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Abstract

We presentthe language
�����

for probabilistic
reasoningaboutactions,which is a generaliza-
tion of theactionlanguage

���
thatallowsto deal

with probabilisticaswell asnondeterministicef-
fects of actions. We definea formal semantics
of
�����

in termsof probabilistictransitionsbe-
tweensetsof states.Usingaconceptof ahistory
andits beliefstate,wethenshow how severalim-
portantproblemsin reasoningaboutactionscan
beconciselyformulatedin our formalism.

1 INTRODUCTION

Oneof the mostcrucial problemsthat we have to facein
reasoningaboutactionsfor mobile roboticsin real-world
environmentsis uncertainty, bothabouttheinitial situation
of the robot’s world and about the resultsof the actions
takenby the robot (dueto noisyeffectorsand/orsensors).
Oneway of addinguncertaintyto reasoningaboutactions
is basedonqualitativemodelsin whichall possiblealterna-
tivesareequallytaken into consideration.Anotherway is
basedon quantitative modelswherewe have a probability
distributionon thesetof possiblealternatives,andthuscan
numericallydistinguishbetweenpossiblealternatives.

Well-known first-orderformalismsfor reasoningaboutac-
tions suchas the situationcalculus[18] easily allow for
expressingqualitative uncertaintyaboutthe effectsof ac-
tionsandtheinitial situationof theworld throughdisjunc-
tive knowledge.Moreover, therearegeneralizationsof the
actionlanguage� [6] thatallow for qualitativeuncertainty
in the form of nondeterministicactions. An importantre-
centformalismin this family is theactionlanguage

���
[7],

which is basedon the theoryof nonmonotoniccausalrea-
soningpresentedin [13], andhasevolved from the action

�
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language
�

[8]. In additionto allowing for conditionaland
nondeterministiceffectsof actions,

���
alsosupportscon-

currentactionsaswell asindirecteffectsandpreconditions
of actionsthroughstaticcausallaws. Closelyrelatedto it
is therecentplanninglanguage� [3].

Therearea numberof formalismsfor probabilisticreason-
ing aboutactions.In particular, Bacchusetal. [1] proposea
probabilisticgeneralizationof thesituationcalculus,which
is basedon first-orderlogics of probability, andwhich al-
lowsto reasonaboutanagent’sprobabilisticdegreesof be-
lief and how thesebeliefs changewhen actionsare exe-
cuted. Poole’s independentchoicelogic [16, 17] is based
on acyclic logic programsunderdifferent“choices”. Each
choice along with the acyclic logic programproducesa
first-ordermodel.By placingaprobabilitydistributionover
thedifferentchoices,we thenobtaina distributionover the
setof first-ordermodels.Otherprobabilisticextensionsof
the situationcalculusaregiven in [12, 5]. A probabilistic
extensionof theactionlanguage� is givenin [2].

Themain ideabehindthepresentpaperis to orthogonally
combinequalitative andquantitative uncertaintyin a uni-
form framework for reasoningaboutactions:Eventhough
thereis extensivework onqualitativeandquantitativemod-
els separately, there is only few work on suchcombina-
tions.Onesuchapproachis dueto HalpernandTuttle [10],
which combinesnondeterminismandprobabilisticuncer-
tainty in a game-theoreticframework. Halpernand Tut-
tle argue in particularthat “somechoicesin a distributed
systemmustbeviewedasinherentlynondeterministic(or,
perhapsbetter, nonprobabilistic),andthat it is inappropri-
ate,bothphilosophicallyandpragmatically, to modelprob-
abilistically whatis inherentlynondeterministic”.This un-
derlinesthestrongneedfor explicitly modelingqualitative
uncertaintyin additionto probabilisticuncertainty.

In this paper, wecombinethequalitativeuncertaintyin the
actionlanguage

���
with probabilisticuncertaintyasin [16,

17]. Themaincontributionsaresummarizedasfollows:

	 We presentthe language
�
���

for probabilisticreason-
ing aboutactions,which is aprobabilisticgeneralizationof



theactionlanguage
���

. It allows for representingactions
with conditionalandindirect effects,nondeterministicac-
tions, andconcurrentlyexecutedactionsas the main fea-
turesof

���
aswell asprobabilisticknowledgeaboutthe

effectsof actionsandtheinitial situationof theworld.
	 As a centralproperty,

�
���
combinesin a singleframe-

work qualitative as well as quantitative uncertainty, both
aboutthe effectsof actionsandaboutthe initial situation
of the world. Here,qualitative uncertaintyis represented
by formingasetof possiblealternatives,while quantitative
uncertaintyis expressedthrougha probability distribution
on asetof possiblesetsof possiblealternatives.
	 We definea formal semanticsof

�����
by interpreting

probabilistic action descriptionsin
�����

as probabilistic
transitionsasin partially observableMarkov decisionpro-
cesses(POMDPs)[11]. However, it is importantto point
out that theseprobabilistictransitionsarebetweensetsof
statesratherthansinglestates. It is this which allows to
handlequalitative uncertaintyin addition to the quantita-
tive probabilisticuncertaintyas in POMDPs. Differently
from standardPOMDPs,ourapproachhereonly allowsfor
observationswithout noise,but not for noisy sensing. It
alsodoesnot dealwith costs/rewardsof actions.	 Wedefinehistoriesandtheirbeliefstatesin

�
���
. Infor-

mally, ahistory � is asequenceof actionsandobservations,
which are labeledwith a reasoningmodality over setsof
states. It hasan associatedbelief state,which comprises
possiblesetsof statesandprobabilisticinformationto de-
scribethe qualitative andquantitative knowledgeabout � .
Notethatsuchbelief statesmodelpartialobservability.	 We show how to expressa numberof importantprob-
lemsin probabilisticreasoningaboutactions(namely, the
problemsof prediction,postdiction,andplanning;seees-
pecially[18, 12, 7]) in termsof belief statesin

�����
.

The work closestin spirit to this paperis perhapsthe one
by Baral et al. [2], which alsoproposesa logic-basedfor-
malism for probabilistic reasoningabout actions. How-
ever, thereareseveral crucial differences.First, andasa
centralconceptualdifference,our work orthogonallycom-
binesquantitative andqualitative uncertainty, in the form
of probabilitydistributionsandsetsof possiblealternatives,
respectively, while Baral et al. only allow for quantitative
uncertaintyin the form of probability distributions. Note
that Baral et al. circumvent the problemof dealingwith
qualitativeuncertaintyby makingthestrongassumptionof
a uniform distribution whenever the probabilitiesfor pos-
sible alternativesarenot known. Second,Baral et al. al-
low only for a quiterestrictedform of probabilitydistribu-
tions, which are either uniform distributionsor produced
from uniformdistributions.Third, our language

�
���
gen-

eralizesthe action language
���

, while Baral et al.’s lan-
guagegeneralizestheactionlanguage� . Note that

���
is

a novel action languagethat evolved from � and that is
muchmoreexpressivethan � .

Another important formalism that is related to ours is
Poole’s independentchoice logic [16, 17], which usesa
similar way of addingprobabilitiesto an approachbased
on acyclic logic programs.But alsoherethe centralcon-
ceptualdifferenceis thatPoole’s independentchoicelogic
doesnot allow for qualitative uncertaintyin addition to
quantitativeuncertainty. Poolecircumventstheproblemof
dealingwith qualitativeuncertaintyby imposingthestrong
condition of acyclicity on logic programs. Furthermore,
Poole’swork is moreinspiredby thesituationcalculusand
lessby theactionlanguagesaround� .

Therestof this paperis organizedasfollows. In Section2,
we define

�����
and its semanticsin probabilistic transi-

tionsbetweensetsof states.Section3 introduceshistories
andbeliefstates.In Section4, wedescribehow severalim-
portantproblemsin probabilisticreasoningaboutactions
canbeexpressedin our framework. Section5 summarizes
the main resultsandgivesan outlook on future research.
Notethatfurthertechnicalresultsanddetailedproofsof all
resultsaregivenin theextendedversionof this paper[4].

2 SYNTAX AND SEMANTICS OF P��
In this section,we first recall nonmonotoniccausaltheo-
riesfrom [7]. We thenpresentthelanguage

�
���
for prob-

abilistic reasoningaboutactions,andgive an exampleof
a probabilisticaction descriptionand initial databaseex-
pressedin

�
���
. We finally definethe semanticsof

�����
throughprobabilistictransitionsbetweensetsof states.

Informally, the main idea behindour probabilisticexten-
sion of

���
is to associatewith the initial databaseand

with every stochasticaction a probability distribution on
a setof contexts, which arevaluesof exogenousvariables.
Every sequenceof actionsfrom an initial databaseis then
associatedwith a probability distribution on a setof com-
bined contexts. Hence,probabilisticreasoningaboutac-
tions in

�
���
canessentiallybe reducedto standardrea-

soning about actions in
���

with respectto such com-
binedcontexts. NotethatPoole’s independentchoicelogic
[16, 17] usesa similar way of addingprobabilitiesto an
approachbasedon acyclic logic programs.

2.1 PRELIMIN ARIES

We now recall (nonmonotonic)causaltheoriesfrom [7],
which areusedto specify initial setsof statesand transi-
tionsfrom statesto setsof statesthroughactions.Roughly,
acausaltheory � is asetof “causalrules” ����� with the
meaning“if � holds,thenthereis a causefor � ”. In this
paper, we consideronly finite � . We now first definethe
syntaxof causaltheoriesandthentheir semantics.

We assumea finite set of variables � . Every variable��� � maytake on valuesfrom a finite domain��� ��� . We
defineformulasby induction as follows. Falseand true,



denoted� and � , respectively, are formulas. If
��� �

and � � ��� ��� , then
�! � is a formula(calledatom). If �

and � areformulas,thenalso "#� and �$�&%'� � areformu-
las. As usual,

�)( � abbreviates " �! � . A (causal)rule
is an expressionof the form ���*� , where � and � are
formulas.A causaltheoryis afinite setof rules.

An interpretation � of +-,.� mapsevery / � + to anele-
mentof �0�$/ � . Weuse�0�1+ � to denotethesetof all interpre-
tationsof + . We obtain �0�$� � and �0�$�2�3� � from � and
���*� , respectively, by replacingevery atom /  54 such
that / � + and �0�$/ �6 74 (resp.,�0�$/ �8( 74 ) by � (resp.,� ).
An interpretation � of + satisfiesan atom /  54 with
/ � + , denoted�:9  /  54 , if f ���1/ �6 54 . Satisfaction is
extendedto all formulasover + asusual.

Let � be a causaltheoryand � be an interpretationof the
variablesin � . Thereductof � relativeto � , denoted�:; , is
definedas <=�>9?���*� � �A@B�C9  �'D . The interpretation�
is a modelof � , denoted�C9  � , if f � is the uniquemodel
of �E; . Thetheory � is consistentif f it hasa model.

2.2 SYNTAX OF PFHG
We next definethe syntaxof the probabilisticaction lan-
guage

�����
, which generalizesthe syntaxof

���
[7]. We

refer to [7] for furthermotivationandbackgroundfor
���

.
We illustratethe language

�����
alonga (simplistic) robot

actiondomain,which is summarizedin Fig. 1. This exam-
ple shows in particularhow quantitative aswell asquali-
tative uncertaintyaboutboth theeffectsof actionsandthe
initial situationof theworld canbeencodedin

�����
.

We divide the variablesin � into rigid, fluent, action,
andcontext variables.Thefluentvariables(or fluents) are
additionallydivided into simpleandstatically determined
ones. We assumethat actionvariableshave the Boolean
domain <I�J@K�LD . Intuitively, theworld is describedthrough
rigid variablesand fluents. The valuesof rigid variables
do not changewhenactionsareperformed,while thoseof
simple (resp.,statically determined)fluentsmay directly
(resp.,indirectly)changethroughactions.Action variables
areusedto describeactions,while context variablesallow
for addingprobabilisticknowledgeabouttheeffectsof ac-
tionsandabouttheinitial situationof theworld.

Example2.1 In the robot actiondomainin Fig. 1, a mo-
bile robot M maymoveto thelocationsN , O , and P , andcarry
oneof two objects QSR and QIT after pickup. This world is
describedthroughthe simple fluents UIVW�1QSR � , UIVW�1QIT � , and
UIVW�XM � with the domain <YN�@ZOY@ZPI@\[^]I_KV`D , where UIV\�ba �6 �c
if f a is at location

c
. Moreover, we have the simpleflu-

ent d6]I[^eI_ with thedomain <=Q R @`Q T @\f6gh[iD , where dB]I[jeY_  a
if f M holds a . We thenhave the actionvariableskl]IVm]6�$N � ,
kl]IVm]6�bO � , kl]IVm]6�$P � , nog1pZqsr=n , and est`]Zn , which representthe
elementaryactions “move to location

c
”, “pick up an

object”, and “drop an object”, respectively. Finally, the
action “move to location

c
” succeedsonly with a cer-

tain probability. To model this, we usethe context vari-
ables PKuv�1N � , PKuw�$O � , and PKuw�$P � with the domain <I]Wqx@$yzUIgh[?D ,
where P u � cH�0 ]=q if f “moveto location

c
” succeeds.

We next definestaticcausallaws, which representknowl-
edgeaboutfluentsandrigid variables. Formally, a static
causallaw is anexpressionof theform

{S|6}�~=�v� ���1����@ (1)

where� and � areformulassuchthateither(a)everyvari-
ableoccurringin � is a fluent, andno variableoccurring
in � is an actionvariable,or (b) every variableoccurring
in � or � is rigid. If �  � , then (1) is abbreviatedby{S|6}�~=�v� � . Roughly, (1) encodesthat every stateof the
world thatsatisfies� shouldalsosatisfy � . Moreformally,
(1) is interpretedasthecausalrule ���*� .

Example2.2 Thestaticcausallaw {S|6}�~=�v� UIVW�$a �6 �c �1�
dB]s[^eY_  a�%�UsVW�XM �6 �c (6) expressesthatif therobot M is at
location

c
, and M holds a , then a is alsoat location

c
.

We now definedynamiccausallaws, which expresshow
thesimplefluentschangethroughactions,andwhich also
encodeexecutiondenialsfor actions.Formally, a dynamic
causallaw is anexpressionof theform

{S|B}8~W�v� ���$��� | �b� �l�A� @ (2)

where � , � , and � areformulassuchthat (i) every vari-
able occurring in � is a simple fluent, (ii) no variable
in � is an action variable,and (iii) no variable in � is
a context variable. If �  � , then (2) is abbreviated by{S|6}�~=�v� � | �b� �l��� . We use �$� �l� �W� |B� � to abbrevi-
ate the set of all rules (2) such that �  �  �  5�� �
and � � ��� ��� . If �  � and �  � , then(2) is calledan
executiondenialandabbreviatedby

�8�0� �l���v{S} � |w�#�1����� (3)

Roughly, (2) expressesthatevery possiblenext stateof the
world that satisfies� shouldalsosatisfy � , if the current
stateand the executedaction satisfy � . More formally,
(2) is interpretedasthe causalrule ���*�2% � , where �
and � refer to the possiblenext statesof the world, and� refersto thecurrentstateandtheexecutedaction.

Example2.3 The dynamiccausallaw {�|B}�~=�v� dB]s[^eY_  
f6gh[ | �b� �l� est`]Zn (13) saysthat M holdsnothingafter est`]Zn .
Theexecutiondenial(12) expressesthat n�g1p�qIr=n cannotbe
executedif M alreadyholdsanobjector if thereis noobject
at the samelocation as M . The dynamiccausallaw (11)
saysthat M cannotpick up anobjectthat is not at thesame
locationas M , and(10) saysthat M holds Q R respectively Q T
after n�g1p�qsr=n . Thus, thereis qualitative uncertaintyin the
effectsof n�g1p�qsr=n : if both Q R and Q T areat thesamelocation
as M , thenn�g1p�qIr=n resultsin M pickingupeither QSR or QIT , but
it is unpredictablewhichobject M actuallypicksup.



A causal law (or axiom) is a static or dynamic causal
law. Ourcausallawsgeneralizetheirclassicalcounterparts
from [7] in the sensethat they may also containcontext
variables.We next introducethenew conceptof a context
law. Context variablesalongwith suchcontext laws allow
for expressingprobabilisticeffects of actionsand proba-
bilistic knowledgeabouttheinitial situationof theworld.

Moreformally, adynamiccontext law for acontext variable��� � is anexpressionof theform

�� �X�xRC�\�xRY@ �W�\� @`�0���z��� � | �b� ���A� @ (4)

where (i) ��� ���6 <=�oRI@ �\�W� @`�0��D , (ii) �oRI@ �\�W� @1���C��� , (iii)
�oR ���W�\�\� �0�  -  , and(iv) � is a formulaoveractionvari-
ables.We use ¡�tw� �¢ �0£ � to denote�0£ . If �  � , then(4)
is calleda staticcontext law andabbreviatedby

�� �X�xRC�z�oRI@ �W�\� @`�0���z��� � � (5)

Roughly, (4) encodesthatafterexecutinganactionthatsat-
isfies � , the probability that

�
hasthe value �0£ is given

by �0£ . Note thata possiblegeneralizationof context laws
couldbeto specifya setof probabilitydistributionsrather
thanasingleprobabilitydistribution.

Example2.4 The actions k�]sVi]0�1N � , k�]sVi]0�$O � , and k�]sVi]0�1P �
succeedonly with certainprobabilities. This is modeled
using the context variablesPKuw�1N � , PKuw�$O � , and PKuw�1P � in the
dynamiccausallaws (7) and(8), alongwith the dynamic
context laws (14)–(16).For example,theprobabilitythat M
really arrivesat N afterexecutingkl]IVm]0�1N � is givenby � � ¤�¥ .
Wenext definetheconceptof aprobabilisticactiondescrip-
tion (resp.,initial database),which encodesthe effectsof
all actions(resp.,theinitial situationof theworld).

Definition 2.5 A probabilisticactiondescription¦ is afi-
nite set of causaland dynamiccontext laws suchthat ¦
containsexactlyonedynamiccontext law for everycontext
variable

��� � in ¦ . Any such¦ is a probabilistic initial
database, if all causalandcontext laws in ¦ arestatic.

Example2.6 In the robot action domain in Fig. 1, the
probabilisticactiondescription¦ is completelygiven by
thesentences(6)–(17).Here,axioms(6) and(17) takecare
of thewell-known ramificationandframeproblem,respec-
tively. Notethataxiom(18) forbidsconcurrentactions.

A probabilisticinitial database¦'§ maybegivenasfollows.
The initial locationsof QSR and QIT areknown with proba-
bilities, which we expressby the context variablesPW¨�©iªj«�¬m
and P\¨K©iªj«¯®` , thestaticcontext laws P\¨�©iªj« ¬   �1N:�`� �   @ZO8�?� � ° @
P#�`� �  Y� and PW¨�©iªj«`®¯  �1N:�¯� � ± @�O8�¯� � ² @ZP#�?� �  =� , respectively,
andthestaticcausallaws {S|B}8~=�l� Nl³z�$a �0 5c �1�8P\¨�©iªj´µ  �c ,
where a � <=Q R @`Q T D and

c7� <YN�@ZOY@ZPYD . For example,object
Q R is at location N with a probabilityof � �   . Moreover, M is
at N or O , expressedby {S|B}8~W�v� N�³z�1M �6 N·¶7N�³z�1M �6 O . Fi-
nally, M holdsnoobject,expressedby {S|6}�~=�v� d6]I[^eI_  f0gh[ .

(i) simplefluents: ¸W¹ZºX»A¼ , »5½E¾z¿sÀKÁm¿YÂWÁiÃIÄ : ¾zÅwÁ?ÆWÁiÇWÁKÈÊÉWË?¹?Ä ;Ì É=ÈÊÍ\Ë : ¾K¿SÀKÁm¿=ÂWÁ�Î�ÏhÈhÄ .
(ii) actionvariables:ÐYÉW¹1É�ºXÑ8¼ , Ñ'½:¾zÅwÁmÆ\ÁmÇzÄ ; ÒvÏXÓ¯Ô\ÕzÒ ; ÍWÖiÉ`Ò .

(iii) context variables:ÇZ×sºXÑ�¼ , Ñ�½�¾zÅwÁmÆ\ÁmÇzÄ : ¾\ÉzÔwÁXØ�¸WÏhÈÙÄ .
(iv) staticcausallaws:Ú=ÛlÜoÝ�ÞSß ¸W¹ZºX»A¼là�Ñ�ájâ Ì É=ÈÊÍWË0à�»äã'¸\¹�ºhÃ=¼�à�Ñ (6)

(v) dynamiccausallaws:
Ú=ÛvÜoÝ�ÞSß ¸W¹ZºhÃ=¼là�Ñ�ájâ�Ç × ºXÑ�¼là�ÉzÔ Û â1å Þsæ ÐYÉW¹1ÉvºXÑ�¼ (7)Ú=ÛvÜoÝ�ÞSß ¸W¹ZºhÃ=¼�à2ÑµçSájâA¸W¹ZºhÃY¼�à2Ñ�ç\ã:ÇZ×SºXÑ8¼�àLØZ¸WÏhÈ (8)Û â1å Þsæ ÐYÉW¹1ÉvºXÑ�¼ º for Ñµçwèà�Ñ8¼é�êwé�Þsë6Þ�Ú=Ü å ÛlìoíjÞ ÐYÉW¹1ÉvºXÑ�¼lã'¸W¹`ºhÃ=¼là�Ñ (9)
Ú=ÛvÜoÝ�ÞSß Ì É=ÈÊÍWË0à�»&ájâ Ì ÉWÈÊÍWË�à�» (10)Û â1å Þsæ ÒvÏXÓ¯Ô\ÕzÒ º for »7½:¾z¿ À Ám¿ Â ÄW¼Ú=ÛvÜoÝ�ÞSß'î ájâ
ïl¿WðjñSòoà�» (11)Û â1å Þsæ ÒvÏXÓ¯Ô\ÕzÒóã�¸W¹�ºhÃ=¼là�Ñôã'¸W¹ZºX»A¼�èà�Ñé�êwé�Þsë6Þ�Ú=Ü å ÛlìoíjÞ ÒvÏXÓ¯Ô\ÕzÒóãJõ Ì É=ÈÊÍWË
èàäÎlÏhÈ (12)ö º?¸W¹ZºhÃ=¼là�Ñôã'¸W¹Zºh¿SÀ`¼oèà÷ÑôãJ¸W¹�ºh¿=Â�¼�èà�Ñ�¼$ø
Ú=ÛvÜoÝ�ÞSß Ì É=ÈÊÍWË0à.ÎlÏhÈ Û â1å Þsæ ÍWÖmÉ`Ò (13)

(vi) dynamiccontext laws:

Ç`×sºhÅl¼�à>ºXÉzÔHù?úsû ü=ýsÁ$Ø�¸WÏÙÈ=ù?úSû ú=ý=¼ Û â1å Þsæ ÐYÉW¹1ÉlºhÅ�¼ (14)

Ç × ºhÆK¼�à>ºXÉzÔHù¯úSû üYýIÁ1Ø�¸WÏhÈ=ù¯úsû úYý=¼ Û â$å ÞSæ ÐYÉ\¹1ÉvºhÆK¼ (15)

Ç`×sºhÇK¼�à�ºXÉKÔ�ùmúSû ü=úsÁbØZ¸WÏhÈ=ù?úsûÊþKúY¼ Û â$å ÞSæ ÐYÉ\¹1ÉvºhÇK¼ (16)

(vii) inertial laws: for all simplefluents ÿ :

á é�Þsæ åKá Ûví ÿ (17)

(viii) otherexecutiondenials:for all actionvariablesÅwÀAèà2Å�Â :é�êwé0ÞSë6ÞSÚYÜ å Û�ìxíjÞ Å À ã:Å Â (18)

Figure1: RobotAction Domain

In thesequel,¦ (resp.,¦'§ ) denotesa probabilisticaction
description(resp.,probabilisticinitial database).

2.3 SEMANTICS OF PFHG
We now definethesemanticsof

�����
. Informally, certain

interpretationsof rigid andfluentvariablesserve aspossi-
blestatesof theworld. Wethenassociatewith ¦'§ acollec-
tion of setsof suchstates,whereeachsetof stateshasan
associatedprobability. Furthermore,we associatewith ¦
a mappingthat assignsto eachpair ���#@�� � , consistingof
a currentsetof states� anda labeledactionor observa-
tion � , a probability distribution on a collectionof future
setsof states.Thus,we interpret ¦ by probabilistictransi-
tionsasin partially observableMarkov decisionprocesses
(POMDPs)[11]. But the probabilistictransitionshereare
betweensetsof statesratherthansinglestates, which al-
lows to handlequalitative uncertaintyin additionto quan-
titative probabilisticuncertainty. Actionsandobservations
aretreatedin auniformwayandlabeledwith modalitiesto
specifyhow their preconditions(resp.,observedformulas)



areevaluatedon setsof states(seealsoSection4).

Semanticsof ��� . Informally, weassociatewith ¦ § afinite
setof contexts � , whereevery context � is in turn associ-
atedwith aprobabilityvalue ¡�t § ��� � andasetof states	�
 .
Thus, ¦ § is interpretedasthe collectionof all 	�
 , where
each 	�
 hasthe probability ¡�t § ��� � . We say that ¦ § is
consistentif f 	�
 ( � for all contexts � .

Formally, let �H§ denotethe set of all context variables
in ¦'§ . We call � � ���$�H§ � a context for ¦'§ . Its probabil-
ity, denoted¡�tY§l��� � , is definedas ���������W¡�tB� �! �#� ���¯� .
For �H§  � , the emptymapping �  � is the only context
for ¦J§ , which hastheprobability ¡ótI§���� �6 �  .
For each� � ���$�H§ � , we define 	 
 asthesetof all models
overrigid andfluentvariablesof thecausaltheorycompris-
ing all �#�$�L��� � for eachaxiom(1) in ¦ § andall

�& ����! � for eachsimplefluent
� � � and � � ��� ��� .

In order to definethe semanticsof ¦ , we now formally
definestates,actions,andobservations.Wealsodefinehow
a context � , currentstate� , andactionor observation � is
associatedwith a setof futurestates	 
 ����@�� � .
States. A state � is either a memberof some 	 
 , or a
model over rigid and fluent variablesof the causalthe-
ory comprisingall �#�$���*� � for eachaxiom(1) in ¦ , for
any interpretation� of the context variablesin � , andall�! �C� �! � for eachsimplefluent

�-� � and � � ��� ��� .
Actions. An action � is aninterpretationof theactionvari-
ablesin � . Intuitively, eachactionvariableis a basicac-
tion, and � is theconcurrentexecutionof all basicactions
thataretrueunder � . Thepreconditionfor � , denoted��� ,
is theconjunctionof all " � for every executiondenial(3)
in ¦ suchthat � �!��9 � for somestate� . An action � is
executablein a state� , denoted� � ��� � , if f � �"�÷9 � � .

We next associatewith every action � a set of contexts,
andwith eachsuchcontext � a probability ¡�t � ��� � anda
mappingfrom states� to asetof futurestates	 
 ����@�� � . In-
tuitively, if � is executedin thestate� underthecontext � ,
thenthesetof futurestatesis givenby 	 
 ����@�� � .
Formally, for states� suchthat � � ��� � , denoteby �$#&% � the
setof all context variablesin someaxiom (1) or (2) in ¦
suchthat � �!��9 � . Wedefine�'� astheunionof all � #&% � .
We call � � ���$�$� � a context for � . Its probability, deno-
ted ¡ót(����� � , is definedas � ������) ¡�tB� �! ��� ���`� .
An action transition is a triple ����@&� @*�,+ � , where � and �,+
arestatessuchthat �l� ���0 �-+b� ��� for every rigid variable��� � , and � is anactionsuchthat � � ��� � . A formula � is
causedin ����@��H@&� + � under � � ���$� � � if f ¦ containseither
(a) anaxiom(1) suchthat �,+-�.� 9  � , or (b) anaxiom(2)
suchthat � �!��9 � and �-+,�.� 9  � . We say ����@��H@&�-+ � is
causallyexplainedunder � if f �-+ is theonly interpretation
thatsatisfiesall formulascausedin ���S@&� @*�-+ � under � . For
every state � andaction � , we define 	 
 ���S@&� � as the set

of all �,+ suchthat ����@��H@&�-+ � is causallyexplainedunder � .
Notethat 	 
 ����@&� �6 � if nosuch ����@��H@&�-+ � exists,in partic-
ular, if theaction � is not executablein thestate� .
Observations. An observation/ is a formulaoverfluents.
For states� , we use ��08��� � to abbreviate ��9  / . In orderto
treatactionsandobservationsin auniformway, wealsoas-
sociatewith everyobservation / asetof contexts,andwith
eachsuchcontext � a probability ¡�t 0 ��� � anda mapping
from states� to a setof futurestates	 
 ����@1/ � .
Formally, wedefine � 0  2 . Theemptymapping� � ���$� 0 �
is thecontext for / . It hastheprobability ¡ót 0 ��� �6 -  .
For states� andobservations/ , we define 	 
 ����@1/ �6 <(�SD ,
if � 0 ��� � , and 	 
 ����@1/ �6 � , otherwise.

We arenow readyto definethesemanticsof ¦ .

Semanticsof � . Intuitively, we use ¦ to associatewith
setsof states� , andactionsor observations� aprobability
distribution on futuresetsof states¡�t(3x� � 9 � � . We say ¦
is consistentif f 	�
o����@&� �8( � for all states� , actions� with
� � ��� � , andcontexts � � �0�b� � � . We now first extend � 3 ��� �
and 	 
 ����@�� � from states� to setsof states� .

In order to specify how preconditionsof actions(resp.,
observed formulas) are evaluatedon sets of states,we
addmodality labelsto actions(resp.,observations). For-
mally, a labeledaction (resp., labeledobservation) is of
the form 465 , where 4 � <(7 @98ED and 5 is an action(resp.,
observation). For setsof states� , we use �;:�<B��� � (resp.,
�>= < ��� � ) to denote?@� � �'��� < ��� � (resp., AB� � �'��� < ��� � ).
Moreover, we define �$C <  � < and ¡�tDC <  ¡�t < .
For every setof states� , every labeledactionor observa-
tion �  465 with ��3x��� � , andevery context � � ���$�'3 � , we
then define 	�
0����@�� �6 FE #&��G 	�
o����@15 � . Observe that for
observations / , it holdsthat 	 
 ���#@H72/ �6 <I� � �.91�H9  / D
and 	 
 ���#@,8J/ �6 � .

We arenow readyto definetheprobabilistictransitionbe-
tweensetsof states� and �J+ under� with � 3 ��� � by:

¡ót 3 ���K+i9 � �# ML 
 � ; ª ��N  %�GPORQ>SUT ª GP% 3  ¡�t 3 ���
� �

Intuitively, given any setof states� suchthat � 3 ��� � , the
	 
 ���#@&� � ’s are the future setsof statesunder � , where
each	�
0����@�� � hastheprobability ¡�t(3x��� � .
Assumption2.7 In therestof thispaper, we implicitly as-
sumethat ¦ and ¦ § areconsistent,andthatall staticcausal
laws (1) in ¦ over rigid variablesalsobelongto ¦ § .

3 HISTORIES AND BELIEF STATES

Our framework for reasoningandplanningin
�
���

invol-
ves finite sequencesof labeledactionsand observations,
calledhistories, which areinductively definedasfollows.
The emptyhistory V is a history. If � is a history, and �



is a labeledaction or observation, then �µ@�� is a history.
Histories Vw@¯M areabbreviatedby M . Theaction lengthof a
history � is thenumberof occurrencesof actionsin � .

Example3.1 In therunningexample,7ôkl]IVm]w�bO � @,8�n�g1p�qsr=n�@
8�kl]IVm]0�1P � @@8�Nl³z�1QSR �` P�¶'Nl³z�1QIT �Z P is a history of action
length ± . Informally, it representsthestatement“if k�]sVi]0�$O �
hasbeenexecuted,then n�g1p�qIr=n�@Zkl]IVm]6�$P � canbe executed,
and Nl³z�1QSR �` P�¶'Nl³z�1QIT �` P is observedafterthat”.

We usethe notion of a belief stateto describethe proba-
bilistic informationassociatedwith a history � . Intuitively,
a belief stateconsistsof a probability value for � and a
probabilityfunctionona setof statesets.

Definition 3.2 ThebeliefstateOXW  � ��W6@ZY6W6@�¡�tDW � for ahis-
tory � consistsof a realnumber��W �J[ �6@  X\ (calledprobabil-
ity of � , denoted¡�tw�$� � ), a setof statesetsY W , anda prob-
ability function ¡�t W on Y W . It is inductively definedby:
	 If �  V , then � W  �  , Y W  <]	�
:9^� � ���$� § � D , and for

all � � Y W , ¡ót W ��� �6 L 
 � ; ª ���  %�GPQ_S T ¡�t § ���
�
.	 If �  MI@�� , then O W is definediff (i) OH`  �Ê��`I@DY>`S@�¡�t(` �

is defined,and(ii) ��3x��� � for some� � Y>` . If O W is defined,
thenit is givenasfollows:

�aW  � ` �(L Gb�]cDd9% e(N ª G  ¡�t ` ��� �
Y6W  <(	 
 ���#@&� � 9^� � �0�b� 3 � @�� � Y ` @U� 3 ��� � D
¡ót W ���J+ �# Ff df,g � LihkjXl d,mn N]o h]p ¡ótI3x���K+i9 �

�z� ¡ótI`���� � ( A;�J+ � Y W ).
Intuitively, O*q describestheprobabilisticknowledgeassoci-
atedwith ¦'§ , while O ` % 3 representstheprobabilisticknowl-
edgeabouttheworld after thehistory MI@*4 � (resp.,MI@*4>/ ),
whichdependson(i) our respectiveknowledgeafter M , and
(ii) theeffectsof � encodedin ¦ (resp.,theobservation / ).

The following result shows that �  4>/ correspondsto a
conditioningof ¡�t(` on all statesets � � Y>` with ��3x��� � ,
alongwith removing from such � all statesviolating / .

Proposition3.3 Let �  MI@�� bea history, where �  4>/ is
a labeledobservation.Then,OXW  � ��W6@ZY6W0@�¡�t]W � is defined
iff (i) O `  �Ê� ` @1Y ` @�¡ót ` � is defined,and (ii) some � � Y `
existswith � 3 ��� � . If OXW is defined,thenit is givenby:

�aW  � ` �IL Gb�]cDd9%�e(N ª G  ¡ót ` ��� �
Y6W  <S<(� � �ä91�J9 / D�9Z� � Y ` @r� 3 ��� � D
¡ót(W0���J+ �# Ff df,g � L hsjKl d m n NDo h]p mh O�t'uwv j;hyx v x t2zP{¡�t ` ���

�
( AB�K+ � Y6W ).

4 REASONING AND PLANNING IN P� 
We now show at the examplesof prediction,postdiction,
andplanning[18, 12, 7] how importantproblemsin prob-
abilistic reasoningaboutactionscanbe formulatedin our
framework of

�����
. We definethem in termsof proba-

bilities of historiesin
�
���

. Recall that the probability
of a history � , denoted ¡ótv�b� � , is definedas �aW , where
OXW  � ��W6@ZY6W6@�¡�t]W � is thebelief statefor � .

4.1 PREDICTION

We considerthefollowing probabilisticprediction(or also
probabilistic temporal projection) problem: Computethe
probability that a sequence� of actionsandobservations
is certainlypossible,giventhatanothersequence�;+ of ac-
tionsandobservationshasoccurred.Here,theprobability
that � is certainlypossibleafter �;+ is thetight lowerbound
for theprobability that � is possibleafter � + . We now de-
fine this probability in termsof probabilitiesof histories.
Notethatfurthersemanticallymeaningfulprobabilitiescan
be definedin a similar way, for example,the probability
that � may be possibleafter �;+ , which is the tight upper
boundfor theprobabilitythat � is possibleafter �;+ .
Definition 4.1 Let �  ��RI@ �\�W� @&�b| and �;+  �;+R @ �\�\� @��;+� be
sequencesof actionsand observations. The probability
that � is certainly possible, denoted¡�t�}�ex��V�~�� � , is de-
finedas ¡�tw�Z8'��Rs@ �W�\� @,8���| � . Theprobability that � is cer-
tainly possibleafter �;+ , denoted¡ót�}�ex���;+�~@� � , is definedas
¡�tw��7��;+R @ �\�W� @H7��;+� @,8�� R @ �W�\� @,8�� | �b� ¡�tw��7��;+R @ �\�\� @*7��;+� � .
Proposition4.2 Let �  �#RI@��8Ts@ �W�\� @��8� (resp.,/�RI@Z/#TI@ �W�\� @
/8� ) be a sequenceof actions (resp.,observations),and
let � and � beobservations.Then,

	 ¡�t�}�ex��V�~���@��H@1� � is the probability that � certainly
holdsinitially, that � cancertainlybeexecuted,andthat �
certainlyholdsafter that.
	 ¡�t�}�ex����~.�H@1� � is the probability that � can certainly

be executed,and that then � certainlyholds,giventhat �
is observedinitially.
	 ¡�t�}�ex����@���~�� � is theprobabilitythat � certainlyholds,

given � is observedinitially, and � hasbeenexecuted.
	 ¡�t�}�ex��V�~���@�� R @Z/ R @&� T @Z/ T @ �W�\� @&� � @1/ � � is the prob-

ability that � certainly holds initially, that �  � R @�� T @�\�W� @&��� can certainly be executed,and that then /
RY@1/8Ts@�\�W� @1/8� , respectively, certainlyhold.

Example4.3 Let ¦ § and ¦ be given as in Example2.6.
Supposethat the robot M is initially at location N and
holdsno object.Moreover, assumethat thetwo objectsQSR
and QIT are both at location O . Then, the probability that
the robot M cancertainlymove to O , cancertainlypickup
an object, and can certainly move to P , and that then at
leastoneobjectis certainlyat location P is givenby � � °�¥S¥ :
Let �  Nl³z�XM �6 Nó%JNl³z�$QSR �6 Ox%'Nl³z�1QIT �6 Ox% d6]I[^eI_  f0gh[ ,
�  k�]sVi]0�$O � @mnog1pZqsr=n#@�k�]sVi]0�1P � , and �  Nl³z�1QSR �` PW¶#N�³z�$QIT �Z P .
We thenhave ¡�t�}�e�����~�� @�� �6 � � °l¥S¥ , which is obtained
as follows (cf. Fig. 2.a). Observation � leadsto a con-
text �1� �`P\¨�©iªj« ¬ K@Z� �¯P\¨K©iªj«¯®` �6 �$OY@�O � of probability � � ° � � � ² .
Action kl]IVm]6�bO � thenyieldstwo contexts,

  �`P u �$O �6 ]Wq and  �¯P u �bO �6 yzUIgh[ of probabilities� � ¤�¥ and � � � ¥ , respectively.
Action n�g1p�qIr=n is only executablein

  �`P u �$O �0 ]=q , which
leadsto theemptycontext


of probability

 
. Finally, action

kl]IVm]6�$P � yields two contexts ± �¯PKuw�$P �6 ]Wq and ± �¯PKuv�1P �  
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Figure2: Evolving Contexts1

yzUIgh[ of probabilities � � ¤ and � �   , respectively; in the for-
mer, � is truein all states,but not in thelatter. In summary,
¡�t�}�ex����~��H@1� �6 ¡�tw��7.�µ@,8��H@98�� ��� ¡�tw��7.� �0 �$� � ° � � � ² �
� � ¤�¥ � � � ¤ �b� �$� � ° � � � ² �0 � � °l¥S¥ .
The probability that at leastoneobject is certainlyat lo-
cation P after M movedto O , pickedup an object,andthen
movedto P is givenby ¡�t�}�ex����@&�¨~s� �0 � � ¤ .
The probability that M can certainly move to O , can cer-
tainly pickup an object,andcancertainlymove to P , and
that then object QSR is certainly at location P is given by
¡�t�}�ex����~'� @���+ �6 � , where��+  Nl³z�1QSR �` P , asin noemerg-
ing context, ��+ is true in all states. Indeed,in the worst
case,M might pick up QIT andcarry it to P . Thus,theprob-
ability that QSR is at P after ��@�� maybe � . In contrast,if we
have a probabilitydistribution for nog1pZqsr=n , then ¡�t�}�ex���©~
�H@1� + � �ä� , if M picksup QSR with apositiveprobability.

Finally, supposethat object Q T is initially at either N or O ,
ratherthanat O . Hence,considernow ��+  Nl³z�XM �6 N %
Nl³z�1Q R �6 Ow%J�$Nl³z�1Q T �6 N8¶CNl³z�1Q T �6 O � %�dB]s[^eY_  f0gh[ , which
is weaker than � . We then obtain ¡�t&}Ze�����+s~�� @�� �� 
¡�t�}�ex����~��H@1� � and ¡�t&}Ze���� + ~��H@1� + � �7¡�t�}�ex����~��H@1� + � .
Here, we have a positive probability, sincethereexists a
combinedcontext of positive probability that satisfies��+ ,
whereobject QIT is absentfrom O , which makes n�g1p�qsr=n de-
terministic,andthus QSR is certainlycarriedto P .
4.2 POSTDICTION

Informally, the probabilistic postdiction (or also proba-
bilistic explanation) problemthatwe considerherecanbe
formulatedasfollows: Computetheprobabilitythatobser-
vationswerecertainlyholdingalonga sequenceof actions
andobservationsª thatactuallyhappened.

Definition 4.4 Let ªIT be a sequenceof actionsand ob-
servations,and let ªSR result from ªIT by removing some
observations. Then, the probability that ªIT certainly oc-
curredif ªSR hasoccurred,denoted¡ ]Y_KV\��ªITv9 ªSR � , is defined
as ¡ótv��ªr+T �b� ¡�tw��ªr+R � , whereªr+T and ªr+R resultfrom ªsT and ªSR ,
respectively, by labelingremovedobservationsin ªsT with
8 andall otheractionsandobservationswith 7 .

Proposition4.5 Let �  �#RI@��8Ts@ �W�\� @��8� (resp.,/�RI@Z/#TI@ �W�\� @
/8� ) bea sequenceof actions(resp.,observations),ª  ��RY@

/�RI@��8Ts@1/8Ts@ �\�W� @��8�o@Z/#� , and ��@1� beobservations.Then,
	 ¡ ]I_�VW����@��H@1�·9 �H@1� � is the probability that � certainly

heldinitially, given � wasexecutedand � wasobserved.
	 ¡ ]I_�VW����@&ª�9 ª � is the probability that � was certainly

holding initially, given � R @�� T @ �W�\� @&� � wasexecuted,and
/ R @Z/ T @ �W�\� @1/ � , respectively, wasobservedafter that.
	 ¡ ]I_�VW����@&ª�9 � � is the probability that � was certainly

holdinginitially, and / R @Z/ T @ �W�\� @1/ � wascertainlyholding
after �#RI@��8Ts@ �\�W� @��8� , respectively, given � wasexecuted.

Example4.6 Let ¦ § and ¦ be given as in Example2.6.
Supposethat the robot M movedto O , pickedup anobject,
andthenmoved to P , andthat the object Q R wasobserved
at P after that. Then, the probability that the object Q R
wascertainlyat O in the initial situationis givenby � � ¤�«s± :
Consider�  kl]IVm]0�$O � @Zn�g1p�qIr=n
@Zkl]IVm]B�$P � , �  Nl³z�1QSR �` P , and
�  Nl³z�$QSR �` O . We thenhave ¡ ]I_KV\����@��H@1�·9 �H@1� �6 � � ¤�«S± ,
which is obtainedasfollows: Eachof the9 initial contexts,
given by the value pairs for �1� : P\¨K©iªj«Z¬?�@ 0:P\¨�©iªj« ®  � , except
�1Ps@`P � admitsexecutionof � resultingin acontext in which
� is observable. In detail, �bOY@`N � , �$OI@ZO � , �bOY@`P � , and �$PI@ZO �
can be extendedby

  �`PKuw�$O �6 ]Wq ,

, and ± �¯Pzuv�$P �6 ]Wq ,

and �$N�@`N � , �$N�@ZO � , �1N�@`P � , and �$PI@`N � by
  �¯P u �bO �6 yzUIgh[ ,  ,± �¯P u �$P �6 ]Wq (cf. Fig. 2.b).Let ª R  �H@1� and ª T  ��@��H@1� .

Then, ¡ótv��ªr+R �H �1� � «]¬ � � � ¬l° � � � � ° � � � � ² �o� � � ¤�¥ � � � ¤ �
�1� � � ± � � � � ² � � � �  S� � � � ± �W� � � � ¥ � � � ¤  � �¥I¬   and ¡�tB��ªU+T �
 
�1� � «]¬ � � � ¬�° � � � � ° �8� � � ¤l¥ � � � ¤  � � ²�°]¬ , as � only holds
in �bOY@`N � , �bOY@ZO � , and �$OY@ZP � . Hence, ¡A]Y_KV\����@&� @���9Z�H@1� �L 
¡�tw��ªU+T �&� ¡ótv��ªr+R �ó � � ¤�«s± . Notethat if Nl³z�XM �8( O would be
observed after kl]IVm]0�$O � in � , thenwe could concludethat
initially � hastheprobability0, which is intuitive.

4.3 PLANNING

We now formulatethe notionsof a (sequential)plan and
of its goodnessfor reachingagoalobservationgiventhata
sequenceof actionsandobservationshasoccurred.

Definition 4.7 Let ª beasequenceof actionsandobserva-
tions and � anobservation. The sequenceof actions �  
��RY@ �W�\� @��8� is a plan of goodness® for � after ª hasoc-
curred, denoted¡ó[^UIf���ª;¯���¯1� �0 ® , if f ¡ót�}�e���ª�~��H@1� �0 ® .

1Pairs º�°�Áw±�¼ areshortfor ºXú�ùiÇ&²H³ o ´ ¬ p Ámú�ùiÇ&²H³ o ´ ® p ¼màEº�°�Áw±�¼ .



In thegeneralplanningproblemin our framework, we are
thengiven a sequenceof actionsandobservations ª that
hasoccurred,a goalobservation � , anda thresholdµ , and
we wantto computea plan � suchthat ¡�[^Usf���ªa¯&�¶¯�� �a· µ .
Example4.8 Let ¦J§ and ¦ be as in Example2.6. Let
�  Nl³z�XM �Z NH%JNl³z�1QSR �` Oo%LNl³z�$QIT �Z O and �  Nl³z�1QSR �` Px¶
Nl³z�1QIT �` P . Then, �  ®wQY³?Qw�$O � @1��¸iP,¹kº���@Z®wQY³?Qw�1P � is a planof
goodness� � °S°l¥ for � giventhat � holdsinitially.

On the otherhand, ¡ó[^UIf����6¯&�¶¯�� + �6 � for � +  N�³z�$QSR �Z P ,
since M might (unpredictably)carry QIT to P insteadof QSR .
However, ¡�[^Usf�����@�� +b@1��+ �Z � � °�°�¥ T  � �¥I±   for � +  �H@�»�MIQ��µ@
®wQY³?Qw�$O � @1�b¸mP9¹rº���@Z®wQY³?Qw�1P � . Note that � + is optimal, since
moving twice to P andto O is necessaryin general.

If �b¸mP9¹rº�� would be probabilisticand,e.g., obey the uni-
form distribution, then ¡�[^Usf#���6¯���¯1��+ � �.� would hold. In-
deed,therewouldbeacontext P afterexecuting� where�
holdsin all its associatedstates.A wrong �b¸mP9¹kºl� decreases
thesuccessprobability, which is, however, still non-zero.

5 SUMMARY AND OUTLOOK

We have presentedtheprobabilisticactionlanguage
�����

,
which generalizes

�µ�
by probabilisticinformationinto an

expressive framework for dealingwith qualitative aswell
asquantitativeuncertaintyaboutactions.Its formalseman-
tics is definedin termsof probabilistictransitionsbetween
setsof states.We have thenshown that,usingtheconcepts
of a historyandits belief state,severalimportantproblems
in reasoningaboutactionscanbeconciselyexpressedin it.

In the extendedreport [4], we alsoprovide a formulation
of conditionalplanningin

�����
. Furthermore,we present

acompactrepresentationof beliefstates,whichis basedon
thenotionof acontext to encodepossiblesetsof states,and
we prove its correctnessin implementingbelief states.Fi-
nally, we alsodiscusshow to reduceprobabilisticreason-
ing aboutactionsin

�����
to reasoningin nonmonotonic

causaltheories[7], which is a steptowardsimplementa-
tion ontopof existing technologyfor nonmonotoniccausal
theories(suchastheCausalCalculator[14]).

An interestingtopic of future researchis to provide more
efficient algorithmsanda detailedcomplexity analysisfor
probabilisticreasoningaboutactionsin

�����
. Otherinter-

estingtopicsareto addcoststo planningandconditional
planningand to define in our framework further seman-
tic notionslikecounterfactuals,interventions,actualcause,
andcausalexplanations,takinginspirationby similar con-
ceptsin thestructural-modelapproachto causality[15, 9].
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