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Abstract

In this paper, we continue our researchon
the algorithmic aspectsof Halpern and Pearl’s
causesandexplanationsin the structural-model
approach. To this end, we presentnew char-
acterizationsof weak causesfor certainclasses
of causalmodels,which show that undersuit-
able restrictionsdeciding causesand explana-
tionsis tractable.To ourknowledge,thesearethe
first explicit tractabilityresultsfor thestructural-
modelapproach.

1 INTRODUCTION

Dealingwith causalityis animportantissuewhichemerges
in many applicationsof AI. While this issue has been
widely addressed,it is not settledyet, and a numberof
competingapproachesto modelingcausalitycanbefound
in the literature. Someof themarebasedon modalnon-
monotoniclogics (developedespeciallyin the context of
logic programming),like Geffner’s approach[8, 9], which
has beeninspired by default reasoningfrom conditional
knowledge bases. More specializedmodal-logic based
formalismsplay an importantrole in dealingwith causal
knowledgeaboutactionsand change;seeespeciallythe
work by Turner [24] and the referencestherein for an
overview. A differentfamily of approachesevolved from
theareaof Bayesiannetworks,suchasPearl’sapproachto
modelingcausalityby structuralequations[1, 6, 20, 21]. In
particular, theevaluationof deterministicandprobabilistic
counterfactualshasbeenexplored[1].

Causalityplaysan importantrole in the generationof ex-
planations,which are of crucial importancein areaslike
planning,diagnosis,naturallanguageprocessing,andprob-
abilistic inference.Differentnotionsof explanationshave�
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beenstudiedquite extensively, seeespecially[14, 7, 22]
for philosophicalwork, and [19, 23, 15] for work in AI
thatis relatedto Bayesiannetworks.A critical examination
of suchapproachesfrom the viewpoint of explanationsin
probabilisticsystemsis givenin [2].

In arecentpaper[11], HalpernandPearlformalizedcausal-
ity using a model-baseddefinition, which allows for a
precisemodelingof many importantcausalrelationships.
Basedon a notion of weakcausality, they offer appealing
definitionsof actualcausality[12] andof causalexplana-
tions [13]. As Halpernand Pearlshow, their notionsof
actualcauseandcausalexplanation,which is very differ-
ent from the conceptof causalexplanationin [17, 18, 8],
modelswell many problematicexamplesin theliterature.

The following example from [11, 12, 13] illustratesthe
structural-modelapproach.Seeespecially[1, 6, 20, 21, 10]
for moredetailson structuralcausalmodels.

Example 1.1 (arsonists) Suppose two arsonists lit
matchesin differentpartsof a dry forest,andboth cause
treesto startburning. Assumenow eithermatchby itself
suffices to burn down the whole forest. We may model
such a scenario in the structural-modelframework as
follows. We assumetwo binary backgroundvariables���

and
���

, which determinethe motivation andthe state
of mind of the two arsonists,where

���
is 1 if f arsonist�

intendsto starta fire. We thenhave threebinaryvariables	 �
,
	 �

, and 
 , which describethe observablesituation,
where

	 �
is 1 if f arsonist � dropsthe match,and 
 is 1

if f thewhole forestburnsdown. Thecausaldependencies
betweenthesevariablesareexpressedby functions,which
say that the valueof

	 �
is given by the valueof

� �
, and

that 
 is � if f either
	 �

or
	 �

is 1. Thesedependencies
canbegraphicallyrepresentedasin Fig. 1.

Causesand explanationsfor events, such as 

��� (the
whole forestburnsdown), aredefinedby consideringthe
valuesof variablesin the above modelandcertainhypo-
theticalvariants(seeSection2). �
The semanticaspectsof causesand explanation in the



	 �� �
� � 	 � 


Figure1: CausalGraph

structural-modelapproachhavebeenthoroughlystudiedin
[11, 12, 13], while theircomputationalcomplexity hasbeen
analyzedin [3, 5]. As shown there,causesandexplanations
arecompletefor theclasses���� and ���� of thePolynomial
Hierarchy, andthusintractablein general.As for compu-
tation, Hopkins [16] explored search-basedstrategies for
computingactualcasesin both the generalandrestricted
settings.However, no tractablecases(apartfrom trivial in-
stances)wereexplicitly known sofar. In this paper, we fill
this gapandmakethefollowing majorcontributions:

� We presenta new characterizationof weak causesin
the structural-modelapproach,which appliesto a classof
causalmodelswherethecausaldependenciescanbehier-
archicallystructured,which wecall decomposablegraphs.
Examplesof causalmodelswhicharecoveredby thisclass,
consideredin Section5, arecausaltrees(Section4) andthe
moregenerallayeredcausalgraphs(Section6).

� By exploiting the characterization,we obtain algo-
rithms for decidingweak causes,actualcauses,and dif-
ferentnotionsof explanationsasdefinedfor thestructural-
modelapproach[11, 13, 5].

� Imposingsuitableconditions,thealgorithmsfor decid-
ing weakcauses,actualcausesetcrun in polynomialtime.
By this way, we obtain several tractability resultsfor the
structural-modelapproach,andin fact, to our knowledge,
thefirst oneswhich areexplicitly derived.

� Furthermore,extendingwork by Hopkins[16], we dis-
cusshow irrelevant variablescan be efficiently removed
from a causalmodel when determiningweak and actual
causes. This can lead to greatsimplifications,and may
speedup thecomputationconsiderably.

Note thatdetailedproofsof all resultsaregiven in theex-
tendedpaper[4].

2 PRELIMINARIES

We assumea finite setof randomvariables. Eachvariable���
may take on valuesfrom a finite domain ��� �����

. A
value for a setof variables

� ��� ��� �"!#!#!#�$��%'&
is a map-

ping (*) �,+ ��� �-�#�/.10#0#0'. �2� ��%/�
such that (3� ���4�65

��� �7���
(for

� �98 , the unique value is the empty map-
ping 8 ). The domain of

�
, denoted �2� �9�

, is the set
of all valuesfor

�
. We say

�
is domain-boundedif f a

constant: existssuchthat ; ��� � � � ;=<>: for every
� � 5?�

.
For @�A �

and ( 5 ��� �9�
, denoteby (3; @ the restriction

of ( to @ . For disjoint setsof variables
��� @ and val-

ues ( 5 ��� �B�=�$CD5 ���E@ �
, denoteby ( C the union of (

and
C
. For (not necessarilydisjoint) setsof variables

��� @
andvalues( 5 �2� �9�F�$CG5 ���H@ �

, denoteby I (3J CLK theunion
of (3;M� �ON @ �

and
C
. We often identify singletons � �7�4&

with
� �

, andtheir values( with (3� � � �
.

2.1 CAUSAL MODELS

A causal model PQ�R� �S�UTV�XWY�
consistsof two disjoint

finite sets
�

and
T

of exogenousand endogenousvari-
ables,respectively, anda set

W ��� W3Z ; �[5YT�&
of func-

tions
W3Z )'���]\_^ ZD�D+ ��� �9�

thatassigna valueof
�

to
eachvalueof theparents \_^ Z A �`.aTbN � ��&

of
�

.

The causalgraph for P , denotedc��HP �
, is the directed

graph �Hd �feb�
, where d,� �O.7T

and
e �R�L�H@ �f�9�65

dhg7di;j@ 5 \_^ Z &
. Denoteby clk*�]P �

the restriction
of c��HP �

to
T

. A directedgraphis boundedif f thenumber
of parentsof eachnodeis boundedby a constant.

We focus here on the principal class [11] of recursive
causalmodels PQ�
� �S�UTV�XWY�

in which a total orderingm on
T

exists such that @ 5 \_^ Z
implies @ m �

, for
all

��� @ 5lT
. In such models,every assignmentto the

exogenousvariables
� ��n determinesa unique value

C
for every set of endogenousvariables @oA T

, denoted@6p9�En � (or simply @��qn � ). In the sequel, P is reserved
for denotinga recursive causalmodel. For any causal
model Pr��� �S�UTV�XWY�

, set of variables
� A T

, and ( 5
��� �9�

, the causalmodel P�s���� �S�UTV�XW s � , where
W s,�� Wut ;$@ 5vTbNw��&�. � W ZSx ��(y� �9z{� ; �2zH5_��&

, is a submodel
of P . For @�A T

, we abbreviate @ pD| �qn � by @'s}�En � .
Example 2.1 (arsonistscontinued) PQ�
� �~�XT��fWY�

for Ex-
ample 1.1 is given by

� ��� � � , � � &
,
T �O� 	 � � 	 � � 
 &

,
and

W ��� W3�v� �XWy�_���fW3�~&
, where

W3�v� � � �
,
W3�_� � � �

, andW3� ��� if f
	 � ��� or

	 � ��� (Fig.1 showsthecausalgraph,
i.e., theparentrelationshipsbetweenthevariables).�
As for computation,we assumethat in PQ�R� �S�XT��fWY�

,
every function

WyZ )v����\_^ Z?�}+ �2� �9�
,
�[5YT

, is com-
putablein polynomialtime. Thefollowing is immediate.

Proposition 2.1 For all
��� @oA T

and ( 5 �2� �9�
, theval-

ues @��En � and @ s �qn � , given n 5 ��� ���
, are computablein

polynomialtime.

2.2 WEAK AND ACTUAL CAUSES

Wenow recallweakcausesfrom[11, 12]. A primitiveevent
is anexpressionof the form @�� C

, where @ is a variable
and

C
is a valuefor @ . Thesetof eventsis the closureof

the setof primitive eventsunderthe Booleanoperators�
and � . The truth of an event � in PQ��� �S�UTV�XWY�

under



n 5 ��� ���
, denoted�]P � n � ; �2� , is inductively definedby:

� �]P � n � ; �1@�� C
if f @6p9�En � � C

,

� �]P � n � ; ����� if f �HP � n � ; ��� doesnothold,

� �]P � n � ; ������� if f �]P � n � ; ��� and �]P � n � ; ��� .

We write �3�En � to abbreviate �]P � n � ; �2� . For
� A T

and( 5 ��� �9�
, wewrite � s �qn � to abbreviate �HP s � n � ; �1� . For� �R� � � �#!"!#!"�$�-��& A T

with :D�B� and ( � 5 ��� � � �
, we

use
� �2( � 0"0#0 ( � to abbreviate

� � ��( � � !#!"! � �-� �>( � .
Thefollowing is immediate.

Proposition 2.2 Let
� A T

and ( 5 �2� �9�
. Given n 5

��� ���
and an event � , decidingwhether �3�qn � and �'s��qn �

(given ( ) holdcanbedonein polynomialtime.

Let Pr��� �~�XT��fWY�
be a causalmodel. Let

� A T
and( 5 ��� �9�

, andlet � be an event. Then,
� �2( is a weak

causeof � undern if f thefollowing conditionshold:

AC1.
� �qn � �o( and �3�qn � .

AC2. Someset of variables �[A TlN �
and somevalues( 5 ��� �9�

, � 5 �2�H� �
exist with:

(a) ��� s��S�qn � , and
(b) � s �j�� �En � for all �� A T�N � ��. � �

and �� ���� �qn � .
Moreover,

� ��( is anactualcauseof � under n if f addi-
tionally thefollowing minimality conditionis satisfied:

AC3.
�

is minimal. That is, no propersubsetof
�

satis-
fiesbothAC1 andAC2.

Thefollowing resultis known.

Theorem 2.3 (see [3]) Let PQ�R� �S�XT��fWY�
,

� A T
, ( 5

��� �9�
, and n 5 ��� ���

. Let � be an event. Then,
� �2(

is an actual causeof � under n iff
�

is a singletonand� �2( is a weakcauseof � under n .

Example 2.2 (arsonistscontinued) Considerthe contextn �U� � �
��� � � � in which both arsonistsintend to start a
fire. Then,

	 � ��� , 	 � ��� , and
	 � �R�y� 	 � ��� areweak

causesof 

��� . In fact,
	 � �R� and

	 � �R� are actual
causesof 

��� , while

	 � ���D� 	 � ��� is not. Further-
more,

	 � �R� (resp.,
	 � �R� ) is the only weak causeof

�R� underthe context n �U� � �
��� �f�L� (resp., n �"� � �
� �/� � � )

in which only arsonist� (resp.,� ) intendsto starta fire. �
2.3 EXPLANATION

We now recall the conceptof explanationfrom [11, 13].
Let Pr��� �~�XT��fWY�

be a causalmodel. Let
� A T

and( 5 ��� �9�
, let � be an event, and let  �A¡�2� ���

be a set
of contexts. Then,

� �>( is an explanationof � relative
to   if f thefollowing conditionshold:

EX1. �3�qn � holds,for eachcontext n 5   .

EX2.
� ��( is a weakcauseof � underevery n 5   such

that
� �En � �¢( .

EX3.
�

isminimal. Thatis, for every
�2z¤£¥�

, somen 5  
exists suchthat

�2z �qn � �¦(3; �2z
and

�2z ��(u; �9z
is not a

weakcauseof � undern .

EX4.
� �qn � ��( and

� �qn z �3§�2( for somen � n z 5   .

Example 2.3 (arsonistscontinued) Consider the set of
contexts  Y����n �=� ��� n �=� �¤� n �"� ��& . Then, both

	 � �R� and	 � �R� are explanationsof 

�R� relative to   , while	 � �R�7� 	 � ��� is not, as here, the minimality condi-
tion EX3 is violated. �
2.4 PARTIAL EXPLANATION AND

EXPLANATORY POWER

We finally recall the notionsof partial and ¨ -partial ex-
planationand of explanatorypower [11, 13]. Let PQ�� �~�XT��fWY�

be a causalmodel. Let
� A T

and ( 5 ��� �9�
,

let � beanevent,andlet  bA>��� ���
besuchthat �3�qn � holds

for all n 5   . We use  v©ZSª s to denotethe uniquelargest
subset  z of   suchthat

� ��( is anexplanationof � rela-
tive to   z . Thefollowing propositionis easyto see[5].

Proposition 2.4 If
� ��( is an explanationof � relative

to some  z A�  , then  v©ZSª s is defined,and it containsalln 5   such that either
� �qn �3§�a( , or

� �qn � �a( and
� �2(

is a weakcauseof � under n .

Let \ bea probabilityfunctionon   , anddefine

\��« v©ZSª s ; � ��( � � ¬­�®�¯"°±_² |w³´jµ ­"¶�·¹¸
\��qn �»º ¬­�®V¯ ³´jµ ­"¶¤·D¸

\��En �_!

Then,
� �>( is calledan ¨ -partial explanationof � relative

to �q  � \ �
if f  v©ZSª s is definedand \��« v©ZSª s ; � �2( � �>¨ .

We say
� ��( is a partial explanation of � relative

to �«  � \ �
if f

� ��( is an ¨ -partial explanationof � relative
to �q  � \ �

for somë�¼ �
; furthermore,\��q ½©ZSª s ; � �>( � is

calledits explanatorypower(or goodness).

Example 2.4 (arsonists continued) Let  ����"n �U� � � n �=� � �n �#� � & , and let ¾ be the uniform distribution over   .
Then, both

	 � �R� and
	 � ��� are 1-partial explanations

of 

��� . That is, both
	 � ��� and

	 � �R� arepartial ex-
planationsof 
`��� with explanatorypower � . �
As for computation,we assumethat probability func-
tions \ arecomputablein polynomialtime.

3 IRRELEVANT VARIABLES

In this section,we describehow an instanceof deciding
weak causecan be reducedto an equivalent instancein



which the(potential)weakcauseor thecausalmodelmay
containfewer variables.Thus,suchreductionsremove ir-
relevantvariablesin weakcausesandcausalmodels.

3.1 REDUCING WEAK CAUSES

We first characterizeirrelevantvariablesin weakcauses.

Thefollowing resultshows thatdecidingwhether
� �>( is

aweakcauseof � undern is reducibleto decidingwhether�2z �2(u; �2z
is a weakcauseof � under n , where

�2z
is the

setof all
���¿5?�

thatareancestorsof variablesin � .

Theorem 3.1 (see [5]) Let PÀ��� �~�XT��fWY�
,
� � 5?� A T

,( 5 ��� �9�
, and n 5 ��� ���

. Let � be an event. Assume
that no directedpath in c��]P �

goesfrom
� �

to a vari-
able in � , and that

� � �En � ��(3� � � �
. Let

�2z � �BN � � � &
and ( z ��(3; �2z

. Then,
� ��( is a weakcauseof � under n

iff
� z ��( z is a weakcauseof � under n .

The next result shows that decidingwhether
� �2( is a

weakcauseof � under n is reducibleto decidingwhether�2z �2(u; �2z
is a weakcauseof � under n , where

�2z
is the

setof all
���¿5?�

not “blocked” by someother
�bÁ�5?�

.

Theorem 3.2 Let P��b� �S�UTV�XWY�
,
����5D� A T

, ( 5 ��� �9�
,

and n 5 ��� ���
. Let � be an event. Assumethat every

directedpath in c��]P �
from

�7�
to a variable in � con-

tainssome
���¿5�� z � �BN � �7�w&

, andthat
�7� �En � �>(3� �7� �

.
Let ( z ��(3; �2z

. Then,
� ��( is a weakcauseof � under n

iff
�2z ��( z is a weakcauseof � under n .

The following result shows that computingthe set of all
variablesin a weakcausethatarenot irrelevantaccording
to Theorems3.1and3.2canbedonein lineartime.

Proposition 3.3 Given P �Â� �~�XT��fWY�
,
� A T

, and an
event � ,

(a) the set
�2z

of all
���/5?�

such that
���

is an ancestor
in c��HP �

of a variablein � is computablein linear time.

(b) the set
�2z

of all variables
� � 5?�

such that there
exists a path from

� �
to a variable in � that contains

no
� Á 5��BN � � � &

is computablein linear time.

3.2 REDUCING CAUSAL MODELS

We next give a characterizationof irrelevant variablesin
causalmodels,which is essentiallydueto Hopkins[16].

In the sequel,let PQ��� �~�XT��fWY�
be a causalmodel. Let� A T

, ( 5 ��� �9�
, and n 5 ��� ���

, andlet � beanevent.

The setof relevant variablesof P with respectto
� �2(

and � , denotedÃ�©ZSª s �]P �
, is thesetof all variables

	 5YT
suchthateither(i), or (ii), or (iii) holds:

(i)
	 5?�

, and
	

is on no directedpathin c��HP �
from a

variablein
�ÄN � 	 &

to a variablein � .

(ii)
	

is on a directedpath in c��HP �
from a variable

in
�ÄN � 	 &

to a variablein � .

(iii)
	

doesnotsatisfy(i)–(ii), andeither
	

is in � , or
	

is
a parentof avariablethatsatisfies(ii).

Note that
� AaÃ�©ZSª s �HP �

. A variable
	 5YT

is irrelevant
w.r.t.

� �>( and � if f
	 §5 Ã�©ZSª s �]P �

. Wewrite cY©ZSª s �]P �
to denotetherestrictionof c��HP �

to Ã�©ZSª s �]P �
, andoften

usec tZ �HP �
to abbreviate c

t ª½ÅZSª s �]P �
.

The reducedcausalmodel of P then doesnot contain
the above irrelevant variablesanymore. More formally,
the reducedcausalmodelof Pr�R� �S�UTV�XWY�

with respect
to

� �2( and � , denoted PÆ©ZSª s , is the causalmodel
P z ��� �~�XTlzE�XW�z{�

, where
TYz �9Ã�©ZSª s �]P �

and

W�z �Ç� W�z � � W?È� ; 	 5YTYz
satisfies(i) or (iii)

&~.
� W�z � � Wy� ; 	 5YTYz

satisfies(ii)
&��

where
W?È�

assigns
	 pB�En ��� to

	
for every value n �¥5

��� ����� of theset
�V�

of all ancestors
 53�
of

	
in c��HP �

.

The following theorem shows that deciding whether�2z �2( z , where
�9z A �

, is a weakcauseof � under n can
be donewith respectto PÆ©ZSª s insteadof P . This result
is a generalizationof a similar resultby Hopkins[16] for
eventsof the form

�9z ��( z and �?�9@�� C
, where

�2z � �
and

� z � @ aresingletons.

Theorem 3.4 Let P��b� �~�XT��fWY�
,
�9z A � A T

, ( z�5 ��� �2z{�
,( 5 ��� �9�

, and n 5 �2� ���
, and let � be an event. Then,�2z �2( z is a weakcauseof � under n in P iff

�2z ��( z is a
weakcauseof � under n in PÆ©ZSª s .

The following resultshows that the reducedcausalmodel
andtherestrictionof its causalgraphto thesetof endoge-
nousvariablescanbe computedin polynomialand linear
time,respectively.

Proposition 3.5 Given P��b� �S�XT��fWY�
,
� A T

, ( 5 ��� �9�
,

and an event � , the directed graph cY©ZSª s �HP �
(resp.,

causalmodel PÆ©ZSª s ) can be computedin linear (resp.,
polynomial)time.

4 CAUSAL TREES

In thissection,wedescribeourfirst classof tractablecases
of causesandexplanations.More precisely, we show that
decidingwhether

� ��( is a weakcauseof @�� C
under n

in Pr�R� �S�UTV�XWY�
is tractable,when

��� @ are singletons,T
is domain-bounded,and c tZ �HP �

is a boundeddirected
treewith root @ (seeFig. 2).

Underthesameconditions,decidingwhether
� �2( is an

actual causeof @�� C
under n in P , deciding whether� �2( is anexplanation(resp.,a partialexplanationor an
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Figure2: Pathfrom
�

to @ in aCausalTree

¨ -partialexplanation)of @`� C
relative to   (resp.,�q  � ¾ �

)
in P , and computing the explanatorypower of

� �2(
for @�� C

relative to �«  � ¾ �
in P areall tractable.

Observe that theclassof tractablecasesof causesandex-
planationsdescribedabove can be recognizedvery effi-
ciently. This is shown by thefollowing proposition.

Proposition 4.1 Given P��l� �S�UTV�XWY�
and

��� @ 5vT
, de-

ciding whether c tZ �]P �
is a (bounded)directedtreewith

root @ canbedonein linear time.

4.1 CAUSES

We first focuson decidingweakandactualcauses.

In the sequel,let PQ�
� �S�UTV�XWY�
be a causalmodel, let��� @oA T

be singletons,and let ( 5 ��� �9�
,
CD5 �2�E@ �

,
and n 5 ��� ���

. Let c k �]P �
coincidewith c tZ �HP �

, and
let c k �]P �

beadirectedtreewith root @ .

Wenow giveanew characterizationof
� ��( beingaweak

causeof @�� C
under n in P , which can be checked in

polynomialtime undersomeassumptions.We needsome
preparationby thefollowing definitions.

Let
� ��2¾ � + ¾ � Ó � +Ô0"0#0�+ ¾ �

���@ be the uniquedi-
rectedpathfrom

�
to @ in clkG�HP �

. For every � 5 ��� �#!#!"! ,: & , denoteby � �
thesetof all parentsof ¾ � Ó �

in c k �]P �
thataredifferentfrom ¾ �

(cf. Fig. 2). For each� 5 ��� �#!#!"! ,: & , wedefine �Õ
� �¢¾ � �qn � .

WedefineÃ � �������H@ �fN � C'&�& , andfor each� 5 ��� �#!#!"!F� : & ,
we defineÃ �

asfollows:

Ã � �1�UÖ¥A¡�2�E¾ � � ;¤×Ø� 5 ���]� � � ×�Ö3Ù 5 Ã � Ó � )
¾
� Ó �
�ÚFÛ � �En �_5 ���E¾ � Ó � �fN Ö3Ù �Õ 5 Ö if f ¾ � Ó �Ú � �En �65 Ö3Ù &�!

Intuitively, Ã �
containsall setsof possiblevaluesof ¾ �

in AC2(a). Here, ¾ �
��2@ must be set to a value differ-

ent from
C
, and the possiblevaluesof eachother ¾ �

de-
pendon the possiblevaluesof ¾ � Ó �

. At the sametime,
the complementsof setsin Ã �

areall setsof possibleval-
uesof ¾ �

in AC2(b). In summary, AC2(a) and(b) hold if f
someÖ 5 Ã �

existssuchthat Ö §�98 and ( §5 Ö .

Thisresultis moreformallyexpressedby thefollowing the-
orem,which canbeprovedby inductionon � 5 ��� �"!#!"!F� : & .

Theorem 4.2 Let PQ��� �S�UTV�XWY�
,
�2� @ 5YT

, ( 5 ��� �9�
,CD5 �2�E@ �

, and n 5 �2� ���
. Let c k �]P � ��c tZ �]P �

, letclkG�HP �
bea directedtreewith root @ , and let Ã �

bede-
finedasabove. Then,

� �2( is a weakcauseof @�� C
un-

der n in P iff �E¨ �u� �En � �>( and @��En � � C
, and �qÜ � someÖ 5 Ã �

existssuch that Ö §�B8 and ( §5 Ö .

Thenext theoremshows thatdecidingwhether
� �>( is a

weakcauseof @�� C
under n in P is tractable,when

�
and @ aresingletons,

T
is domain-bounded,and c tZ �]P �

is a boundeddirectedtreewith root @ . This resultfollows
from Theorem4.2 andthe recursive definition of Ã �

. By
Theorem2.3, the sametractability result holds for actual
causes,asthenotionof actualcausecoincideswith theno-
tion of weakcausewhere

�
is asingleton.

Theorem 4.3 Given P���� �S�XT��fWY�
,
�2� @ 5vT

, ( 5 ��� �9�
,CD5 �2�E@ �

, and n 5 ��� �Y�
, where

T
is domain-bounded,

and c tZ �]P �
is a boundeddirectedtreewith root @ , de-

ciding whether
� �2( is a weak(resp.,an actual)causeof@�� C

under n in P canbedonein polynomialtime.

4.2 EXPLANATIONS

The following two theoremsshow that decidingwhether� �2( is anexplanation(resp.,a partialexplanationor an¨ -partialexplanation)of @`� C
relative to   (resp.,�q  � ¾ �

)
in P , and computing the explanatorypower of

� �2(
for @�� C

relativeto �q  � ¾ �
in P areall tractableunderthe

conditionsof theprevioussubsection.Theseresultsfollow
from Proposition2.2andTheorem4.3.

Theorem 4.4 Given P���� �S�XT��fWY�
,
�2� @ 5vT

, ( 5 ��� �9�
,CD5 �2�E@ �

, and  �Aa��� ���
, where

T
is domain-bounded,

and c tZ �]P �
is a boundeddirectedtreewith root @ , de-

ciding whether
� �>( is an explanationof @
� C

relative
to   in P canbedonein polynomialtime.

Theorem 4.5 Let PQ��� �S�UTV�XWY�
,
�2� @ 5YT

, ( 5 ��� �9�
,C65 ���E@ �

,  �AS�2� ���
, and ¾ bea probability functionon   ,

such that
T

is domain-bounded,c tZ �HP �
is a boundeddi-

rectedtreewith root @ , and @-�En � � C
for all n 5   . Then,

(a) decidingif
� �2( is a partial explanationof @`� C

relativeto �«  � ¾ �
in P is possiblein polynomialtime.

(b) decidingwhether
� ��( is an ¨ -partial explanation

of @�� C
relative to �«  � ¾ �

in P , for somegiven¨�� �
, canbedonein polynomialtime.

(c) given
� �2( is a partial explanationof @�� C

rela-
tive to �«  � ¾ �

in P , theexplanatorypowerof
� �*( is

computablein polynomialtime.

5 DECOMPOSABLE CAUSAL GRAPHS

In thissection,weshow thatthetechniqueof decomposing
causaltreesfor decidingcausesandexplanationsand for



computingtheexplanatorypowerdescribedin theprevious
sectioncanbeextendedto generalcausalgraphs.

Intuitively, the main idea is to decomposethe directed
graph clkG�HP �

into a chainof subgraphsalongwhich we
canpropagatesetsof possiblevaluesof variablesbackto
thevariablesin a potentialweakcause(seeFig. 3).

. . .

Ý Ì Ý Ï

Þ ÏÞ Ì
ß

Ý Ê Ý Ò

Þ ÒÞ Ê
Í

Figure3: DecomposableCausalGraph

5.1 CAUSES

We first concentrateondecidingweakandactualcauses.

In the sequel,let PQ�
� �S�UTV�XWY�
be a causalmodel, let� A T

, ( 5 ��� �9�
, and n 5 ��� ���

, andlet � beanevent.

Intuitively, to decidewhether
� ��( is a weakcauseof �

under n in P , we decomposec k �HP �
into a chainof di-

rectedsubgraphsover thecomponentsof anorderedparti-
tion �qà � �#!"!#!F� à � �

of
T

, which areconnectedto eachother
exactly throughsomesets á � Aaà � �#!"!#!"� á � A¡à �

, where
everyvariablein � (resp.,

�
) belongsto à �

(resp.,á � ). We
thenpropagatesetsof possiblevaluesof the á � in AC2(a)
and(b) alongthechainfrom á � to á � . Sucha propagation
worksif certainconditionshold,which arespecifiedin the
following conceptof a decompositionof clk*�]P �

.

A decompositionof clk*�]P �
with respectto

� �2( and �
is a list �f�qà � � á � �=�#!"!#!"� �qà � � á � �f� of pairs �qà � � á � � of sets
of endogenousvariablessuchthat(D1)–(D6)hold:

D1. �Eà � �"!#!#!#� à � �
is anorderedpartitionof

T
.

D2. à ��â á � �#!"!#!F� à � â á � .
D3. Every

	 53T
occurringin � belongsto à �

, and á � â �
.

D4. For every � 5 � �/�"!#!"!=� :6ã?� & , no two variables
	 5

à � .O0"0#0¤. à � Ó � . à � N á � and 
 5 à �{äy� .�0#0"0¤. à �
areconnectedby anarrow in clkG�HP �

.

D5. For every � 5 �L� �"!#!#!#� : & , every child of a variableiná � in clk*�]P �
belongsto �Eà � N á � �/. á � Ó � . Every

child of avariablein á � belongsto �qà � N á � � .
D6. For every � 5 � �}�#!#!"!F� :¥ãå� & , every parentof a vari-

ablein á � in clkG�HP �
belongsto à �{äy�

. Thereareno
parentsof any variable

	 5 á � .
Sucha decompositionis width-boundedif f aconstantæ ex-
istssuchthat ; à � ;=<>æ for every � 5 ��� �#!#!"!F� : & .

Observe that every PÆ©ZSª s ��� �~�XTlzE�XW�z{�
, whereno

	 5½�
is on a pathfrom a variablein

�BN � 	 &
to a variablein � ,

hasalwaysthetrivial decomposition�$� TYz]�$�B�$�
.

We next define the relations Ã �
, which contain triples�MÖ �Xçv�XWY�

, whereÖ (resp.,
ç
) specifiesa setof possibleval-

uesof
W A�á � in AC2(a) (resp.,AC2(b)).

In detail,wedefineÃ �
asfollows:

Ã � �è�L�MÖ �Xçv�XWY� ; W Aoá � � Ö �fç A>��� WY�F�
×/�ÇAaà � � �Âé�á � �Bá � NwWS�
×Ø� 5 �2�H� � )Õ 5 Ö if f ��� Ú �~�qn �=�ê 5�ç

if f �vë ì=í �îyïMð ñóò � �En �
for all �� A¡à � N �Há � . � �U&�!

For every � 5 ��� �"!#!"!F� : & , we thendefine Ã �
asfollows:

Ã � �1�L�{Ö �fçy�fWY� ; W A¢á � � Ö �Xç Aa��� WY�#�
×}�ôAaà � � �Qé�á � �Bá � N¤WS�
×¿� 5 ���H� � ×½�MÖ3Ù �fç Ù �fW�zó�65 Ã � Ó � )Õ 5 Ö if f

W�z Ú �S�qn �65 Ö3Ù �ê 5Yç
if f

W�z ë ì=í �îyïMð ñóò � �En �_5?ç Ù
for all �� A¡à � N �]á � . � �U&�!

We arenow readyto give a new characterizationof weak
cause,which is basedon theaboveconceptof a decompo-
sitionof c k �HP �

andtherelationsÃ �
.

Theorem 5.1 Let PÀ��� �~�XT��fWY�
,
� A T

, ( 5 ��� �B�
, andn 5 ��� ���

. Let � beanevent.Let �$�Eà � � á � �F�#!"!#!#� �qà � � á � �$�
bea decompositionof c k �HP �

with respectto
� �*( and � .

Let Ã �
bedefinedasabove. Then,

� �>( is a weakcause
of � under n in P iff �H¨ ��� �En � ��( and �3�qn � holds,and�qÜ � some�MÖ �fçy�$�B�65 Ã �

existssuch that Ö §�98 and ( 5�ç
.

The next result shows that decidingwhether
� �2( is a

weak(resp.,anactual)causeof � undern in P is tractable,
when

T
is domain-bounded,andwhen cY©ZSª s �]P �

hasa
width-boundeddecompositionprovidedin the input. This
resultfollows from Theorems2.3,3.4,and5.1 andthere-
cursivedefinitionof the Ã �

’s above.

Theorem 5.2 Given Pr��� �S�UTV�XWY�
,
� A T

, ( 5 ��� �9�
,n 5 ��� ���

, an event � , and a width-boundeddecomposi-
tion �f�qà � � á � �=�"!#!#!"� �Eà � � á � �f� of cY©Zjª s �HP �

with respect
to

� ��( and � , where
T

is domain-bounded,deciding
whether

� �2( is a weak(resp.,an actual)causeof � un-
der n in P canbedonein polynomialtime.

5.2 EXPLANATIONS

The following two theoremsshow that decidingwhether� �2( is anexplanation(resp.,a partialexplanationor an¨ -partial explanation)of � relative to   (resp., �«  � ¾ �
) in



P , andcomputingthe explanatorypower of
� ��( for �

relative to �q  � ¾ �
in P areall tractable,whenwe assume

thesamerestrictionsasin Theorem5.2. Theseresultsfol-
low from Proposition2.2andTheorem5.2.

Theorem 5.3 Given P��b� �S�UTV�XWY�
,
� A T

, ( 5 ��� �9�
, bA>��� ���

, an event � , and a width-boundeddecomposi-
tion �f�qà � � á � �=�"!#!#!"� �Eà � � á � �f� of cY©Zjª s �HP �

with respect
to

� ��( and � , where
T

is domain-bounded,deciding
whether

� ��( is an explanationof � relativeto   in P
canbedonein polynomialtime.

Theorem 5.4 Given P��b� �S�UTV�XWY�
,
� A T

, ( 5 ��� �9�
, bA>��� ���

, an event � , a probability function ¾ on   , and
a width-boundeddecomposition�$�Eà � � á � �F�#!"!#!#� �qà � � á � �$�
of cY©Zjª s �HP �

with respectto
� ��( and � , where

T
is

domain-bounded,and �3�qn � for all n 5   ,

(a) decidingif
� �>( is a partial explanationof � relative

to �q  � ¾ �
in P canbedonein polynomialtime.

(b) decidingwhether
� ��( is an ¨ -partial explanation

of � relative to �«  � ¾ �
in P , for somegiven ¨�� �

,
canbedonein polynomialtime.

(c) given
� �>( is a partial explanation of � relative

to �«  � ¾ �
in P , computingthe explanatory power

of
� ��( canbedonein polynomialtime.

6 LAYERED CAUSAL GRAPHS

In general,it is notclearwhethercausalgraphswith width-
boundeddecompositionscanbeefficiently recognized,and
whethersuchdecompositionscanbeefficiently computed.
In this section,we discussa large classof causalgraphs,
called layeredcausalgraphs,that have naturalnontrivial
decompositionsthatcanbecomputedin lineartime.

Intuitively, suchcausalgraphsc k �]P �
canbe partitioned

into layers á � �"!#!#!#� á � suchthat every arrow goesfrom a
variablein somelayer á � to onein á � Ó � (seeFig. 4).

� . . .á � á � �1@á �á � Ó �

Figure4: Pathfrom
�

to @ in a LayeredCausalGraph

Moreformally, let P��b� �S�UTV�XWY�
beacausalmodel,andlet� A T

, @7�Y��@ � & A T
, ( 5 ��� �9�

,
C65 ���H@ �

, and n 5 ��� ���
.

Then, clkG�HP �
is layeredw.r.t.

�
and @ if f anorderedpar-

tition �]á � �"!#!"!#� á � � of
T

existswith (L1) and(L2):

L1. For every arrow
	 + 
 in c k �HP �

, there exists
some� 5 ��� �#!#!"!=� : & suchthat

	 5 á � and 
 5 á � Ó � .

L2. @
�9á � and á � â �
.

A layeredclk*�]P �
is width-boundedfor aninteger æØ� �

if f
thereis an orderedpartition �]á � �"!#!#!"� á � � of

T
with (L1)

and(L2) suchthat ; á � ;=<aæ for every � 5 �L� �"!#!#!#� : & .
The following proposition shows that layered causal
graphsc k �HP �

haveanaturalnontrivial decomposition.

Proposition 6.1 Let P��b� �~�XT��fWY�
,
� A T

, @��l� @ � & A T
,( 5 ��� �9�

, and
CD5 ���E@ �

. Let �]á � �"!#!"!#� á � � be an or-
dered partition of

T
satisfying (L1) and (L2). Then,�$�]á � � á � �F�#!"!#!#� �Há � � á � �f� is a decompositionof c k �]P �

with respectto
� ��( and @�� C

.

Thenext resultshows that recognizinglayeredandwidth-
boundedcausalgraphsc tZ �HP �

andcomputingtheir natu-
ral decompositioncanbedonein lineartime.

Proposition 6.2 Given P��b� �~�XT��fWY�
,
� A T

, @b�l��@ � & AT
, ( 5 ��� �9�

, and
C¹5 ���E@ �

, decidingwhetherc tZ �HP � �� TlzE�XeYz«�
is layeredandwidth-boundedfor an integer æØ� �

,
and computingthe ordered partition �Há � �#!"!#!"� á � � of

TYz
with (L1) and(L2) canbedonein linear time.

Proof (sketch). Observethatif thereisadirectedpathfrom
a nodein

�
to @ , thentheorderedpartition �Há � �#!"!#! , á � �

of
TYz

with (L1) and (L2) is unique,if it exists. We can
then compute �]á � �"!#!#!"� á � � ���Eà Ó6� �"!#!"!F� à � �

as follows.
We first computec tZ �]P �

. We thenset õo� �
and �/� �

.
Then,(a) set à �

to theunionof õ andthesetof all parents
of a child of õ , (b) set õ to the setof all childrenof õ ,
and(c) decrement� . We now repeat(a)–(c)until õo�B8 .
Then, c tZ �]P �

is layerediff the computedà �
’s arepair-

wisedisjoint,and c tZ �]P �
is width-boundediff every ; à � ;

is bounded.Thisprovesthestatedresult. �
By Proposition6.1, all the resultsof Sections5.1 and5.2
on causesandexplanationsin decomposablecausalgraphs
alsoapplyto layeredcausalgraphsasa specialcase.

It is easyto verify that the relationsÃ �
of Section5.1 can

besimplifiedasfollowsfor layeredcausalgraphs:WehaveÃ � ���L�E�2�E@ �XN � C�&L� � C�&L� @ �U&
, andfor each� 5 ��� �"!#!"!=� : & ,

therelation Ã �
is now givenasfollows:

Ã � ���Ø�MÖ �fçy�fWY� ; W Aaá � � Ö �Xç Aa��� WY�#�
×Ø� 5 ���Há � N¤WY� ×_�MÖ Ù �fç Ù �fW z �65 Ã � Ó � )Õ 5 Ö if f

W�z Ú �S�qn �65 Ö3Ù �ê 5�ç
if f

W�z ë ìFí �îvïMð ñóò � �qn �=5½ç Ù for all �� A WlN á � &�!
The following theoremis thenan immediatecorollary of
Theorem5.1andProposition6.1.

Theorem 6.3 Let Pr�R� �S�UTV�XWY�
,
� A T

, @ 5YT
, ( 5

��� �9�
,
C¹5 ���E@ �

, and n 5 ��� ���
. Let c k �HP �

be layered
with respectto

�
and @ , and let Ã �

bedefinedasabove.



Then,
� ��( is a weakcauseof @�� C

under n in P iff�E¨ ��� �qn � ��( and @��En � � C
, and �qÜ � some�{Ö �fçy�$�B��5 Ã �

existssuch that Ö §�28 and ( 5�ç
.

The next theoremshows that decidingwhether
� �2( is

a weak(resp.,an actual)causeof @�� C
under n in P is

tractable,when
T

is domain-bounded,and c tZ �HP �
is lay-

eredandwidth-bounded.Thisresultis animmediatecorol-
lary of Theorem5.2andProposition6.1.

Theorem 6.4 Let P��b� �S�XT��fWY�
,
� A T

, @ 5vT
, ( 5 ��� �9�

,CD5 �2�E@ �
, and n 5 ��� ���

. If
T

is domain-bounded,andc tZ �HP �
is layeredandwidth-boundedfor a constantæØ� �

,
thendecidingwhether

� �2( is a weak(resp.,an actual)
causeof @b� C

under n in P is possiblein polynomialtime.

Similarly, decidingwhether
� �>( is anexplanation(resp.,

a partialexplanationor an ¨ -partialexplanation)of @`� C
relative to   (resp., �q  � ¾ �

) in P , andcomputingthe ex-
planatorypower of

� ��( for @
� C
relative to �q  � ¾ �

inP areall tractableunderthesamerestrictions.This is im-
mediateby Theorems5.3and5.4andProposition6.1.

7 SUMMARY AND OUTLOOK

In this paper, we presentednew characterizationsof weak
causesfor certainclassesof decomposablecausalmodels,
in particular, for causaltreesandthemoregeneralclassof
layeredcausalgraphs.By meansof thesecharacterizations,
we then showed that undersuitablerestrictionsdeciding
causesandexplanationsis tractablefor theseclasses.To
ourknowledge,thesearethefirst explicit tractabilityresults
for the structural-modelapproach.Furthermore,we have
also discussedhow irrelevant variablescan be efficiently
removedwhendecidingcausesandexplanations.

In this paper, we focusedon the problemsof deciding
causesandexplanations.Anotherimportantproblemis to
computesome(resp.,all) causesandexplanations

� z ��( z
suchthat

�2z
is containedin agivensetof endogenousvari-

ables
�

(cf. [5]). It is not difficult to seethatby meansof
thecharacterizationsthatwe have obtained,alsothis com-
putationcanbeaccomplishedin polynomialtime [4].

An interestingtopic of furtherstudiesis to explorehow to
efficiently computedecompositionsof causalgraphs,and
in particularwhetherthereareother importantclassesof
causalgraphsdifferentfrom causaltreesandlayeredcausal
graphsin whichwidth-boundeddecompositionscanberec-
ognizedandcomputedefficiently.
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