .. (.’L‘dl.’EdQ - xdnd)))) if disodd
whered > 0,n1 > 0,n; > 1fori =2,3,...,d, andthevariableszy1, z12, - . . , z4n, areall different.

For example,the formulay = z9%; V zoz1, WhereS = {z97;, 921} for V andr asabove, can
be rewritten asfollows: zoT1 V zoz1 = z2(T1 V 1) = 22 A T = z9; theformulay = z1z973 V
T1Z9T3T4Ts V T12223T425T¢ fOr V = {z1, ..., 26} andw = identity canberewritten as

T1T2T3 V T1T2T3T4T5 V T1T2T3T4T5Tg = :El.’L‘Q(fg V x4T5 V .Z‘4.’E556) = .1‘1162(53 V .’E4(T5 V TG))

Thereforewe ha/ech C Crgr-1- Moreover, sinceeveryformulay € Frgr-1 canbetransformedo form
(3.1) by changingthe polaritiesof variables,CE,; O Crg-1 holds;henceCE,, = Crg-1. Thistogether
with Proposition3.2 shavs thefirst statemenof this theorem.

Thesecondstatemeneasilyfollows from the abore agument. O
Thus, thereexists an interestingrelationshipbetweenl-decisionlists, read-oncdormulas, and (dis-

guisedHornfunctions.By meanof therelationshign TheorenB.4,we areableto preciselycharacterize
the prime DNFsof functionsin CE ;. Thisis animmediateconsequencef the next theorem.

1This lemmacanalsobe derived from a relatedresulton finite distributive lattices, se€[28].



Theorem 3.5 Everyf € CﬁH (equivalently f € Ci-py, f € Crr-1) hasarenamingw sud that f* is
positiveandrepresentedy the uniqueprime DNF

o =Vitity---tizy, (3.2)

whee {t;,zy, | i = 1,...,m} is a setof pairwisedisjoint positivetermsandead ¢;, : = 1,2,...,m
maybeempty? In particular, (3.2)impliesy = L if m = 0. Corversely everysud ¢ of (3.2) represents
an f € CE, (equivalentlyan f € C1-pr, f € Crgr-1)-

Proof. Lemma3.3impliesthat f € CE,, canbe renamedo a function g representedy a linear read-
onceformula(3.1) (cf. proof of Theorem3.4); expandingthis form into DNF (apply distributivity) and
subsequentnamingof negative variablesyieldsform (3.2). Thelatterform is clearlya prime DNF, and
it is uniquesinceevery positive functionhasa uniqueprime DNF. Conversely ¢ in (3.2) canberewritten
by factorizatiorto alinearread-oncdormulat (zg, V ta(xg, V t3(ze, V - - - thzy,))), Whereemptyterms
t; aresimply omitted. The resultthusfollows from Theorem3.4. O

Nesteddifferencesof concepts. In [21], learningissuesfor concepiclasseshave beenstudiedwhich
satisfycertainproperties.In particular learningof conceptexpressedisthe nestedlifferencec; \ (co \
(---(cx—1 \ cx)) Of conceptsy, . .., ¢, hasbeenconsideredwherethe¢; arefrom a conceptclasswhich
is closedunderintersection.Here,a conceptcanbe viewed asa Bf f, a conceptclassC asa classof
Bfs C¢, andtheintersectionpropertyamountsto closednessf C- underconjunction,i.e., f1, fo € C¢o
impliesf = fi1 A fo € C¢. Clearly theclassof Bfs f definableby asingle(possibleempty)termt enjoys
this property Let Cyp denotethe classof nesteddifferencesvhereeache; is a singleterm. Thenthe
following holds.

Proposition3.6 Ci-pr, = Cnp.

The proof of this propositionis omitted, sincewe shall prove a more generalresultat the end of this
sectionin Theorem3.14, wherewe also give a characterizatiorof CT27;. Thus,the generallearning
resultsin [21] applyin particularto the classof 1-decisionlists, andthusalsoto disguiseddoubleHorn
functionsandlinearread-oncdunctions.

Thresholdand 2-monotonicfunctions. Let usdenoteby Cr g the classof thresholdfunctionsandby
Comr theclassof 2-monotonidunctions.

A function f onvariablesz, .. ., =, is threshold(or, linearly sepagnble) if thereareweightsw;, i =
1,2,...,n,andathresholdw, fromtherealssuchthat f (z1,...,z,) = 1if andonlyif >7*; w;z; > wo.

A functionis 2-monotonicif for eachassignmentA of sizeat most2, either f4 < fzor fa > f;
holds,whereA denoteshe oppositeassignmento A [32].

The property of 2-monotonicityand relatedconceptshave beenstudiedundervariousnamesin the
fields of thresholdlogic, hypegraphtheoryandgametheory This propertycanbe seenasanalgebraic
generalizatiorof the thresholdnessNote thatC%;, = Cry andCE, = Cop. We have the following
unexpectedresult.

2Notethatthevariab|esmi areviewed astermshere.



Theorem 3.7 Ci-pr, = Crg N Cg-1 = Copr N Cp-1-

Proof. It is well-known thatCrg C Cons [32], whereC is properinclusion;morewver, alsoCi-pr, C Cry
hasbeenshawn [5, 3]. (Noticethatin [12], theinclusionCE,; C Cry wasindependentlyshavn, using
theform (3.2) andproceedingsimilar asin [3]; theideais to give all the variablesin ¢; the sameweight,
decreasingpy index j, andto assignr; aweightsothateverytermt = t1t5 . . . t;z; in ¢ hassameweight;
thethresholdw, is simply theweightof atermt.)

Thus,by theresultsfrom abore, it remaingto shaw thatCops N Cr-1 C Ci-pr, holds.

Recallthat a function g on z1, z9, ..., z, is regular [32], if andonly if g(v) > g(w) holdsfor all
v,w € {0,1}" with EjSk v; > Ejsk wj, for k = 1,2,...,n; denoteby C,, the classof regular
functions.Thefollowing factsareknown (cf. [32]):

(a) Everyregularfunctionis positve and2-monotonic;
(b) every 2-monotonidfunctionbecomesegularafterpermutingandrenamingarguments.

(¢) Cyeq is closedunderarbitraryassignmentsi (i.e., fa € Cy, holdsfor every f € C,e, andassign-
mentA).

¢From(a)—(c), it remainsto shaw thatCyeq N Cr-1 C Crp-1 (= Ci-p1)-
We claimthatary function f € Cr,, N Cg-1 Canbewritten eitheras

(i)le‘ilv.l‘izv...\/xik \/f’ or (i) f=.’L‘Z'1.’I,‘Z'2....TikfI,

wheref' is aregularread-oncdunctionnotdependingnary x;,, 1 < j < k. An easyinductionusing
Theorem3.4 givesthenthedesiredresultandcompleteghe proof.

Sincef is read-onceit canbe decomposedccordingo oneof thefollowing two cases:

Casel: f = f1V fo V...V fr, wherethe f; dependon disjoint setsof variablesB; andno f; canbe
decomposedimilarly. We shawv that |B;| > 2 holdsfor at mostone, which meansthat f hasform
(i). For this, assumeon the contrarythat, without lossof generality | B; |, | B2| > 2. By consideringan
assignment thatkills all f3, f4, ..., f&, it followsthatthefunctiong = f1 V f2 is regular Obsere that
ary primeimplicantof g is aprimeimplicantof f; or f, andthateachof themhaslength> 2 (sincef is
read-oncendby theassumptioronthedecomposition)Let £ bethesmallesindex in BiUBs i.e..£ < k
for all £ € B; U By, andassumewithout lossof generalitythat/ € B;. Lett¢ beary primeimplicantof
f2 andw satisfyON (v) = P(t). Letw = v + el — (M) whereh € ON(v) ande®) is the unit vector
with el = 1 ande(® = 0, for all i # k. Notethat! < h andl € OF F(v) by definition. Theng(w) = 0
holds.Indeed,ON (w) 2 P(t2) for every primeimplicantts of fo, sinceON (w) N By C P(t), andalso
ON (w) 2 P(t1) for every primeimplicantt; of f1, since|ON (w) N B;| = 1. Consequentlythevectors
vandw with 3-,, wj > 3, v; forallk =1,2,...,n satisfyg(v) = 1 andg(w) = 0. Thusg is not
regular, whichis a contradiction.This provesour claim.

Case: f = fifa... fr, wherethe f; dependindisjoint setsof variablesB; andno f; canbedecomposed
similarly. Then,thedualfunction f¢ hastheform in casel. (Recallthataformularepresentinghe dual
of f, f¢ = (), is obtainedfrom ary formularepresenting’ by interchangingv (resp.,0) andA (resp.,
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1).) Sincethe dual of a regular functionis alsoregular[32], it follows that f¢ hasthe form (i), which
impliesthat f hasform (ii). |

3.2 Possiblegeneralizations

A generalizatiorof Theorem3.1is aninterestingissue. In particular whetherfor k-decisionlists and
readk functions,wherek is a constantsimilar relationshipshold. It appearghatthisis notthecase.

By usinga countingagument,onecanshaw thatfor every k > 1, Cx-p;, containssomefunctionwhich
is notexpressibleby aread% formula. In fact,a strongeresultcanbe obtained.

Let for ary integerfunction F'(n) denoteCgr(F(n)) theclassof Bfs f(z1,...,z,), n > 0, whichare
definableby formulasin which eachvariableoccursat mostF'(n) > 1 times. For ary classof integer
functionsF, defineCg(F) = Upn)er Cr(F(n)). Denoteby Cgos andcpfo’g the classe®f positve Bfs f

suchthatall primeimplicantsof f have sizek (resp.,atmostk), wherek is a constant.

Lemma 3.8 For every k > 1, for all but finitely manyn > k ther existsann-ary f € Cgos sud that

nk—1

f ¢ Cr(zhimogn)-

Proof. Sinceall primeimplicantsof a positive functionarepositive, CX _ contains

pos
2 (%) (3.3)

functionsonn variables.Ontheotherhand,the numberof positive functionsin Cr(F(n)) is boundedoy

3. 9m=2p) <2m - 1) , (3.4)

m

wherem = F(n) - n. Indeed,without lossof generality a formula ¢ definingsomepositive function
doesnot containnegation. Assumingthatall variablesoccur F'(n) times,the formulatreehasm leaves
(atoms)andm — 1 innernodes(connecties). Written in a post-ordeitraversal,it is a string of 2m — 1
charactersof which m denoteatomsandthe othersconnecties. Therearem!(”fn_l) waysto placethe
atomsin the string, if they wereall different(this simplificationwill sufice), times2™~! combinations
of connecties. If we allow the single useof a binary connectie r(z,y), which evaluatesto the right

argumenty, we may assumen.l.0.g. that ¢ containsexactly F'(n) occurrence®f eachvariable. Thus,
(3.4)is anupperboundon positive read#'(n) functionsin n variables.(Clearly T and_L areimplicitly

accountedincemultiple treesfor e.g. f = z1 arecounted.)
Now, let uscomparg(3.3) with (3.4). Clearly, (3.4)is boundedoy

3-2M72(2m)™, (3.5)

sincem!(*™ 1) = (2m — 1)(2m — 2) --- (2m — m) < 2m™. Take thelogarithmof (3.3) and(3.5) for

m

base2, andconsidertheinequality

(3) > log3+m—2+m(logm+1). (3.6)
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Since(}) = n(n —1)--- (n — k + 1)/k!, thisamountsto

nF /k! > m(logm + 2) + p(n), (3.7)
wherep(n) is apolynomialof degreek — 1. For F'(n) = kk,kl , we obtainm = kk{{zgn andthus
nk nk
o m(k log n — log(kk!logn) + 2) + p(n)
- (oo s =2y ),
It is easilyseenthatfor large enoughn, thisinequalityholds. This prwesthelemma. O
LetU(kk'logn) bethe classof functionsF'(n) suchthat F(n) < kk,logn holdsfor infinitely mary n.

nk—

Theorem3.9 Csk ¢ Cr(U (kk.logn)) for everyk > 1.

pos

It is easyto seethata/eryfunctlonln Cpos isin Cr(n*~1). Hence k — 1 is thelowestpolynomialdegree
k' = k' (k) suchthatCsk C Cr(nk).

pos
Corollary 3.10 C;9, & CR(U(%OM)) andCy-pr, € Cr(U (%Ogn)), for everyk > 1.
Consequentlyary generalizatiorof the partsin Theorem3.1 involving read-oncdunctionsto a char
acterizationof k-decisionlists in termsof read% functionsfails; this remainstrue even if we allow a
polynomialnumberof repetitve variableuseswherethe degreeof the polynomialis smallerthank — 1.

Let usnow considera possiblegeneralizatiorof the characterizatioim termsof Horn functions.Since
Cr-pr containsall functionswith ak-CNF (in particular alsothe parity functionon k variables)jt is hard
to seeary interestingrelationshipdetweerC,.- p;, andcombinationsor restrictionsof Horn functions.

For nesteddifferencesof conceptshowever, thereis a naturalgeneralizatiorof the resultin Theo-
rem3.1. Let Cyp(C) denotethe classof all functionsdefinableasnesteddifferencesof Bfs in C, andlet
similarly denoteCp(C) the classof functionsdefinableby a C-decisionlist, i.e., adecisionlist in which
eachtermt; exceptthelast(t; = T) is replacedy somef € C. Then,thefollowing holds.

Theorem3.11 LetC beany classof Bfs. Then,Cpr(C) = Cnp(C* U{T}), wheeC* = {f | f € C}
containsthe complementsf thefunctionsin f.

Proof. We shawv by inductionond > 1 thatevery f representedby a C-decisionlist of length< d is
in Cyp(C* U {T}), andthateachnesteddifferencef; \ (f2 \ (---(fa-1 \ fa))) whereall f; arefrom
c*u {T}, isin CDL(C)

(Basis)For d = 1, therearetwo C-decisionlists: (T,0) and(T, 1) respectrely. They arerepresentetly
the nesteddifferenceT \ T and T, respectrely. Corversely (T, 1) representsl, andfor ary function
f € C*, thedecisionlist (f,0), (T, 1) obviously representg’; obserethat f € C holds.

(Induction)Supposehestatemenholdsfor d, andconsidetthecased + 1. First,consideraC-decisionlist
L = (f1,b1),.-.,(fa+1,b4+1), Wwherewithout lossof generalityf; # T. By theinductionhypothesis,
thetail L' = (t2,b2), ..., (ta+1, bat1) Of L canberepresentetly anestedlifferenceD’ = ¢} \ (--- (c], \

Chai1) -+ +), defininga Bf f/ € Cyp(C). If by = 1, thenL definesthe function f = f; v f’, which can
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be representetby the nesteddifferenceT \ (f; \ f'); replacingf’ by D', this is a nesteddifferenceof
functionsin C* U{T}. Hence,f € Cyp(C* U{T}) holds.Ontheotherhand,if b; = 0, thenL represents
thefunction f = f, A f’, whichis equivalentto —(f; v f'); sincethe complemenbf ary functiong is
representetly the nesteddifferenceT \ g, we obtainfrom the alreadydiscussedcheméor disjunction
that f is representetly the nestedlifference

TATA N TN

replacingf’ with D', we obtaina nestedlifferenceof functionsin C* U {T}, hencef € Cnp(C*U{T}).

SecondletD = f1 \ (f2\ (--- (fa\ fa+1))) beary nestedlifferenceof functionsin C* U {T}. By the
inductionhypothesisD’ = (f2\ (--- (fa\ fa+1))) representafunction f’ € Cpr(C); thus,D represents
thefunctionf = f; A —f'.

It is easyto seethatfor ary C, Cpr(C) is closedundercomplementatioii34] (replacein a decisionlist
eachb; by 1 — b; to obtaina decisionlist for thecomplementfunction). Hence,f' is representetly some
C-decisionlist L'. Now, if f; = T, then L' represents; otherwise the decisionlist L = (f;,0), L’
representy. Hence,f € Cpr(C).

Consequentlytheinductionstatemenholdsfor d + 1. This concludeghe proofof theresult. O

Proposition3.6is animmediatecorollaryof thisresult. Moreover, we getthefollowing result.Let Cy.-;
denotethe classof functionsdefinableby a singleclausewith at mostk literals,plus T.

Corollary 3.12 Cy-pr, = Cnp(Ck-c1), Cor(Cik-par) = Cnp(C-cnr), fOr k > 1.

Thus,Cyp(Ck-¢) Characterize§y-pr,. However, Ci-.; is notclosedunderconjunctionandthus,strictly
speakingnot aninstanceof the scheman [21]. A characterizatioy suchaninstanceis nonetheless
possible. Call a subclasg’ C C adisjunctivebaseof a classC, if every f € C canbe expressedasa
disjunctionf = f1 V fo V--- V f,, of functionsf; in C’.

Lemma 3.13 If C' is a disjunctivebasefor C, thenCpr(C') = Cpr(C).

Proof. Supposeanitem (f, b) occursin aC-decisionlist L. By hypothesisf = fi1 V- -V fn, whereeach
fi € C'. Replaceheitemby k items(f1,b),..., (fm,b). Then,theresultingdecisionlist is equivalentto
L. HenceeachC-decisionlist canbe convertedinto anequialentC’-decisionlist. O

Theorem 3.14 Cy-pr, = Cpr(Ck-pnr) = Cap(Ck-onr), for k > 1.
Proof. By Corollary3.12andLemma3.13. O

Thus, nesteddifferencesof k-CNF functionsare equivalentto k-decisionlists. Obsere thatfrom the
proof of this result,lineartime mappingsbetweemesteddifferencesandequivalentk-decisiondo exist.
A similar equivalenceCy-pr, = Cyp(Cr-pnr) doesnot hold. Thereasoris thatthe classof single-term
functionsis not a basefor C-cnr, Which makesit impossibleto rewrite a Cy-cnr-decisionlist to a
k-decisionlist in general.

pOSs

The classeof boundednonotonedecisionlists canbe characterizedh a similarway. LetC,._}, v and

Cp?yp bethe subclassesf C-pyr andCi-cnr Whosemembershave a positve DNF and a negative

CNF (i.e.,no positive literal occurs) respectiely.
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Theorem3.15 9% = Cpr(Crlpnr) = Can(Costyp),  fork > 1.
Thus,in particular if C;;- denotesheclassof negatve literalsplus T, thenwe obtainthefollowing.

Corollary 3.16 Cis3y = C7%% = Cp (Crir-) = Cwp (Crmp)-

4 Recognitionfrom a Formula

Recallthatthe membeship problem[20] (alsorepresentatiorproblem[4, 1]) for a classC of Boolean
functionsis decidingwhethera givenformula ¢ represents functionin C. This problemis alsoknown
astherecanition problem andwe call ary algorithmsolvingit arecanition algorithm (for the classC).

A 1-decisionlist, andthusalsoits relatives, canbe recognizedn polynomialtime from formulasof
certainclasseswhich include Horn formulas. The basisfor our recognitionalgorithmis the following
lemma:

Lemma4.1 ABf f isin Ci-py, if andonlyif either(ia) z; < £, (ib) z; < f, (ic) z; < for(id) z; < f
holdsfor somej, and (i) f(z;« 1) € Ci-pr (resp..f(z;«0) € C1-pr) holdsfor all j satisfying(ia) or (ib)
(resp.(ic) or (id)). O

Givenaformula g, therecognitionalgorithmproceedssfollows. It picksanindex j suchthatoneof
(ia)—(id) holds,andthenrecursvely proceedsvith P(z;a) asin (ii). Theimportantpointhereis that(ii)
impliesthata greedychoiceof ary variablez; satisfyingoneof the conditionsin (i) is enough,andthat
no backtrackings needed.The detailsof the algorithm,which implementsthis greedychoicestratge,
canbefoundin [12]. For its time complity, we obtainthe following result. For a formula ¢, let |¢|
denoteits length,i.e., thenumberof symbolsin .

Theorem4.2 Let F be a classof formulasclosedunderassignmentgi.e.,, ¢4 € F holdsfor every
¢ € F andassignment) sud that chedking equivalencef ¢ to T and L, respectivelycanbedonein
O(t(n, |¢|)) timefor any € F.3 Then,decidingwhethera giveny € F representsan f € Ci-pg can
bedonein O(n?t(n, |¢|)) time

Proof. Immediatefrom the factthattherecursiondepthis boundedy n andthatateachlevel O(n) tests
(ia)—(id) aremade. O

Hencethealgorithmis polynomialfor mary classe®f formulas,includingHornformulasandquadratic
(2-CNF)formulas. Sincetestingwhethery = T andyp = L for aHorn DNF ¢ anda quadraticormula
is possiblein O(|¢|) time (cf. [10, 15]), we obtainthefollowing.

Corollary 4.3 Decidingwhethera givenHorn DNF or 2-CNF ¢ representsaan f € C;-pr, canbedone
in O(n?|yp|) time ]

Theoremd.2 hasyet anothetlinterestingcorollary

Thatis, F is syntacticallyclosedunderprojection. FormulassuchasHorn DNFs mustbe slightly generalizedy allowing
occurrencesf constantdor this property As usual,t(n, |¢|) is monotonicin botharguments.
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Corollary 4.4 Decidingif an arbitrary positive(i.e., negation-free formulay representsan f € Cpp-1
canbedonein polynomialtime |

In fact, decidingwhethera positive formula ¢ representa read-oncdunctionis co-NP-complet§22,
11]. It turnsoutthattheclassof Cz-1 is amaximalsubclas®f Cg-; w.r.t. aninductie (i.e., contet-free)
boundon the size of disjunctionsandconjunctionsn a read-oncdormulasuchthatdecidingf € Cg-1
from apositive formulay is polynomial.Let theclassF,, z-1 0f 2-linearread-oncdormulasbetheclass
of formulassuchthat

(1) T,L € Forg-1,andx;, @; € Faorr-1 for everyvariablez;;

(2) if ¢ € Forr-1 \ {T,L} andy is aread-oncdormulathatcontainsat most2 literalsandshares
no variableswith ¢, theny V ¢, ¥ A ¢ € Farp-1.

Notethat Forr-1 generalizesFrr-1 by increasingn clause(2) the numberof literalsin 4 from oneto
two; thisis theleastpossibleincrease.

LetCq -1 denotetheclassof all Bfs which canberepresentelly someformulafrom Fypz-1. Clearly
Crr-1 C Corr-1, @andtheinclusionis strict. Forexample,f = z1z2V z3z4 isafunctionin Corg-1\Crr-1-
Fromresultsin [11, 22], we easilyderive the following result.

Proposition 4.5 Decidingif an arbitrary positive (i.e., neggation-fiee) formula ¢ representsa function
f € Carpr-1 is co-NP-hard.

Proof. Basedon a constructiorin [22], it wasshavn in [11, Theorenb.7] thatdecidingwhethera given
positive formulay representsiry function f € Cg-1 is co-NP-hard. The proofthereestablisheghatthis
problemis co-NP-hard, evenif it is assertedhatthe only possiblesuch f is of theform f = zyzo V
L3L4 V * o Top—1Zop- Sincef € Carr-1 C Cg-1, theresultfollows. O

In generaltherecognitionproblemfor Crg-1 is unsurprisinglyintractable.

Theorem 4.6 Decidingwhethera givenformulay representsa functionf € Ci-py, is co-NP-complete

Proof. Therecognitionproblemfor Cr-1 is in co-NP [2], andit is easyto seethatit alsoin co-NP for
Canr. Sinceco-NP is closedunderconjunction,membershipn co-NP follows from Theorem3.1. The
hardnesgartis easy: ary classC having the projectionproperty i.e., C is closedunderassignments,
containsf = 1 for eacharity, anddoesnot containall Bfs, is co-NP-hard[20]; obviously, C1-p1, enjoys
this property O

As for k-decisionlists, it turnsout thatthe recognitionproblemis not harderthanfor 1-decisionlists.
In fact, membershipn co-NP follows from theresultthat k-decisionlists areexactlearnablevith equiv-
alencequeriesin polynomialtime (proved by Nick Littlestone, unpublished;this also derivable from
resultsin [21] andTheorem3.14),andtheresult[2] thatfor classeshich areexactlearnablen polyno-
mial time with equivalenceandmembershigueries(underminor constraints)the recognitionproblem
isin co-NP. Hardnessoldsby the sameargumentasin the proof of Theorem.6.

We concludethis sectionwith a someremarksconcerningthe equivalenceandthe implication prob-
lem. The problemsare,given k-decisionlists I,; and Lo representindunctions f; and f,, respectiely,
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decidewhetherf; = f5 (equivalence)and f; < fy (implication) holds,respectiely. Both problemsare
obviously in co-NP, andthey arecompletefor ary fixedk > 3, sincethey subsumalecidingwhethera
k-DNF formulais atautology Ontheotherhand,for & = 1, both problemsare polynomial,andin fact
sohablein lineartime. For theremainingcasek = 2, it canbe seenthatthe problemis alsopolynomial;
theunderlyingreasoris thatthe satisfiabilityproblemfor 2-CNF formulasis polynomial.

5 Extensionproblems

The extensionproblemfor C;-pj, hasalreadybeenstudiedto prove the PAC-learnabilityof this class. It
is known [34] thatit is solvablein polynomialtime. We point out that the resultin [34] canbe further
improved, by shaving that the extensionproblemfor C;-pz canbe solved in lineartime. This canbe
regardedasapositive result,sincethe extensionproblemfor therenamingclosureof classeshatcontain
Ci-pr is mostly intractable.e.g.,for Cf,,,.. CE., Cf, = Cg-1, C3%; = Con [7, 6], or no lineartime
algorithmsareknown.

We describeherean algorithm EXTENSION (seeFigure 1), which outputsa 1-decisionlist for an
extensionof a given pdBf (T, F'). It usesLemma4.1 for the equivalentclassCpg-1 for a recursve
extensiontest. Thealgorithmis similarto themoregenerahlgorithmdescribedn [34], andalsoarelative
of the algorithm*“total recall” in [21]. Informally, it examinesthe vectorsof 7" and F', respectiely, to
seewhethera decompositiorof form L A ¢ or L V ¢ is possible where L is a literal on a variablez;;
if so,thenit discardsthe vectorsfrom T' and F' which are coveredor excludedby this decomposition,
andrecursvely looks for an extensionat the projectionof (7', F') to the remainingvariables.Cascaded
decompositiond; A (La A (L3 A (---))) etcarehandledsimultaneously

Tofind anextensionof agivenpdBf (7', F'), thealgorithmis calledwith I = {1, ...,n}. Obserethatit
couldequallywell considerJ* U J~ beforeI+ U I~, whengoinginto therecursie calls. In particular if
anindex i is in theintersectiorof thesesets thenbothdecompositions; A g andz; V g areequallygood.
Note that the executionof steps2 and 3 alternatesn the recursion. Moreover, the algorithmremains
correctif only asubsetS C I™ U I~ (resp.,.S C J+ U J7) is chosenwhich mayleadto a different
extension.

Proposition5.1 Givena pdBf(T, F'), whee T, F' C {0,1}", algorithm EXTENSION correctlyfindsan
extensionf € Ci-pr, in O(n?(|T| + |F|)) time O

Note that algorithm EXTENSION is easily modified suchthat it outputsan equivalentformula ¢ €
Frr-1 insteadof L. Alternatively, L maybe convertedinto a nestedlifferenceof conceptsey, ..., z, in
lineartime usingtherewriting schemdrom the proof of Theorem3.11. Furthermoreintegerweightsw;
andathresholdw for the functionrepresentethy L canbe easilycomputedrom ¢ with O(|¢|) mary
additions,i.e., in lineartime (see[12]). Thus,variantsof algorithm EXTENSION may generatehese
alternatve representationfor anextensionof (7', F') in C:-pg, within the sametime bounds.

It is possibleto speedup algorithmEXTENSIONDby usingproperdatastructuresothatit runsin linear
time.

Theorem 5.2 Theextensiorproblemfor C;-pz, (equivalentlyfor Cyz-1, CrgNCg-1, andCyp) is solvable
intimeO(n(|T| + |F|)), i.e., in linear time
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Algorithm EXTENSION
Input: A pdBf (T, F),T,F C {0,1}" andaset] C {1,2,...
Output: A 1-decisionlist L onvariablesz;, i € I, if (T'[I],

,n} of indices.
F[I]) hasanextensionf € Ci-pr, whereT'[I] and

F[I] aretheprojectionsof T and F to I, respectiely; otherwise,'No”.

Stepl. if T[I] = @ thenreturnL := (T, 0) (exit)
elseif F[I] = P then L := (T, 1) (exit);

Step2. It := NyerfON (v) andI~
if 7T U I~ = ) then goto Step3
elsebegin

:= NyernOF F(v);

(* notruevectorsreturn_L *)
(* nofalsevectorsreturnT *)

(* try wz( . .)’ Ej(' .
(* noextensionz; (- -

VielIt,jel™
-), (- - -) possible*)
(* gointo recursiort)

F':=F\{we F|OFF(w) NI+ # ) or ON(w) N I~ # };

T :=T;I":=1T\(ITUI);
L' := EXTENSION(T", F', I');
if L' =“No” thenreturn“No” (exit)
else(* It = {iy,...,ix}s I~ = {j1,-..
returnL := (z;,,0),. ..
end{if};

Jt .= mweF[I]ON(w) andJ~
if J*UJ~ = 0 thenreturn“No” (exit)
elsebegin

ij} *)

Step3.

T :=T\{veT|OFFw)NJt #0orON(v

F:=F,1I':=1\(JTUJ);
L' := EXTENSION(T", F', I');
if 2’ =“No” then return“No” (exit)
else(* Jt = {iy,...,ix}; J~ = {41,---
returnL := (z;,,1),. ..
end{if}.

7j€} *)

7(fik70)7(xj170)7"'7

= ﬂweF[I]OFF(U)

7(mik71)7(§j171)7"'7

(* nodecomposition=- no extension*)

(zj,,0), L' (exit)

); *tryax; vV ieJT,jedJ ¥
(* nodecomposition=- no extension*)

TGV

(* gointo recursiort)

ynJ- #0);

(;,,1), L' (exit)

Figurel: Algorithm for computingan1-DL representingnextensionin C1-py,

Proof. (Sketch) This result can be obtainedby using appropriatedatastructures,in particulardoubly
linkedlistsandcross-referencpgointers.Thedatastructuresassurehatthe samebit of theinputis looked
up only few times. We merelysketchthe mainideashere;the technicaldetailsandan implementation-

level descriptionof the algorithmcanbe foundin [12].

The setof true vectors, T, is storedasfollows (cf. Figure2). For eachi = 1,2, ...

,nandj = 0,1,

thereis adoublylinkedlist LT; ; of all thevectorsv in T" suchthatv hasatcomponent valuej; ateach
component of v, alink to theentryof v in therespectre list LT; ; exists. A counter#T; ; recordshow

mary vectorsarecontainedn LT; ;. The counters#T; ;

BT[n], which are organizedas doubly linked lists, suchthat the counter#T; ; is in BT [#T; ;]

areplacedvia pointersin buckets BT'[0],.. .,
. A

further counter#T recordsthe numberof vectorsin T'; notethat#7" = -, ; #1; j/n. Thesetof false

vectorsis storedusingcompletelyanalogousiatastructuresLF; ;, #F; ;, BF[0],..

(seeFigure?2).

iy ., BF[n], and#F

Notice thatthesedatastructurescanbe built from (7', F) in time O(n(|T'| + | F|). Step2 of algorithm
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O|#F1
0| #F2,
#E3,

#F o
11| #F2p0
1] #F50

}[0]
1

-—e ... doublelink pointers - - - -+ _.ordinarypointer —o ... Nnil pointer

Figure2: Datastructuredor (7', F') whereT = { (010), (001) } andF = { (000) }

EXTENSIONis thenmodifiedasfollows. Thebucket BT [#7'] containshosecounters#T; 1 and#T) o
suchthat; € It andj € I—, respectiely. ThesetsF’ andT” resultby removing from F' all vectors
v in thelists LF;; and LF}; usingthe cross-referencesiccurrence®f v in the otherlists LFy ; are
removedaswell. Step3is analogous.

Like above, the 1-decisionlist L computedby EXTENSION canbe corvertedto anequivalentformula
¢ € FLgr-1, athresholdfunction given by integer weightsw; anda thresholdwy, or a nesteddifference
of conceptsey, . .., z, in lineartime. O

Thus,in thelearningcontext we obtainthefollowing result.

Corollary 5.3 Learninga Bf f € C1-pz, froman arbitrary (possiblyspoiled teading sequencéor f is
possiblein linear timein thesizeof theinput.

It turnsout thatour algorithm canbe usedasa substitutefor the learnerin the teacher/learnemodel
for C;-pr, describedn [17]. Thatalgorithmis basedon the ideato build a decisionlist by moving an
item (£,b), where/ is aliteral andb an outputvalue, from the beginning of a decisionlist towardsthe
endif it is recognizedhat someexampleis misclassifiedby this item. Initially, all possibleitemsare
atthe beginning, andthe procedurdoopsuntil no misclassificatioroccurs(see[17] for details);it takes
O(m?n) mary stepsif theinput hassize O(mn), wherem is the lengthof the shortestecisionlist for
thetamet.

The methodin [17] is somevhatdualto ours,andit is easily seenthatthe itemswhich remainat the
beginning of the list arethosewhoseliterals are selectabldor decompositiorin our algorithm. Thus,
by the greedynatureof our algorithm, it constructdrom the (possiblyspoiled)teachingsetasin [17]
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exactly thetargetfunction. This shawvs thatC;-py, is anefficiently learnableclass;sincethe teachingset
is constructiblefrom the tamgetin lineartime, we have thatC;-py, is a nontrivial classof optimal order
i.e.,lineartime for bothteachingandlearning.

5.1 Generatingall extensions

A standardyeneralizatiorof finding onesolutionto a combinatorialproblemis to find all solutions with
particularemphasi®n algorithmsthatenumeratall the solutionsoneby one(andwithout repetitionsof
the samesolution),seee.g.[24, 27,38].

Enumeratingall extensionsof a pdBf in C1-py, is a combinatorialproblemof interest. It is clearthat
in generala pdBf may have an exponentialnumberof extensionsn C;-py,, andthusnot all extensions
canbe computedn polynomialtime. However, a procedurewhich produceghe extensionsoneby one
suchthat the time until the next outputoccursis boundedby a polynomial allows oneto generatea
polynomialnumberof extensionsn polynomialtime;in particular if only polynomiallymary extensions
exist, all of themcanbe generatedn polynomialtime. In an application,an extensionmay be chosen
afterseeinga polynomialnumberof possiblecandidatesvhich canbe producedefficiently. In thisway, a
goodextensionon a certaincriterioncanbe generateavith polynomialtime effort, whereit is intractable
to find the bestextension.The enumeratiomprocedureseneshereto efficiently generateéhe searchspace
of all extensions.

For example finding ashortesextension(in termsof a 1-decisionist) of agivenpdBfis unsurprisingly
NP-hard,asfollows from resultsin [12, 14]. As a simpleapproximationthe shortestecisionlist out of
apolynomialnumberof decisionlists generatedn polynomialtime maybe chosen.

Ideally, the next extensionis generatedn time boundedby a polynomialp(-) in theoriginal input size,
i.e.,in timep(n(|T| + |F|)) wheren(|T| + |F|) is thesizeof a pdBf (T, F'). Thus,regardlessof how
mary (possiblyalreadyexponentiallymary) extensionshave alreadybeengeneratedthe next extension
will be found within the sametime, or it will be recognizedhat no further extensionexists. Suchan
algorithmis calleda polynomialdelayalgorithmin [24].

In this section,we presentan algorithmfor enumeratingll extensionsof a pdBf in C;-pr, with poly-
nomial delay suchthat eachextensionis outputonly onceand that no auxiliary memoryis usedfor
storing the extensionsalreadyoutput. Informally, the algorithmis a backtrackingproceduresimilar to
EXTENSIONthatrecursvely outputsextensionswith commonprefixin their syntacticalrepresentation
as1-DLs. However, a simplerealizationis preventedby ambiguougepresentationf the samefunction
throughdifferent1-DLs. Therearetwo sourcef ambiguity:

(I) The commutatity of logical connecties. For example,the 1-DLs (z1, 1), (z2,1),(T,0) and
(z2,1), (z1,1),(T,0) bothrepresenthefunction f = z1 V .

(I In every 1-DL, thereexist two equivalent choicesfor the two innermostnodesof the 1-DL. For
example,(z1,1), (z2,1), (T,0) and(z1, 1), (Z2,0), (T, 1) bothrepresenthefunction f = z1 Vz,.

In combinationthesetwo sourcegieneratdurtherambiguity: also(zs, 1)(z1,0), (T, 1) representg =
z1Vze. Thus,evenif ary prefixof this 1-DL is differentfrom ary prefixof the1-DL (z1, 1), (Z2,0), (T, 1),
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they bothrepresenthe samefunction. To avoid suchambiguity our enumeratioralgorithmusesthe fol-
lowing canonicalform of 1-DLs:

1. (T,0) and(T, 1) arecanonicalrepresenting = 0 andf = 1, respectiely;
2. ary 1-DL (¢41,0), (T, 1) is canonicaland

3. al-DL (¢1,b1),...,(¢4,bq) whered > 3 is canonicaljf no variableoccursmorethanoncein it
andits tail is either(£4_2, 1), (€4—1,1),(T,0) or (£4—2,0), (£4-1,0),(T,1).

For example,f = z;1 V z2 is representedly the canonicall-DL (z1, 1), (z2,1), (T,0).

It is easyto seethatthe canonicalform amountgo the requirementhatin theform (3.1) of equivalent
(renamed)inear read-oncdormulas,the innermostlevel hasat leasttwo literals, andthat a canonical
1-DL is thusuniqueup to permutationf neighboredelements(¢;, b;),(4i+1, bi+1) thathave the same
outputvalue,i.e., b; = b;11. Our enumeratioralgorithmhandleghis ambiguityby excludingary literal
£, onceit hasbeenchoserfor alevel i of the (renamedform (3.1), for furtherselectionatthe samdevel.

We needsomepreparatorydefinition. The variableof a literal £ is denotedby V (¢). Theliteral is
called A-selectablgresp.,V-selectablg for a setof vectorsS, if either/ = z; andj € ON(S) (resp.,
j € OFF(S)),ort =z; andj € OFF(S) (resp.,j € ON(S)). Thesetof all A-selectablgresp.,
V-selectable)iteralsfor S is denotedby Sel-Lity (S) (resp.,by Sel-Lit,(S)).

Our algorithm,ALL-EXTENSIONS, is describedn Figure 3. It builds an1-DL L stepby stepfrom
scratch.The expansionof the currentlist by anelement(¢, 0) (resp.,(¢,1)) is calleda conjunctionstep
(resp. adisjunctionstep). For efficieng reasonsthealgorithmcallsfunctionsPOSSA((T", F'), I', Lit', )
andPOSSv((T', F"), I', Lit!, ), respectrely, which aregenericfunctionsfor pruningthe searchspaceby
eliminatingbrancheof the computationwhich will for surenotleadto a new extension.They aresup-
posedo report‘Y es”"wheneerthecurrentpartial 1-DL L = (¢, b1),. .., (¢;, b;) for (T, F), wherei > 1,
canbecompletedo acanonicall-DL suchthat:

(i) atleastonefurtherelement(4;,1,b;+1) wheref; 11 # T mustbeappendedand

(i) all elementg;,b;) whereb; = 0 (resp. b; = 1) thatareappendedbeforethe next disjunctionstep
(resp.,conjunctionstep)mustbefrom Lit (resp.,Lit!,).

Clearly, ary pruningfunctionsPOSSA andPOSSY which satisfythis propertyaresound,.e.,they do
not prunethe searchspacancludinganew extension.We notethefollowing result.

Proposition 5.4 Suppos®OSSA((T', F"), I', Lit},) andPOSSvV((T", F'), I', Lit,) are soundpruning
functions.Then,algorithmALL-EXTENSIONS correctlyenumeatesl-DLsfor all extensionsf € Ci-py,
of (T, F),i.e, 1-DLs Ly, Lo, . .., L, sud thatead extensionf € Ci-py, is representedy someL; and
different L;s representdifferentextensions.

Proof. The proof by inductionon |I| is straightforvard. It is easyto seethat the assertedsoundness
conditionon POSSA andPOSSY guaranteethatthe algorithmoutputseachextensionin C;-py: every
completionof a partial 1-DL L to somecanonicall-DL that hasnot beenoutputsofar is found. Fur
thermoretheexclusionof literalsfrom Lit, in thewhile loop of Stepl (resp.,Lit\ in thewhile loop of
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Step2) eliminatesambiguity (1), i.e., commutat¥ity of logical connecties. Sinceonly canonicall-DL
areoutputby the conditionon the outputs differentoutputsrepresentlifferentextensions. O

A trivial implementatiorof POSSA andPOSSY simply returns"Y es”, independenof the input (call
this POSS1).However, the resultingalgorithmis not polynomialdelay For example,consider(T’, F')
whereT = {(1---1)}, F = {v € {0,1}" | |OF F(v)| = 1}. This pdBf hasa uniqueextensionin C:-pp,
which amountsto f = zjz5---z,. Using POSS1,algorithm ALL-EXTENSIONS hasexponentially
mary computationpathswhich drive to no solution: eachsubsebf {z1,. .., z,} will be considereds
initial conjunctve prefix for anextensionin C;-py,, but only oneof themsucceeds.

We considettherethe pruningfunctionsPOSS2A andPOSS2v, wherePOSS2A is shavn in Figure4.
The function POSS2v is completelysymmetric. The following lemmais easily established.In what
follows, let for ary setof literals A andsetof vectorsS, denoteV (4) = {V(£) | £ € A} andS4 = {v €
S|veT)forall £ € A}, whereV (¢) denoteshevariableof £.

Lemma 5.5 POSS2A is a soundpruningfunction,which is executablen O(|1|?||F[I]|) time

Proof. Supposehatthe currentpartial 1-DL canbe completedto a canonicall-DL asin items(i) and

(i) beforeProposition5.4, i.e., POSS2A is supposedo return“Yes”. Thenthereexistsa 1-DL L =

(£1,b1),..., (Lk,br), (T,bx+1) representin@nextensionf # L, T suchthat{¢; | 1 < i < j} C Lita

holdsfor the maximalprefix (¢1,0),...,(¢;,0) of L with output0. As f # L, T, thefirst if-statemenis

correct;hencethe else-if statements alsocorrect. For whatis left, we considerthe casein which Lit

doesnot containoppositeliterals. If j = k (i.e.,L = (£1,0),...,(¢;,0), (T,1)), then; is V-selectable
for Fa[l14] with A = Lits \ {£;}. This meanghatPOSS2A correctlyreturns*Yes”. Ontheotherhand,
if j < k,thent;, is vV-selectabldor F4[I4] with A = Lit, \ {£;11}. POSS2A correctlyreturns‘Yes”

alsoin this case.This provesthe soundnessf POSS2A.

As for the time bound, using countersfor |F'|, |T'| andthe numberof oppositeliteral pairsin Lit,
(which canbe efficiently maintained) the first if statementndthe elseif statementanbe executedin
constantime; notethat|F'[I]| = |F|, |T[I]| = |T| asin callsof POSS2A all vectorsin F, T coincideon
{1,2,...,n}\ I. Theremaindeis clearlyexecutablen O(|I|?|F|) time. O

We remarkthatconsideringonly A = Lit, in POSS2A (insteadof all A with |A| = |LitA| — 1) would
beincorrect,assomeliteral onavariablein Lit, maybeneededor anv-selectablditeral. For example,
consider(T, F') whereT = {(1111)}, F = {(1101),(1110), (0100)} andassumd = {1,2,3,4} and
Litn = {z1,z2}. Then,the modifiedtestwould report“No”, which incorrectly prunesthe canonical
1-DL (51, 0), (.’EQ, 1), (53, 0), (54, 0), (T, 1) representing = {171(52 \% x3x4).

For POSSv, we obtaina symmetricresult.

Lemma5.6 POSS2v isasoundpruningfunction,which canbeexecutedn callsof ALL-EXTENSIONS
in O(|I1?||T[1]]) time

An exampleof ALL-EXTENSIONS is givenin theappendix.We now shav thatthis algorithm,using
POSS2js polynomialdelayin a suitableimplementation.

Theorem 5.7 Supposéahat ALL-EXTENSIONS usesPOSS2A and POSS2v, andthat, if possible a
literal £ € Lit (resp.£ € Lity) is selectedn thewhile loop of Stepl (resp.,Step2) in ALL-A UX sud
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Algorithm ALL-EXTENSIONS
Input: A pdBf (T, F), whereT, F C {0,1}".
Output: 1-DLS Ly, Ls, . . ., L, for all extensionsof (T, F) in C1-pr.

Stepl. if T = @ then output“(T,0)” (continue); (* specialtreatmenbf extension.L *)
if £ = 0 thenoutput“(T,1)” (continue); (* specialtreatmenbf extensionT *)
if T # (@ and F # () and EXTENSION(T, F')=“No” then halt; (* nonon-trivial extensions)

Step2. L:=nil; I:={1,2,...,n}; (* L is empty I hasall varindices*)

Lits := Sel-Litn (T'); Lity := Sel-Lit, (F);
ALL-AUX((T, F), L, I, Lit, Lit).

Procedure ALL-A UX

Input: A pdBf (T, F), partial 1-DL L, setI of availablevariableindicesandsetsof literals Lit 5, Lit\, allowedfor

decomposition.

Output: 1-DLs for all extensionsf € Ci-pr, of (T, F) having prefix L, andthe literal plus operatorafter L is

accordingto Lita, Lity,.

Stepl. (* ExpandL by aconjunctionstep®)
while thereis aliteral £ € Lit, do begin

I' =T\V({¥); (* variableof £, V(£), is nolongeravailable*)
Lity := Lita \ {g}, (* excludeliteral £ for furtherdecompositiort)
Lit!, := Lita \ {¢}; (* = complementaryiteral of £ *)

T :=T;F :={veF|veT{)};
if (L=mnilor L =“L',(¢',0)") and F' = { then outputtheextension*L, (£,0), (T,1)";
if POSSA((T", F'), I, Lit,) = “Yes”
then begin (* expandL by “(¢,0)” *)

Lit{, := Sel-Lit, (F'[I']);

ALL-AUX((T", F"),“L, (£,0)", I, Lit',,Lit);
end{then}

end{while}.

Step2. (* ExpandL by adisjunctionstep*)
while thereis aliteral ¢ € Lity, do begin

I' =T\V({¥); (* variableof £, V(£), is nolongeravailable*)
Lity := Lity \ {g}, (* excludeliteral £ for furtherdecompositiort)
Lit{, := Lity \ {¢}; (* = complementaryiteral of £ *)

T :={veT|v¢T{)}; F':=F,
if L=“L' (¢,1)" andT' = @ then outputtheextension“L, (¢,1), (T,0)";
if POSSv((T',F"), I, Lit{,) = “Yes”
then begin (* expandL by “(¢,1)" *)
Lit!, := Sel-Lit, (T'[I");
ALL-AUX((T', F"),“L, (¢,1)", I, Lit',, Lit!,);
end{then}
end{while}.

Figure3: Enumeratioralgorithmfor all 1-DLs for extensionsn C;-py,
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Function POSS2A
Input: A pdBf (T'[I], F[I]), whereT, F C {0,1}", I C {1,...,n}, asetLit, of A-selectablditeralsfor T'[I].
Output: Boolean(*Yes” or “No”).

Stepl. if |T[I]| = 2!l or |F[I]| = 2!l then return “No”
elseif Lit, containsoppositditeralsthenreturn “Yes”; /* InthiscaseI = () */
for eachsubsetd C Lits suchthat|A| = |LitA| — 1 do begin
Io:=I\{V()|LeA};
Fa:={weF|weT({)foreveryl € A};
if Sely(Fa[la]) # 0 thenreturn“Yes”
end{for};
return “No”. O

Figure4: PruningfunctionPOSS2A

that/ € Lit, (resp. € Lity). Then,it enumeates1-DLsfor all extensionsf € Ci-py, of (T, F) with
O(n®(IT|* + |F|*)) delay

Proof. Thecorrectnessf thealgorithmfollows from Propositiorb.4andLemmass.5and5.6. We prove
the polynomialdelaypropertyby analyzingthetree7 of partial 1-DLs generatedby ALL-A UX.

EachnonterminainodeN in 7 is labeledwith the parametersf the correspondingall of ALL-A UX,
whichwe referto by N.T', N.F etc,andhas(ordered)childrenasfollows. For eachliteral £ € N.Litp
(resp.£ € N.Lity) anA-nodeNy', (resp.,V-nodeN,’) is generatedThearcfrom N to N (resp.,V))
is labeledwith (Z,0) (resp.,(£,1)). ThenodeN}* (resp.,N)') is terminal,if the call of POSS2A (resp.,
POSS2v) for £ returns‘No”; otherwisejt is labeledwith the parametersf the subsequertall of ALL-
AUX. Therootof T, root(T), is generatedn Step2 of ALL-EXTENSIONS; notethatit is nonterminal.
A nodeN in 7T is anoutputnode if ALL-AUX hasoutputbeforeissuingthe call of POSS2A (resp.,
POSS2v) for N. A nodeis productive if the subtreerootedat N, denoted7y, containssomeoutput
nodeN’.

We shaw that the size of Ty is polynomially bounded,if N is not productie; sincethe bodiesof
thewhile loopsin ALL-A UX runin polynomialtime, this will establisithatprocessingnunproductie
subtregakesonly polynomialtime. Sincethenumberof childrenof eachnodeandtherecursiordepthare
O(n), thisimpliesthe polynomialdelayproperty Notethattherootof 7 is productve. More precisely
we prove thefollowing lemma.

Lemma 5.8 Supposeither N or all its children are not productive Thenif N is therootor an A-node
thesizeof Ty is O(|I|?|F|?). Similarly, if N is anVv-node thesizeof Ty is O(|1]?|T|?).

Proof (of lemma5.8). Let N be eitherroot(7T) or an A-nodeN in thetree 7, andsupposehat N’ is
the first nonterminalv-child of N (if oneis generated).We claim that N’ is productve. To seethis,
notethat POSS2v(T", F', I', Lit|)) returns“Yes”, whereT’' = N'.T, F' = N'.F, I' = N'1I, and
Lit{, = N'.Lity; thisimpliesthat|I’| > 1 andthat F'[I"], T'[I'] do not containall possiblevectorson
I'. We shaw that (T"[I'], F'[I']) hasanextensionf # T, L in Cy-pz, which provestheclaim. If 77 = (,
thenlet f describeary vectornotin F'[I']; similarly, if F' = (), thenlet f’scomplementlescribeavector
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notin T"[I']. Otherwise the existenceof f is concludedrom Lemma4.1. (We notein passingthat if
N.F # (), thenevery nonterminal/-child of N is productve.)

As a consequencdf N is not productive, thenall v-childrenof N areterminal. For simplicity, let
T=N.T,F = N.F, Lit, = N.Lit, andLity = N.Lit,, andconsiderthe A-childrenof N andtheir
A-descendantdVe considertwo cases.

Case (1) Lit, doesnot containa pair of oppositeliterals. Considerary unproductie nonterminala-
nodeN’ # N in thetree Ty suchthat N’ is reachedrom N ona A-path,i.e., a paththroughA-nodes.
As alreadyshavn above, N’ hasno V-children. We obsere that N'. Lit,, # () musthold (otherwise N’
is notgenerated)andin fact| N'.Lit, | = 1 musthold (otherwise,N' is productve).

We now shav thatthe numberof differentsuchnodesN’ is boundedby ||| F|.

Let A’ = {Z | literal £ occurson the pathfrom N to N'} C Lit,, let I* = V(Lit,), andlet ¢ be
the (unique)literal in N'.Lit,. We call ary vectorw € F[I*] anevidencefor N', if w € FA'[I*] and
w € F(¢) (i.e.,w falsifiest), for every literal £ € Lit \ (A’ U {¢'}). As easilyseensuchan evidence
mustexist for N'.

Considernow two unproductie nonterminalnodesN’, N # N reachedrom N on A-paths,such
that N and N” have commonevidencew’ = w”. Let ¢ and/” bethe uniqueliteralsin N'.Lit, and
N".Lit,, respectiely. Thenwe have ¢, ¢" ¢ Lit,. To verify this, supposdowardsa contradictionthat
2" ¢ Lits. ThisimpliesthatA” = A’ U {¢'}, whereA’ and A" arethe setsof oppositéiterals occurring
in the path from N to N’ (resp., N to N”). Now the pdBf (T'[I], F[I]) hasextensionsrepresented
by 1-DLs N'.L, (#,0),(T,1) and N'.L, (¢,0), (¢",0),(T,1). Consequentlyit alsohasan extension
N'.L,(¢',1),(£",1),(T,0). Sincethis extensionis canonical, N’ is productve, a contradiction. The
prooffor ¢/ ¢ Lit, is analogousye thushave ¢, 2" € Lit.

It followsthat A’ U {¢'} = A" U {¢"} C Lit,. Obviously, atmost|I*| — 1 (< |I| — 1) setsA” different
from A’ arepossible.Thus,atmost|I| differentnodeshave the sameevidence.SinceeachN’ musthave
someevidence thenumberof different N’ is boundedby |I||F|.

This proves the above statementhat the numberof all nodesin subtreesootedat unproductre A-
childrenof N is O(|I|?|F|). We canconcludethatthe sameboundholdson the numberof all nodesin
T if eitherN or all its childrenarenot productive.

Case (2) Lit, containsa pair of oppositédliterals. ThisimpliesT = (), andthusevery nonterminanode
N'in Ty satisfiesN'.T = (). SupposeN’ (# N) is anunproductie nonterminalA-nodereachedrom
N onaA-path,andlet A’ be asabove the setof oppositeliteralsin this path. Notethat 74" + () holds
(otherwise, N’ would be productie). Therearetwo casesy(i) N'.Lit, containsoppositeliteralsand(ii)
it containsno oppositdliterals. In caseof (i), theassertediteral selectionstratgy of ALL-A UX implies
that A’ mustbefrom Litt := {¢ € Lit, | ¢, 7 € Lit,}. By asimpleinductive agument,we have at
most2/7*| suchnodesN’, wherel* = V(Lit¥). In caseof (i), N.Lit, = {¢'} musthold. Similar asin
Case(1) above, we candefinean evidenceof N’ andatmost(|I| — |1%])2/""! differentnodesmay have
the sameevidencevector Thus,the numberof differentnodesN’ is boundedby 2//* |I]|F|.

The numberof unproductie nodesN’ in caseqi) and(ii) is thenboundedby 2l 2|Ii||I||F| =
O(27*1|1||F|). Sincethefirst nonterminalA-child of NV is not productie, we musthave |F| > 2171,
Thus,the numberof unproductie nodesN’ in (i) and(ii) is boundedby O(|I||F|?). In particular if N
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or all its childrenareunproductie, thenthetree 7y hasO(|1|?|F|?) mary nodes.

This closesour analysisof T whereN is an A-nodeor theroot of 7. For anv-nodeN, we obtain
symmetricresultsin analogousnanner Thatis, 7y hasO(|I]?|T|?) mary nodesif N or all its childrens
arenotproductize. This provesthelemma. <

We now completethe proof of thetheorem.By Lemmab.5 (resp.,Lemmab.6), eachcall of POSS2A
(resp.,POSS2v) in ALL-AUX takes O(n?(|F|)) (resp.,O(n?|T|)) time. The otherstatementsn the
bodiesof theloopsin Stepsl and2 take O(n|T'|) andO(n|F|) time, respectiely. Thus,the next nodein
T is alwaysgenerateavithin O(n(|T'| + n|F|)) (resp.,O(n(|F| + n|T|)) time.

Considemow two outputnodesN andN' in T correspondingo subsequentutputsof ALL-A UX. Let

f(n,T,F) = n*(|T* + |F[*).

Then,if N'isin Ty, by Lemmab.8thenumbermnf nodesggeneratetbetweenV andN’ is O(n- f(n, T, F))
sincetherecursiondepthis atmostn. If N’ is notin 7y, then7y containsO(f(n, T, F)) mary nodes.
Backtrackingin 7~ to the leastcommonancestorN” of N and N’ generatedy Lemma5s.8 O(n? -
f(n,T,F)) mary nodes,andbetweenN” and N’ againO(n - f(n,T, F)) mary nodesare generated.
Thus, in total O(n? - f(n, T, F)) mary nodesare generatecbetweenN and N’. The time between
subsequenutputsof ALL-A UX is thusboundedby

O(|T| +|F)(n+1)n’f(n,T,F)) = O@*(T +|F[).

The sameboundalsoapplieson the time until the first outputof ALL-A UX anduntil terminationafter
thelastoutput. Theboundon the outputdelayof ALL-EXTENSIONS now follows easily O

Weremarkthatin [13], involvedsoundandcompletepruningfunctionsSRESTFEXT-A andRESTFEXT-v
aredescribedwhich canbeevaluatedn O(n(|T| + n?|F|?)) andO(n(|F| +n?|T|3)) time, respectiely.
Usingthem,ALL-EXTENSIONS runswith O(n®(|T|® + |F|?)) delay

Improvementgo ALL-EXTENSIONS canbemadeby usingappropriatelatastructuresandreuseof in-
termediategesults.It remaingo seewhetheranalgorithmwith lineartime delayis feasible.Notethatlike
algorithmEXTENSION, alsoalgorithmALL-EXTENSIONS canbe easilymodifiedto enumeratequv-
alentrepresentationsf the C;-pr-extensionsof the pdBf (7', F') in termsof linear read-oncdormulas,
setsof thresholdweights,or nestedlifferenceof conceptsey, .. ., z,.

Theoremb.7 hasimportantcorollaries.

Corollary 5.9 Thee is a polynomialdelayalgorithmfor enumeating the (unique prime DNFsfor all
extensionof a pdBf (T, F) in Ci-py, (resp.,in Crr-1, Cnp, andCE ).

Proof. By TheorenB.5,theprime DNF for alinearread-oncdéormulay canbeobtainedrom ¢ in O(n?)
time. O

Denoteby C(n) theclassof all Bf of n variablesn C. Then,if we applythealgorithmon (T, F'), where
T = F = () for givenn, thenwe obtainall memberof C;z-1(n). Hence,

Corollary 5.10 Thee is a polynomialdelayalgorithm for enumeating the (uniqug prime DNFsof all
f € Ci-pr(n) (resp.in Crg-1(n), Cyp(n), andCE(n)). O
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Transferredo thelearningcontext, we obtain:

Corollary 5.11 Algorithm ALL-EXTENSIONS outputsall hypotheseg € Ci-pr, which are consistent
with a givensampleS with polynomialdelay Similar algorithmsexistfor Cz-1, Cyp, andCE ;.

As a consequencdf the samplealmostidentifiesthe target function, i.e., thereare only few (up to
polynomially mary) differenthypothesesonsistentwith the sampleS, thenthey canall be outputin
polynomialtime in the sizeof S.

As anothercorollaryto Theoremb.7, checkingwhethera pdBf (7', F') uniquelyidentifiesonefunction
fromtheclassC;-py, is tractable.

Corollary 5.12 GivenapdBf(T, F'), decidingwhetheiit hasa uniqueextensionf € C;-pz, (equivalently
f €CrLr-1, f € Cyp,andf € CE,,) is possiblein polynomialtime

For learning,this givesusthefollowing result.

Corollary 5.13 Decidingwhethera givensampleS is a teacing sequencéor Ci-py, (equivalently for
Crr-1 andCyp) is possiblein polynomialtime

Example 5.1 ConsidetthepdBf (T, F'), whereT = {(011), (101)}, F' = {(110), (001) }. Thealgorithm
ALL-EXTENSIONS outputsthesingle1-DL (z3,0), (z1, 1), (z2,1), (T, 0), which representshe exten-
siony = z3(z1 V x2). In fact, is theuniqueextensionof (T, F) in C;-pr. Obsere thatonly extensions
[ € Cpgr-1 of form z3 A ¢ arepossible asz; is theonly A- resp.v-selectablditeral; sincenotermz;z;
canbe animplicantof anextensionandT' containstwo vectors,it follows thatzs(z; V z2) is theonly
extensionof (T, F) in Cpr-1 andthusin Ci-py. O

6 Conclusion

In this paper we have consideredhe relationbetweendecisionlists and otherclassesf Booleanfunc-
tions. We foundthattherearea numberof interestingandunexpectedrelationsbetweenl-decisionlists,
Horn functions, and intersectionsof classeswith read once-functions. Theseresultsprovide us with
syntacticaland semanticatharacterizationsf an operationallydefinedclassof Booleanfunctions,and
vice versawith anoperationabndsyntacticalcharacterizatiomf intersectionof well-known classeof
Booleanfunctions.Moreover, they allow usto transferesultsobtainedor oneof theseparticularclasses,
the correspondingthers.In this way, the characterizationmay be usefulfor deriving futureresults.

On the computationakide, we have shavn that someproblemsfor 1-decisionlists andtheir relatves
aresohablein polynomialtime;in particular finding anextensionof a partially definedBooleanfunction
(in termsof learning,a hypothesisconsistentwith a sample)in this classis feasiblein lineartime, and
enumeratiorof all extensionsof a pdBfin this class(in termsof learning,all hypothesesonsistentvith
sample)is possiblewith polynomialdelay Furthermorethe uniqueextensionproblem,i.e., recognition
of ateachingsequencds polynomial.

Severalissuegemainfor furtherresearchAs we have shavn, a simplegeneralizatiorof the character
izationsof 1-decisionistsin termsof otherclasse®f Booleanfunctionsis not possibleexceptin asingle
case.It would bethusinterestingto seeunderwhich conditionssucha generalizatiorcould be possible.
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Obsenre thattheinclusionCy-pr, C Cry (k) is known [3], whereCry (k) denoteghefunctionsdefinable
asalinearly separabléunctionwherevariablesarereplacedyy termsof sizeatmostk. A preciseglegant
descriptionof the Cy-p;, fragmentwithin Crz (k) would be appreciatedaswe have shawvn, intersection
with read% functionsis notaptfor this. Moreover, furtherclasse®f Booleanfunctionsandfragmentsof

well-known suchclassesvhich characterizé:-decisionlists would beinterestingto know.

Otherissuesxoncerncomputationaproblems.Oneis a possibleaxtensionof thepolynomial-timedelay
enumeratiorior 1-decisionlist extensiongo k-decisionlists for £ > 1. While finding a singleextension
is possiblein polynomialtime [34], avoiding multiple output of the sameextensionis ratherdifficult,
anda straightforvard generalizatiorof our algorithmis not at hand. Intuitively, for termsof sizek > 1,
consensusglaysa role andmakescheckingwhetheritemsof a decisionlist areredundantntractablein
general We maythusexpectthatin generalno suchgeneralizatiorof ouralgorithmfor & > 1 ispossible.

Acknowledgments. The authorsthankMartin Anthory for pointing out the equivalenceof Crz-1 and
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A Appendix: Example for ALL-EXTENSIONS

ExampleA.1 Considerthe pdBf (T, F') whereT = {(001), (010)}, F = {(000)}. We apply ALL-
EXTENSIONS.

Stepl. No output.
Step2. L :=nil; I := {1, 2,3}; Lity = {51}; Lity = {$1,$2,$3}.
Call ALL-A UX for (T'[I], F[I]), I, L, Lit, Lit,.

(ALL-AUX (1)) Stepl. L ==1:  I' := {2,3}, Lit, := 0; Lit, := 0;
T := {(001), (010)}; F' := {(000)}; No outputin the"if ”.
Call POSS2A for T'[I'), F'[I']), I' = {2, 3}, and Lit), = 0; it answers'Yes” (z is V-selectable
in F'O[1").
ExpandL by “(z1,0)": Lit\, := {z2,z3}; Call ALL-AUX for (T'[I'], F'[I']), I', L' =(z1,0),
Lit), Lit.,;
(ALL-AUX (2)) Stepl. void, asLit, = 0.
Step2. L = zo: I' := {3}; Lity := {x3}; Lit{, := {z3}; T' := {(001)}; F' := {(000)}.
No outputin the“if ".
Call POSS2v for I' = {3}; Lit!, = {x3}; it answersYes” (z3 is A-selectablén T"°[I"]).
Expandy by“(z9,1)": Lit), := {x3}; CallALL-AUX for (T'[I'], F[I']), I', L' =(x1,0), (22,1),
Lit',, Lit,,.
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(ALL-AUX (3)) Stepl. L = z3: I' := 0; Lit, == 0; Lit), := 0; T" := {(001)}; F' := 0

No outputin the“if ".

Thecall of POSS2A for I’ = ), Litx, = 0 answersNo”.

Step2. L = z3: I' := 0; Lity := 0; Lit{, := 0; T" := §; F' := {(000)};

Output L; = (xl, 0) (.’EQ, 1), (:Eg, 1), (T, 0),

Thecall of POSS2v for I' =, Lit, = § answersNo”.

(endof ALL-AUX (3))
(ALL-AUX (2) continued)Step2. L = z3: I' := {2}; Lity := 0; Lit,, := 0; T' := {(010)};
F':= {(000)};
Call POSS2v for I' = {2}, Lit{, answersYes” (z is V-selectablen T"[I']). This branch
doesnot drive to a solution.
ExpandL by “(z3,1)": Lit), := {z2}; Call ALL-A UX for (T"[I'], F'[I']), I', L' =(z1,0)(z3, 1),
Lit)\, Lit\;

(ALL-AUX (3)) Stepl. L = xo: I' := 0; Lits := 0; Lit), := 0; T" := {(010) }; F' := 0;

No outputin the“if ".

Thecall of POSS2A for I’ = (), Litx = 0 answersNo”.

Step2. void, asLity = 0. (endof ALL-AUX (3))
(endof ALL-AUX (2))

(ALL-AUX (1) continued)Step2. L = =z1: I' := {2,3}; Lity = {z2,23}; Lit\, := {2, 23};
T := {(001), (010)}; F' := {(000)}; No outputin the"“if ".
Thecallof POSS2v for I' = {2, 3}, Lit\, = {2, z3}, answersY es” (z, A-selectablén 7723 [1"]).
ExpandL by “(z1,1)": Lit), := @; Call ALL-AUX for (T'[I'], F'[I']), I', L' =(z1,1), Lit'y, Lit{,;
(ALL-AUX (2)) Stepl. void, asLitx = 0.
Step2. L = zo: I' := {3}; Lity := {z3}; Lit{, := {z3}; T' := {(001), }; F' := {(000)}.
No outputin the“if .
Call POSS2v for I' = {3}; Lit\, = {x3}; it answersYes” (z3 is A-selectablén T'°["]).
Expandy by “(z2,1)": Lit), := {z3}; CallALL-A UX for (T'[I'], F[I']), I', L' =(z1,1)(z2,1),
Lit',, Lit{,.
(ALL-AUX (3)) Stepl. L = z3: ... Output Ls = (£L‘1, 1)(.%‘2, 1)(:1,‘3, 1)(T, 0), .
(endof ALL-AUX (3))
(Step2. of ALL-AUX (2)) L = z3: ...(endof ALL-AUX (2))
(ALL-AUX (1) Step2. continued) L = x5: ... Output L3 = (x9,1)(z1,0)(Z3,0)(T,1); ...
... Output Ly = (z2,1)(z3,1)(T,0); ...
(ALL-AUX (1) Step2. continued) L = z3: ... Output L5 = (x3,1)(z1,0)(Z2,0)(T,1); ...
(endof ALL-AUX (1))
(endof ALL-EXTENSIONS)

Thus, the algorithm outputscanonicall-DLs for the the five extensionsy; = Z1(z2 V x3), 2 =
1V xo Vs, Y3 =22V IT123, Py = 22 V X3, and¢5 =x3V T1T2. a
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